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PREFACE. 


rjnHE important character of the extensive investigations into 
the theory of iine-geoinetrv renclers it desirable that a 
treatise should exist for the purpose of presenting these investi- 

t. accessible to the English student of 
mathematics. \\ ith this end in view, the present work on the 
Line Complex has been written. 

The subject owes its origin to Plucker, who suggested the 
idea of taking the straight line as the element of space The 
straight line thus holds to the present subject the relationship 
in which the point and the plane stand to the older geometry. 
Types of coordinates of the line were introduced by Cayley and 
Grassmann ; Plucker adopted a coordinate sj'stem which is a 
special form of them. 

In his work the Neve Geonietrie des Ruuines, Pliicker introduced 
the conception of a complex of lines, i e, the oc ■' lines which satisfy 
one given condition, so that one equation exists between the four 


coordinates of each line of a complex. He investigated in detail 
the linear and the quadratic complex ; his v/ork contains most 
of the chiet properties of such complexes ; in particular he shows 
that if any screw motion about a certain axis be given to the lines 
forming a linear complex, these lines still remain within the 
complex. He discovered the polar properties, viz. that the lines 
of a linear complex in any plane pass through a point, the pole 
of the plane ; that the lines of the complex through any point 
lie in a plane, the polar plane of the point ; and that if a point 
moves along any given line, its polar plane turns round another 
line called the polar line of the first line, the relationship 
between the two lines being reciprocal. 

The greater part of the Neue GeometHe is concerned with the 
quadratic complex, of which it contains many of the leading 
properties; in particular, Pliicker shows that while the lines of 


* System dev Geonietrie des Uaimes, Diisseldorf, (1846). 
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1'IIKFA‘K 


viich a cninpk^x ilimiigh any p<*inT fnim in geiu-ral a qiiadnc 

is a cfitain ^uitarH*. r)ir Snt^nhir Surface of the 
cniiiplfx, f"r whn-f ]M>inr< rlnsr ronrs hi^ak up into two planes. 
l/ikewiM- tin- linr-i . f rln- cnnipl.-x in an\‘ plane, whicli in general 
Tnuch a ennic. in tin- ca^r «'f nnv Tang*'nt plane of the singular 
'‘Urface form fwn pmanU. 'fhis surfacr \< the one known as 
Kununor’s smfaco : it i" of tin* tth ileoit-o an«l <-lass ami posse.sses 
l(i mules and 111 'in_rular tang'-nt jil.am-". 

Tho m-xt invo>tigat«'i in thi> tirhl was Ikitta'jiini, who pursued 
>till further the nleas "f IMiiokei. He ad<<]jted as the general 
'juadratic eomplrv i.ne which was aftriwaids shown to be a 
special caM.*. vix. the complex toinied hv the lines for each of 
which the points ot intei'-i-ctioii with two given ipiadrics forma 
harmonic range ; but many of his results apply aUo to the general 


comnlex. 


I he '•ucce'^s ul Idlickers le'.oaivlies was limited bv the un- 
suitalile ( t'ai tesijin ) analysis Ik* em[)lt)yed. d'he ■'ecoml important 
'te]) in the dt'Velo|tment cd the suhit-cr was due to Prof. Felix 
Klein, who. in his ci-lcluated memoir in Viilume II. of the Mathe- 

iitiitf-sclfe A iitHih'it, intiV'duc’e^l the <"oorduiate-sv.stem di*terinined 

% 

by six linear complexes in mutual involution*. By its adoption 

a simple and elegant analytical mode ot treatment of line-geoinetry 
is lemlered ])o.ssihle. 

Ixlein tuithei reveah.sl the existence ot a singly intinite .series 
ot i|na<hatic Complexes which have the singular surface as 

liny giv,M .iu:i.lratic I,, |,ix 1 )i.s.,.,-tation (Bonn, 1<SG8) 

he iM.intec) to tl,.. of Weioi.tiass fur the canonization of 

two ,|ua.iratie tonus, as tlie a|ii)i.,|,iiati. instniinent for classifying 
the .|i.a<hatic eo,n,,lex ; aiel this elas .i'ication was carried out by 
Weller. Another s.rviee ren.loivd by Klein was his discovery 
of the analogue existing between the lines of three-diinensioiud 
spaee and the points of foni-dinieii.sional space, together with the 
filiations embodying this relationship. His enniiciatioii of the 
fact that line-geometry is point-geometry on a tptadric contained 

On anj line coinniou to two lineal- coniplesc-s a (1, 1 ) correspondence of points 
IS deternnned by the plane.s throupl, the line, vi.. by taking the poles of each plane 
for the t«o complexes. If a certain condition, connecting the constants of the 
eiiuations of the two complexes, is satisfied, these pairs of points form an invotnUon. 



PUEFACE 


Vll 


in poiiit-spaco of five dimensions, offers a new })oint of view of the 

subject. 

Other important contributions to the theory arc introduced 
from time to time in the text : of these the most fundamental 
are contained in the investigations of Lie, in whicli ho showed 
the connexion of line-geometry with sphere-geometry. He esta- 
blished a relationship between the lines and spheres of tliree- 
dimensional space of such a nature, that to two intersecting lines 
there correspond two spheres in contact; and he applied the ideas 


ot both varieties of geometry to the investigation of various types 
of differential etpiations. 

In the present work the analytical method of treatment with 
Klein coordinates has been generally adopted ; but as it frequently 
happens that synthetic methods are appropriate, recourse to such 
has been occasionally made. Since the study of synthetic geometry 
has been less widely followed in this country than on the Continent, 
I have not thought it superfluous to insert, by way of Introduction, 
a short sketch of the simpler portions of that subject which have 
bearing on the context of the Avork. 

The main object of investigation is, as has been stated, the 
properties of the line complex, and, in connexion with it, the 
characteristics of the system of x) - lines common to any two 
complexes. To any set of oo - lines the name congruence is 
attached ; the study of such systems was extensively pursued at 
a period considerably befoie Pllicker’s discoveries took place. 
The chief property of a congruence is that each of its lines is 
bi tangent to a surface, (including as a special case tioo surfaces, 
a surface and a curvCy etc.). Through any point there pass a 
definite number m of the lines of a given congruence, and in 
any plane there lie a definite number n of its lines. If the 
congruence is the complete intersection of tioo complexes, 7ii=n. 

Though not necessarily included in the scope of this treatise, 
nevertheless, on account of its close connexion with the theory of 
the complex, a discussion has been given in Chapters XIV. — XVI. 
of the congruence (m, n), and in particular, of the congruences 
(2, n)y so elegantly treated by Kummer. 

As regards the various authorities on this subject, the student 
is referred to the Avork of Prof. Gino Loria II passato ed il presente 
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(Jelle priuclpttyi tet>rie (jeontetrirhe. whirh cuntaiiis detailcfl reference's 
to the cliief uifin<»irs. A u>eful Mumnary reference" is given 
in Prof. E. i^i-cal s Reperioritt di itnithoiwiiche saperwri. The 
coniiireiu*nsi\ e treatise lif Prof. R. Sturm, Die Gebihle er.^fen >n\d 
ziveiten G rades der Lniuiif/cinncfrie. i" a storehouse ot intnrniatiuii : 
his method is. however, exeixsirelp synthetic. An introduction 
to most of the leading i<lea" i" givi'U hy Pinl. G. Koenigs in his 
work Ld (leonteine ri'ijU'e ft -sea uppl laifinns. 

An interesting general account of Line (Jeometry given by 
Ml- .). \[. < dace in tin- Supplement to the lutejclopaedtu Hntanmca, 
will be found vei v "ci'N ici-al)le bv tin- student of tins snbji'ct. 

I liave thought it not desirable to include in this treatise a 
dcsciipti<m of the important investigations of Prof. E. Study, 
on acc«)uiit of ilu-ir <li"tinctiies< in aim and methoil from those of 
the (Uhri' writeis who have built up this subject. I rather refer 
(he leafier to Pnif. Study’s work (icometrie dcr Dtpunnen. 

It giN'es me nnu'h pleasure tf» eNjiress my gratitudi* to several 
friends for assistance generfiusly given me: and especially to 
Mr J. U. Grace. M.A.. FelMw of l\‘terhoiise. f’ambiidge, who 
read tin* niiuiuscript, and who. by his criticisms and suggestions, 
has greatly increased the value of the work. My colleague 
I\Ir G. \V. Gaunt, M.A.. late Scholar of St Gatharine’s College, 
lias read all tlie jUfMiis; such accuraev as the hook possesses is 
largely due to his careful ne.'^s. I am also under obligations to 
Mr P. W. Wood, pj.A., Sehf)lar (»f Emmanuel C’ollege, who has 
reafl the j>roofs and veritieil many of the examples. 

Professor J. I'A. Bromwich, Fellow of St John's College, 
ha" kindly put at my disposid a colle.-t.ion of examples, niost of 
which Were made hy him; they have been incorpttrated in the 
Miseellaiieoiis Results and Exercises, and afld creatlv to the book’s 
usefulness. 

Finally, I feel it a pleasant duty to express my appreciation of 

the admirable manner in which the staff of the Univei-sitv Press 

% 

have carried out the onerous task involved in the printing. 


C. M. JESSOP 
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S^^lN^ 


Befork entering upon the subject proper of the present work, 
a short preliminary discussion of those parts of synthetic geometry 
which have the closest connexion with line geometry, has been 
inserted here for convenience of reference. 

i. Double Ratio. For four points ABGD lying on a straight 

AB AD ° 

line the number is called the Double Sectional Ratio 

or Double Ratio of the points, the seme of the segments AB &c. 
being taken into consideration ; the terms Anharmonic Ratio and 
Cross Ratio are also used to designate this quantity, which is 
usually denoted by {ABCD). 

The orders in which the points may be taken are 24 in number, 
but there are only six different Double Ratios of the four points, 
for we find that any two orders which differ by a double inter- 
change of two points have their double ratios equal, e.g. 

so that {ABCD) = {BADC) = {CDAB) = {DCBA). 

Secondly, if two non-consecutive members of a double ratio 
be interchanged the double ratio is inverted, e.g. 

Thirdly, the sum of the double ratios for two orders which 
differ in their second and third members is unity, e.g. 

AB.DC AC.DB CA.DB 

^^^^^^^ = bc7ad^ ^^^^^) = cb7ad = w:ad> 

and since 

BC+CA+AB = 0, AD^BD + AB, AD = CD~CA, 
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li(\ AD + CA ( HD -f- ,1 /I) + .i liiCD - a A) 
or BC .AD + CA . BD ^AB. CD = (J, 

lunce ( AB(CJ) + iACBD) = ]. 

So that denoting by \, wo have 

1 


= 0 , 


(.l/>C7i) = 


\ 


(.1^7/77= 1 -X. {ADBC) = 


1 


1 -X’ 


All the othei donblr ratios have one of these six values. If the 
value of the double ratio is — 1 the ])oint> are said to be Harmonic ; 
in this case since 

AB AD 


h(MlC<.* 


or 


IH{AC- AJl)+ A1){A<' - AH) = 0 

2 _ 1 1 
Ar~ A 11'^ AD’ 


whence it is euNily found tliat if 0 is tlie mid-j>oint of AC, 

()C^ = 0BJ)D. 

(It sliould be noticMMl that in this case the points ABCD are 
arranged consecutively.] 

ii. Correspondence. If botween the points of a straight 
line a connexitui is establislied .sucli that to eacli point of the line 
corresponds oin.' and only one point of the line, there is said to 
exist a “ on(‘-one ’ corresj)oinlence. or correlation, between its 
points. It ./■ is the distance of any point P of the line from a 
tixed point 0 o( the line, this correlation is defined bv an e(]uation 
of the* form 

A ./■./ ' -f Jir + ( \c' D = 0, 

where .r is the distance from 0 of the point P' which corresponds 
to P. It follows from this ecpiation that 

cy + D 

B 

and hence if P, Q, R, S are four points and P\ Q\ R\ S' their 
corresponding points, 

{PQRS) = {P'Q'R'S'); 

for PQ = .r, - a-, = (a-.; - a;/) (A D - nC);{ Aa\' + B) {Ax,' + B), 

SR = x,- x^ = (jV - x^){AD- BO)j{Ax,' + B) {Ax^ + J5), &c.. 
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hence 

(PQBS) = ^ - ^n,') ^,p.yn,.,. 

(.n> (./-I - ;rj (.r;-xO{.r,'-.r;) ^ h 

It follows that if threo pairs of points of the line be associated 
the coiTespoiuience is detcnnined, for if P aiid P', Q and Q' 

H and R' be made to correspond, then the point S' which cor- 
lesponds to any fourth point iS’ is determined by the equality 

{PQRS) = (P'Q'R'S'). 

iii. United Points. The coincidence of a point and its 
corresponding point will occur twice, for putting a:' = u: we have 

^.P + (P + C')a:+P = 0. 

thus in every (1, 1) correspondence there are two “ united ” points 
(real or imaginary). 

^ If the point midway between the united points (£, E') be the 
point 0 from which the distances are measured, we must have 
^+(7 = 0, and the equation defining the correspondence is of the 
form Axx' — D = 0, while the distance a of either 

united point from 0 is given by the equation Aa:- + P = 0; com- 
bining these two equations and writing k for^, the equation of 
correspondence becomes 

xx + K {x ~ x) — a? = 0, 
which may be written in the form 

-f a) {x' — a) = (a -f /c) {x — x), 

hence = (PP'PPO 

a + K (x'-a) {x -f a) FE . PE' ^ ^ 

thus the double ratio of a point, its corresponding point, and the 
united points is constant. The correspondence is therefore de- 
termined if its united points and one pair of corresponding points 
are given. 


iv. Involution, If P = C7 the relation between x and x' is 
symmetrical, and hence if P' corresponds to any point P then 
will P correspond to Fj and the points of the line form “ closed 
systems of two points. The correspondence is in this case called 
an Involution. The equation which connects corresponding points 
being now 

Axx B {x + x') D = 0, 

it may be written 




F-AD 
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or if y and //' are tlu* rospoctive <li'*tancos of P aii<l P' frotn the 

jj 

point wlio^o (li'^taiicc tVinii 0 is — 

A 1 


an 


.1^ 


If /^- > *1 /> thoio aia* two renl puints each of which coiiiciflcs 
with its curo‘sp(»ii«htii; point, viz. tho*.)- ojvon by the c(piation 

\ /)’— .1 1) 

A 

so tliat if thi-'^o pl^iIlt^ be P nnd P and M their middle point (the 
oi i^dn for t In* // > ) and P. P an\ pair of corresponding points 

MP.MP' = MP\ 


// = ± 


This .vliows that tin* two 
involution form with anv pair 
ntiKjc 


" double " points P and E' ot the 
of corre''pondiiig points a JKirmonw 


\. Harmonic Involutions. If in the two involutions on 
th(i same line determined respoctivelv by 

.r.r -f ,1 (./- -t- .r') + /^ = 0, 

////' f P {// + //') + /> = 0, 

th(‘ d»nibh“ points o| «nie lorm a paii- in the othi'r, i.e. are harmonic 
conjugates to the double points of the other, it is edear that 

P-h (a)- 

1 he Involutions are tlnm said to bt* “ harmonic ' to each other. 
In this case, it to twi» points and P which are conjugate in the 
first Involution the conjugate points in the second Involution are 
Q and respectively, (J and (/ an* themselves conjugate in the 
tirsl Involution; for by hypotliesis 

^ 07^ + r' ’ ^ op' + c ’ 

hence {0/'+ (^){()p' + C)(0(p(H/ + A . OQ + 0(/ + 77) 

= (C.( )P + /> ) ( C . OP' -hJ))-A((\OP~\-D, Op^C 


+ (;■. OP’ Vn. OP + C) + 77 (OP + C)((7P' + (7) 

= - })) {OP . 07^' + .1 . 07^ + OP' + B), from (a), 

= 0, which proves the result state*!. 

vi. Correspondences on different lines. We shall now 
consider correspondences between the points of two different lines 
and the ruled surfaces (or plane curves) obtained ixs loci or 
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o 


envel.)pes ot linos jaiuing conespon.liug points. I,, wliat follow.s 
nse "’ill be m^do of tho obvious fact tliat, vvlion a oonospondonco 
1.S established botavooii the points of a line and these points are 
joined to any e.xternal point by a plane pencil of lines, a similar 
correspondence is thereby established between the lines of the 
pencil ; similarly a correspondence establishoil on a line gives rise 
to a coirespondeiice between the planes of any pencil of planes 
(i.e. planes having a common line of intersection). 

When a (1.1) correspondence exists between the points of two 
hnes^ in the same plane, the joins of pairs of corresponding points 
envelope a curve of the second class ; for joining any point P of the 
plane to the p.>ints of the two lines a (1, 1) cJrrespondence is 
established between the lines of the pencil centre P \ since there 
are two united lines in this correspondence, through P will pass 
two and^only ^vo lines which connect a pair of aaresponding 
points. To this envelope the two given lines are themselves 
tangents. A special case arises when the point of intersection (J of 
the two given lines corresponds to itself, i.e. i-egarded as a point of 
the first line has itself as corresponding point in the second line ; 
in this case, of the two hues through P w'^hich join corresponding 
points one coincides with PO and therefore passes through the 
fixed point 0\ the envelope of lines joining corresponding points 
breaks up into two points, 0 and one other point C, the two rows 
of points are said to be in perspective, and the point C throiigli 
which pass all lines joining corresponding points is called the 
“centre of perspective.” 


The corresponding tiieorein afforded by the Principle of Duality 
is, if between the lines of two plane pencils a (1, 1) correspondence 
exists, the locus of intersection of corresponding lines is a curve of 
the second order passing through the centres of the pencils ; for on 
any line the two pencils determine a (1, 1) correspondence of 
points, the two double points of which are the points of intersection 
of the line with the required locus. A special case arises when 
the line joining the centres of the pencils corresponds to itself; in 
this case, of the two double points on any line, one lies on the line 
joining the centres of the pencils, i.e. the locus of intersection of 
corresponding lines of the two pencils breaks up into the line 
joining the centres of the pencils and one other line c, the two 
pencils are said to be in perspective, and the line c which contains 


* The X of Art. ii here refers to a point P of one line, and x' to its corresponding 
point P' on the other line. 
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the inters(‘ction.s «»f correspoiifliii^ , lines is called the axis of 
perspective. 

vii. (1.1) correffp(m(lence Itefti’een the lines (f two pencils {or 

the points iij two lines) m one plane is established when to three 
elements of one are assiffned as correspondents three elements of the 
other ; tor if three lines of <nie [lencil SA, SH, S(^ meet any given 
line p in *1, Jl. and (' and three eori’esponding lines S'B\ 

S'C' of the other pencil meet the same line in A', H\ C\ then 
(Art. ii)the three pairs tif currespuiKlin^^ points A.r, HH\ fY/'deter- 
niine a correlation on jr hence if anv other line of the first pencil 
meets p in I* the corie>p"ndmo hne S P' of tlie other pencil 
is determined. 

viii. The joins of corresponding points on two non-infersectinq 

lines form one set ttf ijenerators of o ipoidnc, that is, a Reepdus* ; 

tor the points of the two lines n and v establish oil the pencil of 

planes whose axis is any line / a (I, 1) cnrres|)ondence, vii!.. if P 

and P are correspondini( jioints on // and v, to the plane (PJ) 

corresponds t In* jilane {P , /), t*aeh of the two double planes of this 

correspondence wdl meet the line.-s n, r in a jiair of corresponding 

points, hence two and onhj two lines joining corresponding points 

on n and v will meet /.and anv line / will meet tlie locus of lines 

% 

which Join corresponding points on n and v in two points. The 
two given 1mh‘s lielong to the other system of generators of the 
.[uadric determined by the Regnlns. ft is to be noticed that the 
liiK's of a l\eguliis determine on am/ two lines of the other system 
two rows of points liaving a ( I, 1 ) eorrespondence ; and four given 
generators determine on a variabh* generatoi’ of tlie opposite 
system four points having a constant Double Ratio. 

llie Principle of Duality gives the theorem, the locus of inter- 
section oj corresponduKj /ilanes of two /lencils of planes connected by 
(/ ( 1 , 1 ) correspondence ts a Reynlns ; for the two pencils of planes 
determiiic <m any line / a (1. I) correspoiuleiice of points, hence 
corresponding planes will only meet on I at the double points of 
tliis corrcspomleiice. 

The fullowine propcrtie.s of a (piaaric .sho.il.l Ik? .)bscrvcd : 

toM, it a, //, 1) are any four points on a generator and a, 6, c, d tho 

tingent i.lane.s thei-eat, {MiCi>)='.{tihcd). 

1 ' f is rcstricttd to mean ‘one set of generators of 

a qua ric surface, tfie other set of generators is called, in reference to it, the 

‘ complementary ’ regulus. The word • demi-quudrique ’ is used by Koenigs in this 
sense. 
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..J'", t'r ?";e 7 rr': - 

^ ^ a 111 *!,/>, C , /) rcspoctivolv, tljoii I I' /i/r /v" /)/j' 

S'cvn T'J /'"''r''”'" (■l/>v'/jJ = (.I7i-6’7r\ Whi'lo 

n t yj lionoc {<f^n (/) = (A/U7)) ; 

ti7oll 7 n I n ^ fjonerat,,,. 

( P ^ ) (a J, a5, .K , ,,-/)\ Init (P<^/1S) being tlie double ratio of points of 

section by a generator of the four given generators tlirougb .1 B C D n 
constant. ^ , v^, i.? 


IX. Correspondence between the points of a conic and 
the lines of a plane pencil. If a (1, \) cowespimdence cxinU 
between the points of u conic and the lines of a plane pencil centre S, 
there are three points on the conic, of which one at least is real, thronf'i 
luhtch pass their correspond inr/ lines; for take any point S’ on the 
conic /= and join it to the points of f f then between the lines of 
the pencils centre.s S and <S', a (1, 1) correspondence is established 
and the intersection of corresponding lines being a conic f- which 
meets /-' in four points, of which S' is one, it is .seen that there 
are three points on through which pass the respective cor- 
responding lines of tlie pencil centre 6' 


If between a pencil of planes and the lines of a regulns a(l, 1) 
correspondence exists, and if the section of the pencil and the 
regulus by any plane be taken, the last result shows that in this 
plane there are three points in which a plane of the pencil meets 
its corresponding line of the regulus, hence the locus of the inter- 
section of corresponding generators and fdanes is a curve of which 
three points lie in any plane or a twisted cubic. 


X. Involution on a conic. If a (1, 1) correspondence 
exists between the points of a conic, to a point P will correspond 
a point Q and to Q a point R in general different from P, thus 
through Q pass two lines which join corresponding points, and 
this being the case for each point of the conic, the envelope of 
lines joining corresponding points is a curve of the second class. 
If however the correspondence is involutory, te. if to Q corresponds 
P, the envelope, becomes of the first class or the lines joining 
corresponding points are concurrent; if U is their common point, 
U is called the centre of the involution. 

Condition for Involution. A (1, 1) correspondence on the same 
conic is an Involution when to a point A there corresponds doubly a 
point A^ \ for let B and be two other corresponding points, so 
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tluit to AAyB conespoiid lot f'bi' the intersection of AA^ 

niui />Vy, and n its j)ul;ir hue with li'spuct to the conic. 

d'lie pencils //i (,1 ,.l Z^. . . ZZ ( ,1 .1 , ZZ,. .. ) are in (1. 1) corre- 
spondence ainl since (hey have the line ZZZZ, as self-corresponding 
line the pencils are in pcisprctive and tin* locus of intei'section of 
<'oi responding lines ot the pencils is a straight line which must 
be /c 

So that any line lU' meets itN eorrespoiiiling line ZZ,(/, in i/, 
Icnce (\ U. and 6', must be eulliin-ar ami therefore since to C 
CfUTopomis (\, to (\ will c(»nespond C, or tlie eiu’iespondence is 
an Inroh/fto/i. 

XI. Corresponding Sheaves. 'I'he assemblage of x- lines 
whndi pass through one pi*int are said Ut form a .'ilieaf; the same 
name is given tti all the planes tiirough a point. If tlie sheaf of 
jilano through any point S i^ connected by a ( 1 , 1 ) corres])ondence 
with the slieat planes tliroiigh a point B , so that to the inter- 
section of two planes throngli *S eoi’ropotnls tlie iiiterNectiou of 
tlie ct)i responding jilaiies thi'ougli S\ the sheave'' are said to be 
coUitteor. 

\ii. Systems of Lines. The si/stetit o/ lines formed hy the 

utterserfiun rg noirs aj enrresyfnidnnj pin nes of t nui rolhneur sheaves 
is of the tir.-'t order, t.e. throiujh any point J* there fiosses one hue of 
tlie system; tor Join S to 7^, then tlu'ough S' there is one corre- 
sponding line »S 1* and tlie two peiieiis of planes for N7^ ami S'P\ 
being eoniieetisl by a (1. 1) eorrespondenee, have as locus of 
intersection of corresponding pairs a reyu/ns (Art. viii). of which 

one line passes through P: N7^Uld S'J*' intersect all tlie lines of 
this legnlns. 

Hot if the hue S P corresponds to SP, i.e. if the two corresponding 

lines intersect in P, the ahovt* regnlns becomes a ipiadric cone of 

veitex 7 and oil the generators ot the cone belong to tlie system 

ot lines. 7 is then called a “singular" |)oiiit of the system of 
lines. 

[It should he noticed that SJ* and S'J^ are both generatoi's of 
this cone, for to the j.lane N7^S'' of the pencil whose axis is SP 
corresponds a plane through S'P, hence S'P is a line of intei- 
si-ction ol two corresponding planes; similarly for *S7^.] 

Ij the plane SPS corresponds to itself the cone becomes a 
plane , foi^ take any plane a through SS', the two pencils of planes 
t Hough SP and SP meet a in corresponding lines iSQ, S'Q and 
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the locus ot Q is a line p, since for the pencils (.S', a), (.S”, a) the 
hue S.S" coiTesponds to itself’, (because to the plane SPS' 

plane S'P.S' corresponds), hence the lines of the system throne 
being the lines PQ. lie in the plane {P, p). 

Eve) 1/ )'efft(liis or co)ie of the syste))i posses ilD'oof/h each singohi)' 
poiot, since to a plane through such a point P corresponds a plane 
which must also pass through P. 

It has been shown that through each point which is not a 
singular point one line oi the s^’steni passes; it remains to deter- 
mine the closs of tlie system of lines, i.e. the number in anv 
plane. 


I. When the correspondence is such that SS' is a self-cor- 
responding line the class is unity; foi‘ if P is a singular point, 
to the plane PSS' corresponds the plane PS’H, i.e. this plane 
corresponds to itself and since SS’ corresponds to itself the 
locus of intersection of corresponding lines in it is a line p of 
which every point is a singular point, therefore corro.sponding 
planes through S and meet p in the same point. Singular 
points not on p are seen for a similar reason to lie on another 
line p’ which is intersected by ail lines of the system. Thus the 
system of lines is formed by all the lines which meet the two lines 
p) and p> \ in any given plane there is one line of the system, viz. 
the join of the points in which the plane meets p and There 

are two self-corresponding planes in the sheaves, viz. pf 

p'). 


II. When the correspondence is such that the sheaves have only 
one self-corresponding plane, the class of the system is two ; for in 
this plane there is a set of singular points lying on a conic c- 
through S and S\ and at a point P of c^ the cone of P is a plane 
(see above); the planes of two such points P and Q meet in a line v 
every point of which is singular, for through any point R v 
there are two lines, i.e, RP, RQ, belonging to the system and 
therefore an infinite number, also since v meets the given plane it 
intersects c-. The lines of the system are hence the lines joining 
the points of v to those of the lines in any plane a are the 
joins of the point (v, a) to the points (c‘-, a), i.e. two in number. 

III. When the collinear sheaves have no self -corresponding 
element the class of the system is three ; for if p is the intersection 
of two corresponding planes, to the pencil of lines {S,p>) corresponds 
the pencil of lines {S\ p) and these two pencils determine on p a 
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( 1 . 1 ) correspMiiOcncr : it' P :uk1 if ;uv its united ]n.)ints they are 

sini^iilar [mints nt the system ot hues and on P there are no other 
sin|(ii!ar |mint> ; aUo it is any sinmilar point tlie platie PSH' 
eontains the three singular points ]\S,S' and no other, since if in 
it another sin^^oilar point existed tin* plane PSS' wonlil be self- 
eorrespoiidin^ as containing two paiis of eorresjKinding lines ; again 
since the ciines (if anv two sini^mlar puint^ P and P' eacli contain 
all ih e singular [loints, tlir locns cit singnlar points consists of the 
partial intersection ot twtj unadnc cones having the generator 7^' 
ni cumnnm. ec. a ttrlsfed cttho-*. Tin- lines of the system consist of 

ft 

the chnnls ot this cubic and tho'.,. jn a plane are the joins of the 
inter-'cetions ot tin- ]»lane and tin* cubic, three in number. 

I hc‘ toll'iwiii'j pinjierty Ilf the t\vi>teil euliic is df iiii|H»rt;inc<’ : 

// r t< r/ni/it •>! > mn/ ,|. /J i\ Dqlcrti (m fh>‘ CUrve fhe 

J'•'| r Ill-nil A .r . \ x( , .e/> hm i: ,, ciniAtmit ilnnhli' rutin ; fur if an V [Mil lit /* of 
the curve he loiiieit to the other jioints of the curve we have a “cone of the 
M'teiii ;iiii] it t he any Generator of tliis cone f.rj, .cA\ ,f ' j is onishint, 
since this merely (‘xpie^'-cs the ]iid|icrty that the iloiihic ratio of tin' lines 
joiniii;^' ;i [Miuit 0)1 ,i coiiic to loiii' ti\eil [loiiits on the conic is coiishint, 
hence tor i/ll the chojils ot the cubic throii^rh /' tin* theorem is true and if V 
tie •nujulinr [loint o| the ciihic since the cones for /*ani| have one oeiierator 
«'oinmon. tin* ttieon-iii is aU., true for 7. 

y//c /oc'/.s’ xutor.'uu'txun 0 / ttxvev riu'respfunliiKj plone-'t of three 
piOKois of phffirs nfhtrh Jutre inntimlh/ n ( 1 . 1 ) corresponthneet ts (t 
tn.'istrd rifhic of trhtrh the o.irs txj the pencils ore chords; for the 
lines ot inteisrctmn ot corresponding planes of two of the pencils 
totm a logiilus and to each pair ot corresponding planes there 
corresponds a plane ot the third pencil, hence to each line of the 
legulns one ]»tam* ot the third pencil corresponds, and it was seen 
( Ai t. ix ) t liat the locus ot intersection of corresponding members of 
a regulus and pencil of planes is a twisted cubic. 

xiii. Collinear Plane Systems. By aid of two collinear 
sbeavt*s a (1. 1) correspoudeuce can be established between the 
])oints of au\ two [dalles, i.e, if }i,,y sheaf centre S 

n.eets one plane in P and the Corresponding line of the sheaf 
centre S meets the other plane in P\ then P and P’ are a pair of 
coin s|Minding points in the two planes. Further if the two planes 
au supriposrd on eaoli otlier a (1, 1 ) correspondence of points of 
t ns [) ane |hat to eacli point of tlie plane correspond two 

points , accoiding as is supposed to belong to one of these 
(in< e niU \ iwai) j)lam's or to the other \ the points of the plane 

* See* Salmon’s ihomrtnj 0/ Thre. third edition, p. 304. 
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are then .said to form a colUne<n' system; conversely if for each 
pair of corresptmdinj; points J\ P' ot‘ a collinear plane system the 
point P is joined to N and the point P' to .S', when >S and N' ai'e 
any two points ot space, two collinear slieave.s are obtained. 

Thus a collinear plane system has three self-eorrespondin 
points, viz. the points where the twisted cubic of the sheaves {S) 
and (S') meet the plane. 

Ihe collineation of a plane system is determined if to any four 
points P, Q, R. S are assigned as correspond inj^ points fmir othei- 
points P\ Q, R\ S': which may be sln)wn as follows; — to the 
intersection 0 of the lines PQ and RS will cttrresjiond the inter- 
section 0' of the corresponding lines P'Q' and R'S', and if X he 
any point on PQ, the corresponding point A”' on P'Q' is dt‘tenniiu*<I 
from the equation (OPQX ) = {O'P'Q'X .similarly for corresponding 
points on PR, Szc,: also ifa.*be any line through P the C(*rres]X)nding 
line A-' through P' is determined from the equation 

(.r, PQ, PR, PS) = (y, P'Q', P R, P'S ') ; 

similarly for corresponding lines through Q, R, S: hence to any 
line which meets PQ, RS in X, Y will corres]>ond the li)ic which 
meets P'Q', R'S' in the corresponding points A'", 1"'; ami to any 
point whose joins to P and Q are cc and y will correspond the 
point which is the intersection of the correspondinir lines throueh 

P' and Q'. 

% 

It follows that the collineation of two sheaves is determined 
when to four lines of one are assigned as respective correlatives 
four lines of the other. 


Hence through six points no four of which are in one plane one 
and only one twisted cubic can be described, for the points being 

S, S', A, B, C, I) if the lines SA, S'A ; SB, S'B ; >S'G'. S'C- SB, S'B 

be made to respectively correspond, the collineation of the sheaves 
(jS) and (S') is determined and hence a cubic which passes through 
the six points; also if there were another cubic through them we 
should again obtain by the same means a collineation of the 
sheaves (S) and (S') which must be the same collineation, and 
hence the cubics must be the same. 


xiv. Collineation of systems of space. A collineation 
between two three-dimensional spaces '1 and S' is a relation such 
that to any point of S corresponds one point of S' and to a plane 
TT of 2 through a point P of 2 corresponds one plane it' of 2' 
through the corresponding point P' of 2' and tt' contains all 
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])iiiMts i)t corn*>)M>n(liii^ to points of ^ in tt; hence to a ])encil 
ot planes m ^ will eoi‘ivspi)inl a pencil ot planes in — and to a 
line (if ^ (■(irre'‘p"nds a line i*t ^ . I he collineation is doteiniined 
when to five point'- ot (no four ot which are coplanar) are 
a'Sieneil a-, eoiiolatives five jioint-' t>t ^ (no t<.)nr ot which aie 
coplanar); tor it .1. ^ IK K are tlie yiven points of S and 

A . li’. C. h . tA thi-ir eorrespondiiiL; points in — ’ the collineation 
of the >heave^ id ) and (J) is established, since to tour lines ot 
one correspond four lines df the other; siniilarly the collineation ot 
the otlna' pairs ot shoaves {li), (/O. Are. is deterinined ; thus to 
three pl:ine> of the sheaves {A), (//). {(1) throu^di any jioint P of 
^ will eoire^pond three (lelliiitc planes of the slieaves {A)^{B), 

( ( ") respeetivflv and the intersection of these latter three gives 
the point P' ColT* vpuiiding to /^ 

It tin- sp;icc> ami — ’ are the .sutne, we (d>tain a collineation of 
the points ot one >pace ; in this ease it can easily he shown that 
theie an* four (real or iniagmarv) solf-eorresponding points; for 
deiioh- hyp.)/; the (piadrie deterinined hv the Corresponding pencils 
ot jilanes w ho'-e axc" are AH and ..I'/i'and hvy>,;,,the intei'section 
(d the i)lanes thionoh .1/^^', A'/H'' respectively, and by A’ f* the 
t wi^te(l cuhie (•< ■rre'-pond i ng to the t wo sheaves (^-1 ) and (d'), then 
p ,;( contains 1-ot h and /. pd Art. xii ). also the (piadrics p p ir di- 
tei'sect in pji.,. and while the ipiadrics pf. ^ , p,.„ int(*rsect in Pmh) 
ami ; imue()ver p p p,.,, meet in eight |toiiits (real or imagi- 
nary) ami of these, fom are tin* intersections of and A'/m pAHn 

ami /.■ I ^o that the remaining four are tlie intersections of A’ ,^ and 
k,f, hence the twisted rubies and meet in four p(iints each of 
which corresponds to itself, lor if /v be such a point, to tlie point 
ot intersection ot the lines KA and KH will eorres|)ond tlio point 
of intersection ot the corresponding lines KA' and KH\ i.e. K 
itself. 

If in a space collineation there are five self-corresponding 
points ever}! point will coi respond to itself, for it has been seen 
that when five pairs ot corresponding points are given the collinea- 
tion is determined nniipiely; heiu'e, if five self-corresponding points 

aie given, tlie identical collineation being a possible is also the 
oidi/ one. 

XV. General Involution. If a correspondence be established 
on a cui\e such that to each ot its points P corresptmd n points 
of the curve P, and it one of tlie points corresponding to 
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Pi be P, one t>oint convs[>onding to I\ bo P and so on, the 
correspondence is snid to be Imvluion/ aiui is denoted bv [a] ; if in 
addition the points I^i.^.P,, correspond to each other so that the 
points PP^...P„ form a closed system we are said to have an 

Involution of the ii + 1"' det^roe. If on a ]>hine curve there is an 

Involutory correspondence [a], the lines joining corresponding 
points envelope a curve, called the Direction Curve, which is of 

class n since from each point of the curve a tangents can be 

dmwn to the curve. If tiiere are two Involutory correspondences 
[a] and [a'] on the same curve, since the two direction curves 
have nn' common tangents it is clear that the two correspondences 
must have nn' pairs of corresponding points in common. 


If there are two sets of points on a curve detined respectively by coordinates 
.f {Uidy, sucli that to each point .r there correspond m points //, and to eiU-li 
point y there correspond 7i points .r, we have an (/a, n) point corrospcmdeiicc 
on the curve. Svich a coiTesi)ondcnce is expressed by an algebraic eejuation 
of the form ^ (.r, y) = 0, where 0 is a rational polynomial of degree m in y and 
n in .r. Putting a’=y we obtain in general an equation of degree /u + h in .v, 
which gives « united points or ‘coincidences’ of the correspondence. 
This result is known as the Correspondence Principle of Ohasles. 


If the correspondence is an Involution and if the coefficient of 

A-'y* is a,., we have Should the correspondence be such that one 

point A’ coincides with tiro of its corresponding points y, biking this point as 
the zero point of both .r and y we notice that the coefficients Wyo, a^Q all 
disappear, hence the equation which gives the coincidences must have two zero 
roots, or, if in an Involution [/i] a point coincides with two of its corresijonding 
points, this is to be counted as a double coincidence. 


xvi. Involution on a twisted cubic. Take the quadric 
cone formed by the chords joining any point ot a twisted cubic 
to its other points, then an Involution [2] on a plane section of 
this cone is projected into an Involution [2] on the cubic. Another 
Involution [2] on the cubic is made by the pencil of planes 
through any line l\ this is a cubic Involution, and is piojected 
intoa^cubic Involution on the given conic; moreover since the two 
Involutions on the conic have in common four pairs of corresponding 
points so also will the two Involutions on the cubic; it follows 
that four lines joining corresponding pairs of points in the first 
Involution on the cubic meet L Hence the lines joining coiie- 
sponding points in any Involution [2] on a twisted cubic foim 
a ruled surface of the fourth degree; through each point of 
the cubic pass two generators of this surface for which therefore 

the cubic is a double curve. 
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If it once occurs in tins Involution tiiot the points Q and R 
V'liich rurresjiond to P also correspond to each other the Involution 
irtll he cnhic : toi- tile plane P(JR since it contains three lines of a 
nih'd (jiiartic innst cut this surface in another line I which does 
not meet tin* cuhie curve: anv plane through I will meet the 
cubic in three piunts ]*'. (/, R' and the lino joining any two of 
these latter point>. ep. P and (f, ine(‘ts the surface in five points, 
viz. twice in both P' and ami once in the point {P'Q\ /), and 
hence must lie altogether in tin* suifaco; the generators of the 
surface therefore consist of all the chords of the cubic which meet i 

wii, [2, 2] Correspondences. 

A [2, 2] of points upon two lines is gi\a*n by an equation 

of tin* I'lrni 

./••/q + (i), 

whol e #/, , >i II ^ jire qnailrat ic exprevsions in v, tiic points /* of one line iK'ing 
detei rniin'i! hy . the points nf the othiT hs' y. Tliere are four ])oints .v for 
e;o h ot whnli tlie two o'rre>jioiHling values of y eoineide ; such a point is called 
a I’laia li Point, so that tluTc are huir hiMiieli points A*,, A.., A’^, A'^ on OllC 
line. himI four )•,. I 3. ) , Oil the other line; it will now be shown that 

uV..v,.r.v,)=()-,)-j-,)V. 

tor writing .'■ = - A A^q, a il, 1) corr<*spondence i.s established 

between points /' and P of one line, heiiee, {Art. ii), 

siiiiilarlv if y =D/— I,) y- suh.stituting for x an<l if in (i), we obtain 
another [2. 2] »ories|,undfnee hetween points P' and (/ of the two lines. It 
is ohvious that will'll /* IS a )>!Mneli point of the firnts tlie corres|>onding jioint 
J* is a hraia h point oj the [2, 2) eorri'spondehee ; it follows tliat when 

X is /.lu'o or inhnity we oi)tain hraiKh points for siniilaily for t/, therefore 
the [2. 2] eorrevpoiiiieiice between /" and (/ lun.st he dotorminc«l by an 
c<piatioii of tlie form 

+ n f + (^v'- + + </ ) + h- + e)- = 0, 

in whieh d- = fi‘lrr-, 

1 he equations to ileteriiiine the two remaining hrancli point.s of the second 
eoiTespoii.h'iice on either lino are quadratic : if their roots are jq'- .r/; y.V, j/p, 
it is seen hy inspeetiun of tliese quadratics that 

I f 

\Ul = abc, or. = 

y ' * 

if,/= -aU,, ;7^+|3=l; •>r,(.,V,(),,,V,x) = 0/3','/.',0,®); 

SO that for a definite assignment of the suffixes 
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OF (’OOHDIXATES. 


1. In the analytical treatment bv Des Cartes of the Geometry 
of Space, the point is the space-clement ; the researches of Fencelet 
and other geometers, and in particular the Princi])le of Duality, 
lead naturally to the plane as a space-element; hnally to Plticker* 
is due the conception of a geometry in which the line serves as 
the element of space. Just as the point and plane are defined by 
coordinates and the investigation of loci of points and envelopes of 
planes is conducted by algebi'aical methods in the older geometry, 
so in that with which this work is concerned, line-coordinates are 
employed, and loci of lines are by their means discussed. The 
object of the present treatise is then, mainly, the investigation of 
the properties of the assemblage of lines which satisfy one or more 
given conditions, i.e. of lines whose coordinates satisfy one or more 
equations of given form. 

If only one condition is imposed the lines which fulfil it aie 
said to form a Complex, and since a line has four coordinates, it is 
clear that the lines of a complex are triply infinite, or 30 ^ in 
number. If a double condition or two conditions are imposed we 
have a Congruencef, this is seen to consist of x - lines. If three 
conditions are specified we have cc ' lines forming a ruled surface. 
A fact which has most important bearings upon our subject is that 
since a straight line may be regarded either as the locus of its 
points or as the envelojyc of its it is found that the pro- 

positions of line geometry stand in the same relationship io points 
as to j^lcines, or the subject is dual. 

The present chapter is mainly given to the description of 
various kinds of coordinates of the straight line. 

* Neue Geometrie des Raumes. 

t The term ‘ system of lines ’ is also sometimes employed. 
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2. I'lu* line of intersection of the iilanes 

./■ = rz + p. 

If = s: + (T. 

i" known, if the vahn-s ot r. s, p, a are given : tlle^e <|uant.itios may 
he taken as four of the eoonlmatos of the lin<*. Aiiotlier coordinate 
is then alx* taken tor tlie tolhjwing reason ; on linearly transforming 
the ('ai te>ian eooi'^iinate^, we get the same line represented by the 
(Mjuat ion> 


* ' ' I ' 

./• = /•- +p , 

/ t 


if ~sz + <r , 

when- /■'. .s', p' and g' are fractions of the sann- denominator, and 
who'.r niimeiators and denominators are lim-ar expressions in 
r, .V. G and p, and aho / g - sp. 'I'hns an e<piation of degree 
n in r, .s\ G, p would in general he transformed into one of degree 
*2a in those <piantitie^. To obviate this Pliicker introduced a 
(ittli eodidinate t), where i) = i'g — sp. d ims an epilation of degree 
It ni r, .V, G. p, 7) is transformed into an etpiation of the same degree 
in /•', s'. g\ p, If'. 


3. Homogeneous Coordinates, The introduction of homo- 
genc(jns lino-c(j«>rdinate< greatly assists the study of this branch of 
gconu‘try, Sudi s\sl<*nis will now ho rliscnvsed. 

Two points of a line being or as will be 

written in lulure, a and fS, ami two planes through the line being 
simdarly n and v, we have tin* toll(»\\ing four e<|uations 


+ »..a. + -h -0, 

-f u^|3^ = 0, 
r,a, 4- v..r. -f + t\ci^ = 0, 


(i> 


Hhndnating suecessively and u^ from the first two 

e(|uations we obtain 

(a,/3, - - a,/S,) + (a, 13, - a,0,) h, = 0 ; 

or if 


w<* have 


• + p^3^h + Pu>*i = 0, 

a, 4- . H- p.^ tt^ + = 0, 

y^ii '^1 4- ti.. 4- • + psi ‘ti = 0, 

Pu 'h 4- ])i.j u., 4- p^^ //j + , = 0^ I 


(ii). 
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The ratios of the quantities p,k thus defined are taken as the 
coordinates of the line joining a and / 3 . Observe that if any two 
other points on the line (ot, be taken in place of a and /3, the 
ratios of the pif; are not altered. 


It should be noticed that for an edge of the tetrahedron of reference all 
the pii. are zero except the one having the Sixine suffixes, e.t/. for the edge 

7*13 ~Pu ~Pn — 0 - 

If the equations (ii) are satisfied the line " psf' tvill lie in the 
plane u. The quantities are connected by an equation, for on 
eliminating the ui from equations (ii) we have 


0 




PiX 

P41 


PV2 

0 

Ps-2 

p42 


Pvj 

P'23 

0 


Pu 

P-2A 

P34 

0 


= 0 ; 


whence observing that we obtain 


{PliP-M +P13P42 + PUP23)’ = 0 . 


The same result is obtained by developing the zero deter- 
minant 


«1 

a> 


^4 


/9a 

A 

A 


Oa 




/9a 

A 

A , 


thus, 2 (^,2^34 + P13P42 + PuPzi) = 0 (iii). 

This then is an identical relation connecting the six coordinates 
of a line. It is usual to denote the left side of the last equation 
by 2 P, By aid of this relation any one of the equations (ii) may be 
deduced from two of the others. 


Again, if we eliminate the Oi in the same manner from the first 
and third of the equations (i), we have on writing 


the equations 


TTik = UiVf. — Uj-Vi, 


• 7ri2a2 + 7ri3a3-f-7ri4Ct4 = 0 
'Tr^0Li+ • + Traatts + 7r24a4 = 0 
■ 7 ^ 31 «! + ^32 ^2 + • +' 7 r 34 ! 3 t 4 = 0 
7r4iai + 7r42a2 + ‘7r43a3 + • =0 



J. 


2 
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4. A fact c(>nnccted with the duality of the subject is that 
the (juaiitities p and tt are pio|)(U'tional. so that we may take 
eitiier tln^ />,i. or the 7r,t as coordinate^. For since n and i' both 
pa'-s through jf wo have 

p,,r, + + pni\ = 0. 

Now ehminatini; p^■, it fullows that 


/'o 


TT 45 

TT., 




and proceedin;^ similarly we (»l)tain, 

/>!■■ : ; />..! : Pn ■ P:i ■ p.A = : tt,* : tt,* : tt.^ : 7r,i : ('*)■ 

The e<piations (iv) are those of the four planes through the line 
and the difTereiit vertices of the tetrahedron of reference; so that 
a geonn trical intt'rpretation is given to the ivn,, for tti^. are 
propoiti<inal to the coordinates of the ])lane through the line and 
tlie vertex A,, and so on. In lik(‘ manner from (ii) we notice that 
7'i:. />ii. pw pro[)ortional to the Coordinates of the point of 
intersection of the line and the coordinate plane a,, and so on. 

( 'oin ersely six (pnintities connected by an equation P = 0, 
and such that = — , are the coonlinates of a line. For, in this 
case, since any one of the eipiations (ii) is deducible from two of 
the others, the four points they r(*spectivelv represent lie in one 
line, and taking two particular values of tile », i.e. two particular 
planes through this line, we deiive tlie equations (v) showing that 
the coordinates of this line are the y>,t. 


5. Intersection of two lines. Two lines p and p will 
intersect if 

Pv‘P■s^ + Pv,p^ + PuP’m + p\:.p^, + PnP -x + P = 0 . 

For a and ^ being any two points of /), and a'. two points ot 
p\ these tour ])oints are Cftplanar, hence 


a, 

a., 

^3 

04 



A 

A 

«j 

Oi.. 

• 

a'3 

a'* 

1 

/3. 




which gives the condition just stated. Observe that this may be 



written 
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6. Coordinates of Pliicker and Lie. Passing from homo- 
geneous to Cartesian coonlinatos. or writing x / 1 resnec 

lively for a,. a ml .rC >j\ z", 1 for /3„ /?,, we obtain 

p,, = ,ry' - .r-'y' _ y",'^ ^ 

Pu = -r “• .r = y - y\ p.^ = z' ~~ z'. 

These are the homogeneous coordinate's adopted by Flucker*. 

If now ,(■'' = .r' + f/.r', i.e. if the points are consecutive, omittiug 
accents, Lie’s coordinates are obtained, viz. 


Pn = - ydx, = ydz - zdy, p-^ = zdx - a:dz. 

Pu — — dx , ~ dy , = — dz. 

If tho tetraliedron of rcforence he formed by three mutually perj)ei)dicular 
planes and the plane at infinity, it is clear that the coordinates are 
proportional to the components along the axes, and the moments about the 
axes, of a force whose line of action is the given line. 


7. Transformation of Coordinates, If a new tetrahedron 
of reference be chosen, the coordinates of the line pi^ will become 
p'iky where 


If the equations of transformation are 


p . x'i = aiiX^ + Ui-aiTo + ai^x^ + ai^x^, 

p'ik is obviously a linear function of the pi)^^ so that 

p xk ~ ikx 12 Pl2 13 ^13 “h 

The six coefficients of pi^ on the right are proportional to the 
coordinates of the edge of the old tetrahedron of reference 

with regard to the new one, as is seen by putting 

Pu ~ Pu “ pi3 ~ ^34 ~ 'Pvi — 9 

on the right-hand side of the equations, and so for the other 

coefficients. 


8. Generalized Coordinates, In place of the pi^ we may 

use any six given linear functions of them as coordinates. Denoting 
for convenience the ps by pip.i . , . p^ dxvd the new coordinates by 
... ga, the identity P = 0 will be replaced by a new quadratic 
function of the qs equated to zero. Let the latter be w 
then P{p) = ft)(g), hence 




See Neue Geometrie des liaumes, Bd i. S. 2. 

The notation u, appears to be due to M. Koenigs, see La G£omitrie rigHe, 
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now let p Jiinl p' be two lines denoted by 7 and q in the second 
system of cooiilinates, then 

, ^ ' rj), , V ‘ I’lji: ?y),7 


;; Vqk . 
fw , 


_ V 


k f'qk 


74 


Thus the condition for tlie intersection of two lines is 

V ' o 

-7A-. 

I (-qk 

9. Coordinates of Klein. Tlie simplest case included in 
the last transformation is the coordinate-system of Klein*. This 
is obtained by writing 


a', = 


w.. = 


....(vi), 


when* i = V — 
of tin? line. 


= + -'a = + yj^,, = Pu + ' 

“ y^2 ~ y*;>i ' ~ P\^ ju-2t “ y^i4 y^ii». 

1 . These (piantities .rare adopted as the coordinates 


'rile e(piation P = 0 becomes 


«; 


./r = 0. 

1 

'I he condition ot intersection of two linos x, y assumes the 
simple form 


(I 


- ./vyy. = 0. 

I 

I he last equation will usually be denoted in future by (xy) = 0 


and 


t; 


1jV = 0 by (.r-) = 0. 

Convei-sely six (piantities .r which satisfy Saf = = 0, may be 

taken as the coordinates of a line. For if the av are given, by 

e(piations (vi) we can Hud six (piantities p.t which by virtue of 

the eipiation (j,-) = 0 satisfy y* = 0 and are therefore the coordinates 
of a line. 

J uterHecUon of couaecutive lines. The condition of intersection 
of two linos X and y in Klein coordinates is in general = 
when applied however to consecutive lines this condition is satisfied 
identically for terms of the first order, and the condition of iutcr- 

Soe .Vrtf/i. Alin. lid. ii., Zur ThtorU der Liniencomplexe dts ersten und 
Grodcii. 
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section of .r and + d.v is (d.v^) = (). For let .r be determined by 

Its two points a and then x + dx is determined by the points 

a + da, ^ + dB, thus if av is the (bilinear) function of a and /S 
”»(«, fi) we see that 

d.Vi = Fi{a, d0)-\-Fi(dcc, fi) + Fi(da, d^) 

where lF,^a,d0) = O, S (da, /3) = 0, lFf-(da, d^^O- 

‘‘'so ^Fi(a, 0 )F(ol, d0) = O, 

since the lines have the common point a, and 

lF{{a, ^)Fi(d'x, /3) = 0. 

since the lines have the common point so that (a'(/^) = 0, for 
terms of the first order. 

If X and X 4- dx have a common point, let it be a, then doL = 0, 
and dxi = Fi{a, djd), hence = 0. 


10. Plane Pencil of Lines. Referring to the coordinates 
Pik it is observed that they are linear in the coordinates of each of 
the two points a and /?, thus the new coordinates x are so also. 
It follows that if X and y are the coordinates of two lines which 
join the point a to the points /3 and 7 respectively, tlien denoting 
by z the line joining a to the point -h X 7, we have 

Zi = Xi + Xiji. 

By giving all values to X we obtain the lines of the plane 
pencil determined by the two intersecting lines x and y. 
Conversely if x and y are two intersecting lines we have 

(a^) = 0, {xy) = 0. = 

hence x -hXy is a line, and thus is one of the pencil determined 
by X and y. 


11. Double Ratio of four lines of a pencil. The four lines 
aJH-X,y, x-\-X^y, x + X^y, x + X^y will pass respectively through 
the points a + X^ff, a + X^yS, a + X3/3, a 4- X^/?, where a and /S are 
points on x and y respectively ; hence the double ratio of the four 
lines is 


(Xi X^) (X4 — X3) 

(Xj — X3) (Xj X<) 


12. Von Staudt’s Theorem. If ot, ^ are the points in 
which a line meets the coordinate planes respectively opposite 
to the vertices of the tetrahedron of reference, then 

a 4- a 4- are the points in which the line meets the 
coordinate planes opposite to A^, Ai if a*4*X^3 = 0, a4 + /4A = 0- 
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The Double Ratio of the^e four points on the line is - = 

but it is easily seen tliat for the given line 

Pv: = - , Pm = + a.;A. Px, = - , P^ = - 

hence the D.U. ot the four ptjints in wliich it meets the coordinate 

planes is — ‘ . 

Px\ ■ Pzi 

Hy a preri'^ely similar process it is obvious that the D.H. of the 
f(jur ]}lanes througli the line and the respective vertices of the 

tetrahedron is Cfiual to _ ^ DoMe Ratio 

p-si ' Pxi 

oj the points in irlnc/t u line meets any tetrahedvon is e<pial to the 
if.li. of the ploites thromjh the line and the vertices of the tetrahedron. 

13. Sheaf and plane system of lines. If /?, 7, 3 are 

re.spfcti vi- points on the three lines ij,z which meet in the point 
a, then by tin* leastmmg just employed tlie coortlinates of the line 
joining a to tlie point XjS -V fiy + vh are 

t.e. any line through the intersection of three concurrent lines 
a\ IP z is + + All such lines are said to form i\" sheaf"*. 

If the lines . 7 ’, y, mid z, on the other hand, lie in the same jilane 
then if n, r, //' are planes through y, z, respectively, the line of 
intersection of t and any plane + through the point 

(», i\ ?/'). has for its coordinates again X.;-,- + /xy,- + r^,-. Thus if 
o\ If, z are concurrent, \.i -{■ ^ij vz includes all the lines of the 
sheaf thiough their point of intersection; if .r, y, z are coplanar 
X./ -f ^y + e.? includes all the lines which lie in their common 
plane, or the plane system.” Taking the case where ic, y and z 
are c(mcurrent, we see that if P is any point on Xx py + vz, the 
cooidinates of this line being proportional to linear functions of 
the coordinates of P and a ; X, ^ and e are eacii linear functions 
of the coordinates of P. Now if X = 0 it was seen that the line, 
and hence the point P, will lie in the plane of y and z, or, 

X = 0 is the eipmtion of the plane (y, z); 

^ ^ ^ » » » » A') ; 

^ ^ » M >. y)- 


* Seo Introduction, Art. xi. 
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14. Closed system of 16 points and 16 planes*. 

From Art. 4 we see that the line .r in 
the equations 

~ Pl2 + p.n, 

or by the equations <t . 

- a . = TT.o - TT.^, &c. ; (where a = tti,./ p.^). 

A comparison of these forms sliows us that we may regard 
the first sets of equations as the condition either tliat the line 
(Xi, a’o, a' 3 , a-j, a's, should pass through the point (a,, a.,, a^, aP or 
that the line (.I’l, —a-j, — x«) should lie in the plane 

whose coordinates are a-,, 04 ); thus one condition involves 

the other. 

If the squares of the coordinates a; of a line have given values, 
we obtain a set of 32 lines having important connexions; namely 
the different lines obtained by taking x^ positively and 
with either sign. It will now be shown that these 32 lines 
together with 16 points and 16 planes form a closed system. 

For if we substitute the x coordinates of the line for the 7 r,x. in 
(iv), (Art. 3), we obtain the conditions that the line x should contain 
the point a, and from them may be derived the following, (which 
can easily be directly verified), 

(®ia2 - (- ^ 1^2 - + a2«4) 

+ ix^(c(.a^ - apj-j) = 0, 

+ ix. (a^ai — ctia,) + («ia4 “ ^ 2 ^ 2 ) 

+ ixa (— ^1 ctj — ctofla) = 0, 

together with two other equations derivable from these. 

If in these equations the signs of any two of the as are 
changed the coefficients of the xi are thereby either unaltered 
or altered only in sign. The same is true if any two pairs of the 
a's are interchanged (e.g. and ag, and aj; and thus by a 
combination of these two methods of change the coefficients are 
altered at most in sign, so that by suitably changing the signs of 
the x's we return to equations (vii). The arrangement of signs 
for the six quantities x is easily found to be different in the 
different cases, we thus have 16 points, viz. 


On 






On 

03 ; 

04 > 

Ozi 

02 > 

oi ; 

® 3 J 

On 

On 

“2 




-04; 

®2» 

On 

-On 

-03; 


031 


-“1 ; 

O3) 

04, 

-Oi, 

-«2 


‘~°2i 

-03, 

04; 

02 i 

-fll, 

-04, 

03 ; 

On 


■~02f 

«i ; 

O3} 

-04, 

-On 

02 

$ 

— ®2> 


-O4; 

®2> 


On 

-03 i 

On 

“ ® 3 > 

02 } 

-«] ; 

O31 

-On 

On 

-02 


through each of which one of the 32 lines x passes. 


* See Klein, Math. Ann. Bd. n. 
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And, by what was shown above, in each of the 16 pktnes 
having these coordinates will lie one of the 16 remaining lines; 
and having given (me ])olnt or one [)lane the other points and 
planes are determined, and the Home sifstem of 16 pomts and planes 
is ornved at, with trhtchever of the obnre points or planes lue start. 
Any point or plane of spacv? determines such a system ; so that by 
aid of the table just given, all the points of space are divided into 
such sets of Hi ; similarly for the planes of space. 

An impoitant fact connecte<l with the above system is the 
following: — since the point (a,, a... aj, aj clearly lies in the six 
jilanes 


{a,, - a,, fli. 



or 


-a.), (a-, -Q,. - a,. 

I > I “ )» ( ® cij t 


(0(j, 

- a.., - cr,), (a^, — fir.,, a., 



and the plane (ot,, or., fir,,, ord parses through the six points having 
these coordinates, therefore, fnnn the nature of the system, if any 
other point of the system ep. (a.., a,, be taken, we should 

obtain a similar result, whence it follows that — thronffh each point 
of the si/stein there pass st.r plones of the systein, and in each plane 
(f the system there he six jioints of the system. 



CHAPTER 11. 


THE LINEAR COMPLEX. 


15. A COMPLEX of lines h<as been defined, (Art. 1). as the 
assemblage of lines which satisfy one condition. Thus if fy, ...f/r. 
are the general coordinates of the last chapter, the lines whose 
coordinates satisfy the homogeneous equation of degree n 
/(?! ••• = 0, form such a complex. We have seen that if a 
and ^ are any two points of a line the quantities pq ^ ... pq^ are each 
homogeneous linear functions of the coordinates of a and of the 
coordinates of : thus /= 0 is homogeneous of the nth degree in 
the coordinates of both a and Taking a to be any given point, 
this equation therefore gives the cone formed by the lines of the 
complex through the point a; and this cone is seen to be of 
degree n. 

Similarly the q% of a line being proportional to homogeneous 
linear functions of the coordinates of any two planes it and v 
through the line, by taking u in /= 0 as any given plane, we have 
the curve enveloped by the complex lines which lie in the pZctne u ; 
and this curve is seen to be oj the nth class. 


16. The Linear Complex. If n is unity the complex is of 
the first degree, and we see that in a complex of the first degiee 
all the complex lines through any point lie in a plane, the po/ar 
plane” of the point, all the complex lines in a plane pass through 
a point, the pole” of the plane. If we employ the 
coordinates the equation of the complex will be of the form 

+ Ctnpia + + a.jiPM + «« Pi2 + = 0 . 


Si m ilarly if the coordinates of Klein are used, the equation 
'ZaiXi=^0, or (ax) = 0, represents a linear complex. 

The equation pik = 0 represents the complex of lines which 
intersect the edc^e of the tetrahedron of reference opposite to 

o 
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.1,.!;;; for if ct, A- — = 0, where a, ^ are two points on a line of 

tlie eoiuplex pa ■ = 0, let the ])i>int a he that in wliich the line meets 
the face opposite ^l, <jf the tetrahedron of reference, then ai = 0, 
it follows that either 0 ^ = 0 or /i, = 0 ami in either ca-se the line 
intersrcts the edge opposite .1,.!^- of the tetrahedron of reference. 

The eipiatioii .r, = 0, y',j + yru = 0, represents a complex 
of the utmost impoitaiiee in this subject, it will be termed 
a juiuldiiietiinl linrar complex; there are si.x lundainental linear 
complexes, viz. 

./■, = 0, = 0, ./g = 0, ./j = t), j-j = 0, Xf, = 0. 

Now taking f,, f.,. f.,, to be the coordinates of any point on 
a line ol = 0 through ihr ])oint a : or writing in this eciuation 

= a.fi: “ Otf,-. and arranging the terms, we observe that the 
})oia]- plane ot ot is, (it we write for convenience Oi-,- = — «a-)' 

+ = 0 (i), 

So that if a is tin* polar plane of ct, we have the equations 

<T . a, = • + 

(T . U., = dy.'ii + • + + (ty/Ji, 


(T. a, = + + • + 04 ;, a*, 

O' • ffi ~ + • 

0 = a, a, + n.^%, + i 


(ii). 


Il two complex lines inter.sect, their point of intersection 
is the ])olc ot their ])]ane. It is clear from the foregoing that to 
eacli point ot space a unii|ue polar plane is attached; this may be 
also seen directly, tor it the polar planes of the points m and n 

coincide, it is necessary that 

«> 

{iiL^ — pti..) a.j + (a/j — pn^)(.t-^ + — pn^) t/*, = 0 (iii)> 

tt)gether with three other similar e(|uations, and tn, n being 
supp(»scd to be (lld'ereut points, it follows that 


0 


a,,, 




0 


a. 


ai 


a 


41 


(hi (U-i 


a 


a 


13 


u 


« 




0 


(L- 


= 0; 




a 


a 


34 


0 


tlie determinant is skew-symmetrical because a,'^ = — has 

the value (aiaWj* + -H auU^)". The quantity in brackets is in 
general diflicrent from zero, (see Art. 18), and hence the equations 
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(iii) cannot coexist, or, the polar phutes of the 
all diferent. 


points of space are 


17. Polar Lines. The equations (ii) connecting a point a 
and its polar plane Uy show that if 


ai = w,- + X/q-, 


i.e. if we suppose a to describe the line joining the fixed points 

m and h, then a . ii; = Mi -h 

where i\^,- = (a,-,- = 0), 

k k 


t.e. u turns round a f eed line (viz. the line of intersection of the 
planes M and conversely, if = il/,- + Xi\^,-, it follows from 
(ii) that oti = ?/q- -f \ni. 


Two lines thus connected are said to be polar to each other. 

Polar lines do not intersect unless they coincidcy for ni and n 
being any two points and p the intersection of their polar planes, 
the polar plane of is the plane through m and p, the polar plane 
of n is the plane through n and p, so that if p met the line mn 
these two planes would coincide, which we have seen to be 

impossible. 

If the line mn belongs to the complex it lies in the polar 
planes of both m and n, and hence coincides with its polar line p. 

The proposition just established shows that the polar planes of 
the points of any given line p' pass through tiie same line p^ from 
which it follows that any line meeting both p and p belongs to the 
complex ; hence the polar planes of the points of p will all pass 
through p'. 

The polar lines of the lines through any point P lie in one 
plane, the polar plane of P, Any complex line which meets p must 
also meet p\ for let a complex line x meet p in P, then since all 
the complex lines through P belong to the plane determined by 
P and p\ X must lie in this plane, and therefore meet p'. 


18. The Invariant of a linear complex*. Taking the 
equation of the complex in the form . 

6 

0 , 

1 


* See Klein, Math, Ann. v., Differentialgleichungen in der Liniengeometrie. 
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and the identical relation (Art. 8) as 

(o{<i) = 0, 

tiie complex has an Invariant. 

For writing w (7! = Ofn^yi- -p ... + 22 „ 7 r 7 fi+ ••• . 
>ince the o, are contragredient to the 7, we know that 



a.rt 



1 

4 


a.. 

Otn 

. 0t„; 1 

■ a,, 






• ^i-ii \ 

Hx 

(1,: 

0 




= 2pOi, (i‘ = 1, 2, 


is invariable for linear transformations effected on the 7,-. The 
numerator of this fiaction is an Invariant of the complex. It will 
be denoted by H (o ). 

19 . The Special Complex. If the invariant fl (a) is zero 
we then have the system of co(‘xistcnt ec|uations 

< (o ih) 
rhi 
(o/A = 0. 

and hence also cd(/o = p{(tb) — 0: 
or the complex may be written 

r = 0 
'dbi ■ 

where h is a line. 

Thus each line of the complex cuts the line 6, (Art. 8), which 
is called the dnectru of the comj)lex. The complex is here said 
to be special. The coordinates of 6 are proportional to 

?n 

9 

('Ui 

for since -!}(«) = A„n,*+ ... + 2A„Hr«< + ••• 

where Ars is the coefficient of a„ in the discriminant A of o), 

1 Ml . 

= .dijOi -p ... 


2 00 i 


and from the e<|uations 


ftO) 


= 2pai 


we see that 


or 


dbi 

A.0i = p(Aiiai + ...) 

‘ 2 A* 0 av’ 
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AVheu the Plucker coordinates are used, since 

to (p) ~ 2 [pi^p^i + pi-pi-y + puP-ls), 

we see that O (n) = 2 

or, n (a) and a)(ct) have the same form. 

^\hen Klein coordinates arc used 


CO (.r) = :£ ori\ ~ n (a) = !£ a,-. 
1 1 


Generally, in any system of coordinates in which eacli coordinate appear.' 


in CO ( j) only once, the tirst minors of <are — and thus 

«»A- 




20. Coordinates of polar lines. If, when Klein coordinates 
are used, z and z' are polar lines with respect to a linear complex 
= 0, it will now be proved that 

p . Zi = Zi + \ai ; 


for the coordinates of any line of (aa;) = 0 which meets z, satisfy 
the equations {ax) — 0, {zx) = 0 and hence the equation 

2 {zi + \ai) Xi = 0 , 

for all values of 


The last comj^lex is special if 2 {zi-\-Xaif = 0, which gives two 

values for X, viz. zero and — 2 ; hence, with this value of X, 

■^ + Xa is a line which meets every line x of the given complex 
which meets z, i.e. z-\-Xa is the line z' (Art. 17). 


An important case arises when (aa:) = 0 is a fundamental 
complex, e.g. Xi = 0, in which case ai — \, Uq = «3 = <3^4 = tts = = D. 

The polar of any line z has the coordinates + Z 2 , z-j, z^, z^, Zg 

which requires that X = — ^Zj, i.e, if z and z' are polar for a 
fundamental complex Xi = 0, then z^^zf, except for k=i when 
Z}i~\- zji' = 0. The 32 lines of Art. 14 may be obtained by starting 
from one of them and taking the successive polars for the 6 
fundamental complexes. 


21. Relations between the functions o> and fi. The following 
identities, which may easily be verified, are useful. Denoting ^ ^ where 
are any quantities, 

So AA/\ 


i0n(^ 


I .w . 
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!) /;=',5Z,'” =-A.o,(.-), 
l^•^\ •> / ^ 


Fioin tlic-'O (‘qiiatinns it follows tliat if a c<piiii»lcx line .r meets the lino ^ 
it will also meet anotluT line 


For if 


ro) 


{a.v =0. (^.(-1 = 0, 


.<• heloie^'s to each coni|»h‘x of tlio sy>tc'm 



of these eoiiii'loxes two are s]»ocial. vi/. those corruspomiiiig to the two values 
ofXirivenl'V Ii(Xo + 2^' = 0 


or 


+ ) + 4n(^) = 0, 


ami siiKo : i'i a line, fo>';i = o, f.f., C1(Z) = 0. 

'I'hus the values of \ are 0 and 


_ 0 


' 'To./ 


iii'n n(o) 

The ilirectrix ^tf a special coniplex is f Art. 19) 


( + _ on I'o) cQ(/) 


j'.c. taking 


X = 


4Afo:) 


wc have 


-I Ac, = />:/. 


Qfu) 

4A(a;) rli ci) 

n(o) ?ft' 

Multiplying liy ^r^ and ad'ling wo ohtain 

4A(o:) = , »(<;.-'). 


I'hus finallv 


+ 


1 en (a) 


(t/:) (</c') n(o) CO, 

is the e(piati<pn eoniiecting the coordinates of polar linos in general coordinates, 


22. Diameters. If ;i line lie in the piano at infinity its polar 
line is eallrd a thcn/icfer ami passes through the pole of the plane at 
infinity for the conijilex. Taking a scries of parallel planes, their 
])oles lie on a iliainoter, viz. that corresponding to their common 
line at infinity, and it follows that (//I du/meters are parallel 
There is one diameter which is per])endicular to the planes through 
who.se poles it passes, viz. that which joins the poles of the planes 
which are perpendicular to the diameters. This diameter is called 
the Axis of the coinple.x, and is perpendicular to the complex lines 
which it meets. 
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23. Reduction of the complex to its simplest form. If 

we take as two opposite edgi-s of the tetrahedron of reference two 

polai lines, ejj. and the other ed^x's will belon^^ to 

the complex: thus for instance the ed^i^e whose coordinati , 

aie given by py;.= p.,.. = p.^= = 0 belongs to it and hence 

«i3 = 0. Similarly n,j = a.^ = aj.. = 0 and the ecpiation of the complex 
reduces to 


s 


To refer the complex to Cartesian coordinates take the plane 
at infinity as one tace of the tetrahedron of reference, and then 
the p coordinates will assume the form given in Art. 0. 

Let the axis of the complex be chosen for axis of 2 and as the 
edge -44^3, the edge A^A.,, the polar of will then be at 

infinity; the edges -4.44.1, A^A.>, being complex lines, are each 
perpendicular to A^A^, we take them as being also at right angles 
to each other ; the complex is now referred to rectangular axes, 
of origin A^\ then, (Art. Gy = z — and since 

when A^A^ and 43-44 are polar, the complex is = 0, 

its equation is now seen to be 

«i2 {^y — y'^') + ( 2 ^ — 2 :') = 0 

where xyz^ xy^ are the coordinates of any two points on a 
complex line. If in this ecjuation and z be increased by any 
quantity h the equation is not altered, i.e. a complex line may be 
translated in any way parallel to the axis without ceasing to 
belong to the complex ; also xy' — yx is unaltered by a rotation of 
the line about the axis, hence if all the lines of a complex are 
subjected to a screw motion about the axi.s, the complex itself is 
not altered. 

It is easily seen that if r is the shortest distance between a 
complex line and the axis, and 6 the inclination of this complex 
line to the axis, 

_ = r tan 

ttia Z^Z 

thus for all the lines of a linear complex the quantity r tan 0 
is the same. The quantity — dul <^12 i® called the Chief 
Parameter of the complex. Therefore the lines of the complex 
are the tangents to a series of helices, each helix being on a 
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cylinder of radius r and axis that of the complex, the angle of 
th<- helix hoiijLr 


tair‘ - 


re, 


(/ 


V2 


r 


r^iiig the C(.onlinates of Lie, Art. G, it is seen that the 
equation oj a linear complex is, for tliese axes, 

24. Two complexes have one pair of polar lines 
common. Among the complexes of the system 

l(r;, + X/;Jav = 0. 

two are " special.” viz. those in whicli X is one of the roots of 


in 


or 


^Mo. + X/>.) = 0, 

riO 

0 .{a) +\'<.hi . +\’n(6) = (). 

('Ui 


(Art. IH) 


J he roots of this e(]uation an*, in general, different ; let them 
lx- denoted hv X, and X... 


I lius the lines of (r/,' -}- X,/;, } x,- = 0 meet the line 

r-n ?n 

f’r/, ■ rfj{ 

?n 


+ X, , or .j; 


(Art. 19.) 


an 

?bi ’ 


or z. 


and the line.s of :i (a, + X7.,).r. = 0 meet the line + X.. 

(hii 

Now lines wliich belong tt* each of tliesc two complexes must 
also boloiig to tho two (,I.,) = U. (b.r) = 0, ami conversely. Thus 
5 and are ja.Iar lines both in («.c) = 0, ami in (i.r) = (); und all 
the lines cummon to ) = () „nd (i,r) = 0 meet z and z' . 

25. Complexes in Involution. If («.r) = () .and {b.r) = 0 

nml( igo tile .same translormation of coordinates, the coefficients 
n, and i, are cogredient and 11 (a + \b) i.s an invariant of 

It follows th.it 2(ii is an Invariant of the two complexes. 

Let the complexes be referred to a tetrahedron in which their 

, . y proiH-Ttj the linear complex is called Strahlengowindo by R. Sturm, 

n»>fTnHv *• P- *'*• fl'e two cases where the chief parameter is positive or 

''' Right-wound or Left-wound. Lc. rights 
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two common polar lines 
are 


are opposite edges ; their ecpiations then 

+ OmP:u = 0, 


^IQpV' + ^^Psi = 0 , 

and their mutual invariant ^ becomes + shall 

examine the consequences of the vanishing of this quantity. 
-Let a be any point on a line common to the two complexes, its 
polar planes in them have for coordinates, (Art. ] 6 ), 


a,^>ao, a34a3; 

— hi.>a.2y 5i2Q:i, ~ 

Also since + a.^b,, = 0, if « = it follows that 

the polar plane of « in (ax) = 0 is (- a, 

” »» » » >’ (5:r) = 0 is (—as. fca^. —/caP; 

and if /3 is any other point on the line, 

the polar plane of 0 in (ax) = 0 is (- / 9 ,, 

» » ^ „ (bx) = 0 is (-^,, - ^^ 3 ). 

From this it is clear that if the polar plane of & in {ax) = 0 
is the polar plane of a in (6:r) = 0 , then the polar plane of ^ in 
(hx) = 0 is the polar plane of a in (ax) = 0 . 

Hence if p he a line common to two complexes (ax)~{) and 

(hx) ^ 0 for which ta~ =0, the correlation of planes through p, 

obtained by taking the polar planes of the points of p for each 
compleXy is an Involution. 


The complexes are said to be themselves in Involution. A 
similar method of proof shows that the correlation of points on a 
line p common to the complexes, obtained by taking the poles in 
the two complexes of the planes through />, is an Involution, 

We saw, (Art. 24), that each line common to the two complexes 
meets the lines z and z which are polar for each complex. Let 
AT and N' be the points where a common line x meets z and / 
respectively; it is important to observe that N and are the 
double points of the involution determined on x\ for the polar 
plane of N in each complex is the plane (N, 2 ), thus N corresponds 
to itself in the involution, similarly for N'. 

If one of the complexes, say (ax) = 0y is special, its directrix 
belongs to (hx) = 0 , for the condition of involution gives 


(b = 0 ; this is sometimes written fl (a 1 5) 



J. 


3 
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If both coiii])lexes are special, the directrix of eacli belongs to 
tlie other, ij'. the two directrices intei-sect. 

I'he I’ollowing pr<»])erties of complexes in involution should be 
noticed. 

If {(/./■) = 0. (/v) = 0. an* any two linear complexes in involution 
and ./■ is any line of the Hr.st complex, the jjolar of j: with regard 
to the second complex is where p . .c/ = ./,- + \6,-, (Art. 20), Klein 
coordinates being used ; and since (o.r) = 0, ((//>) = 0, it follows that 
((or') = (), or ./•' behnKjH it) the first onnj)lej\ 

if two litjes z and z are polar with regard to a given complex 
(oj) = 0, p . c,' = . 6 , -I- ; and if (/<./•)=() is nay linear complex 
which contains z and z\ since (/;^) = U, (/>j’) = 0 it follows that 
(o/;) = 0. ).e. anil linear complex tiiroiigh a pair of polar lines for a 
given complex is in involution with the given complex. 

Let the eijiiations of two complexes referred to their nespective 
axes, (Art. :^2), be py. — «■, = 0, py, — = 0 : then if d is the 


TT 


shortest distance of the axes and 2 “ between them, 

tliC e(|nation ot the second complex referred to the same s^'stein 
of cooidinatcs as the tirst, is obtaine(l by writing in its eipiation 
respectively for j-, y, and z, the values .r — d, y sin (f) — 2 : co.s </), 
y cos 4 - 2 sin 0. The e(piation of the second complex then takes 
the form 

sill (f> — sin 0 -p (/ cos <f>) 

— pyj cos (f) + pyj {fc-i cos <j> — d sin <}>) = 0. 

This is seen to be in involution with the first complex if 

(«, 4- v.j) sin d cos <f> = 0* : 

which is the coniHtion ot involution of two complexes in terms of 
their Chief Parameters. 

The common j)air of polar lines of the given complexes are 

determined as in Art. 24. and it is clear that for each of them 

/>;i = pi4 ~ 0. For if A and B arc the given comjjlexes, and a, 
these ])olar lines, 

p . 4- -flap.j; + XSfiikPik* 

and since the variables p-rx* pu are absent from A and B, 

a,, 4 - \jSu = ctu 4- ~ oto + + XS-a = ** ; 

^14 = 

Xho quantity on the left .side of this equation is important in the Theory of 
Screws, out* half of it is there tle-sif-nated tho Virtual Cocllicient of two screws, see 
Thconj of Screws, Sir R. S. liall, p. 17 . 
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The equation i*., = 0 asserts that those lines meet the line wliieh 
has been taken as the .r coordinate axis, t.. tl.e connnon per- 
pendicular d of the axes of the two complexes; the equaLn 

fn tl ^ a common polar lines are each parallel 

to the coordinate plane yz, i.e. they are each perpendicular to d. 

26. Three complexes in Involution. If three complexes 
{ax) _ 0, (ia-) = 0, (c,r) = 0 are mutually in involution, the points of 
space are divided by them into closed systems o( fuur. For through 
any point 0 let there be drawn its polar planes in the three com- 
plexes ; these intersect in three lines through 0 each of which 
belongs to two of the complexes, say 

OOi belongs to {hx)=0 and (cj;) = 0, 

00. „ „ {cx) = 0 and {ax) = 0, 

00s » „ {(tx) = 0 and (bx) = 0 ; 

and let Oj, 0. and 0;, be the p.iints corresponding to 0 in the 
involutions determined on these lines (Fig. 1). 

00, Oa is the polar plane of 0 in(c^) = 0 
hence, (Art. 25), 00,0, „ „ 0, in (bx) = 0,’ 


similarly 


00 , 0 , 


yy 




>1 


0, in (5.i-) = 0; 


hence both 0,0, and 0,0, belong to (6.7;) = 0, and therefore 0. is 
the pole of the plane Ofifi^ in (hx) = 0; simi- 
larly, 0, is the pole of 0,0,0, in {ax)^0, and 0, 
in (ca;) = 0; hence the three planes through 0, 
are the polars of 0, in the three complexes, and 
so for O2 and O3. Thus each vertex of the 
tetrahedron is the pole of the faces through it in 
the three complexes. The following table shows 

the poles of each face of the tetrahedron in the complexes A, B 
and C. 



Fig. 1. 



0 

1 0. 

0, 

03 

A 

OO2O3 

0,0,03 

00,0, 

00,03 

B 

00,03 

00,0, 

0,0,03 

00., O3 

C 

00,0, 

> 

00, 03 

00,0, 

0,0,03 


27. Six complexes mutually in Involution*. It has been 
observed that each of the Plucker coordinates of a line equated to 
zero gives a special complex ; for the lines which satisfy pik = 0 are 
all the lines which meet the edge opposite to AiA},: and in the 

* See Klein, Math. Ann. ii. 
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coordinates of Klein, :/> = () represents a fundamental complex, but 
it is not special, for here H (o) = — — o,* = — 1. Thus in this 
system the line is referred to six coordinate complexes. These com- 
])lexes are all in -involution with each other, for here the equation 

efl 

^r/, =0 takes the form -r/,/v, = 0. which is clearly satisfied for 

<'b, 

any j)air of the coordinate c<»mplexes. 

The si.r poles (tf anif plane for the fundamental complexes lie on 
a conic. For, in any ^dven jilane, denote by n,* the line joining 
the pole of = 0 to the pdh* of./^^O, then if 

0,3 and o,j have respectively coordinates o,- and 
o.., and a.^^ o/ and b/, 

the Coordinates of a^^ are + where \ is determined by 

exyiressing tliat 0,^ belongs to = hence X — -~ similarly 

^4 

is + where = — 

b,: 

The d(ud)le ratio of the pencil formed by 0,3. 0,5, n,6, i.e. by 

o. h, a + \b, a + fib. is - Art. 1 1 ), or ; similarly the double ratio 

fi aj)^ 

n * h * 

of a.r^, a..^, a .i, o-r., is ; and those double ratios are equal, for since 

f/,5 e, 

(tik belongs to .7‘, = 0 and .a = t), we see that 

fi, = />, = ( 1 ^ = 65 = ai = b.i = = hf = 0, 

and since 0,5 and a.^ intersect 

b^a^' + bfluf = 0, 

and since 0,3 and (t..^ intersect 

ajti + aju = 0 ; 

1 - n.b,, 0/6/ 

therelore -- = -* , ' • 

aJu afb^ 

hence, since the six poles lie on a conic. 

28. Transformation of coordinates. Two iiistiinco.s of transformution 
of coonlinates have Ix'cn mot witli, vi/.., the change from one tetrahedron of 
refcience to aiiotlier, and the cliange from the c<H)rdinates of Pliicker to those 
of Klj'in. ^Ve imw consider such transforinati«»ns in more detail. It has 
been sh<»wn that if for six complexes .r, = 0 ... .rg = 0 we have 2.r,* = 0, the 
complexes are in invohiti<in. Now let 



•^H~/ 


27-29] 


THE LINEAR COMPLEX 


37 


then if the complexes .r,=0 ... .r, = 0 are nmtually in involution, ^vhilc 

G (rt)= ... = n {/) = /• ; it will follow that = 0 ■ 
for, from the six equations ’ 

••• 

^^12 ^^12 + . . . = 0, 

we obtain Oj A = .1 . t, where A is the determinant of the equatioms of trans- 
formation and J,., IS the minor of a,,, in A ; similarly a„A = .1.^ . etc. 

Hence solving the equations forp^.,...p.,^ in teims of a-, ....r,,, 
we obtain + i3i-<-2 + 

I- . p.^ — + ^12‘^'2 + ■ • • + 

thus, since ^i2/^34+/^i3^42+/^i4j^23=t\ "’e have 

2a‘2=0. 

If the equations of transformation are 

•^i ik^ki 

where 2 u;'‘^ = 2 .v^- = 0 , the transformation is orthogonal f the equations 

connecting the coefficients are 

2a, ^=1, 

* 

t 

2a,taa. = 0 ; 

from these are derivable 2 a)^^= 1, 

i 

2at,-ai'i=0; 

i 

from the last equations we learn that the complexes x are mutually in 
involution* 

If the equations of transfomnation are 

P\Z = ^12^12 + ®34^^M + ^13/^13 + ^42^42 + ^]4i’l4 + 

Ps\ —WiPn"^ 


the coeflBcients in the sivme vertical line are the coordinates of the edges of 
the old tetrahedron of reference with regard to the new tetrahedron of 
reference. And since the lines for which p^^ fonn a special complex 

of which the edge A^'Af of the new tetrahedron of reference is directrix, it 
follows that the coefficients of the firet row are the coordinates of the edge 
A^'Af with regard to the old tetrahedron of reference ; and so for the other 
rows. We find that in this case, if A is the determinant formed by the 
coefficients, J34, ... etc. 


29. The fifteen principal tetrahedra. We have seen 

that if Xi...Xq are linear functions of the Plucker coordinates of a 
line such that 0, the complexes a?i=0, ... a.*6=0, are in involution 
in pairs. Also if we write 

Xi = pii + Pu} ••• 

1 X 2 = pi2 ^34 , • • . 

we obtain the equations of Art. 9. 


* We easily derive that x^=2ajt<r*'. 
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Those last e(inations express that the line x has coordi- 
nates with regard to a certain tetrahedron whose 

position 111 reterenee to the given coinpleNe-S Xi = 0... will now 
be determined. The coordinates of the edges A^A^ of this 

tetrahedron in reference themselves are got by jmtting re>j)ec- 
tively all the p's zero excejit and p,^ ; thus the ./■ coordinates of 
these edges are ( 1 . - 0. 0. 0. (t). ( 1 , 4- d 0, 0. 0, 0). But these are the 

common pair of pular lines tor the C(unplexes ./’( = 0 and .c.j = 0, as 
will now be shown. For let ./■, = 0 . . . .’’c = 0 be six com[)lexes 
mntuallv in invadntion : they may be arrangeil in pairs in 1.) ways, 
take e.f/., the pairs ; ./j, .c, ; .r, ; then all lines which belong 

to both = (J and ,/, = () belong also to the special complexes 

.r, + ir. = 0. — ix., = 0, 

i e. the din’Ctrices of these two complexes are polar lines in both 
Xi and X... and their Cfxirdinates are 

(1, i, 0, 0. (),()),( 1, — i, 0, (t, 0, Ot; i.e. they are the e(!ges/la/l 4 andi-l,.d 2 . 

In tile same manner tlie common jiolar lines of x, and .r* are 

(0, 0, 1, {, 0, 0), (0, 0. 1 , - (, (», 0), i.e. the edges A-jAi, 
while those of ./j aiul are 

(0. 0, 0, 0, 1, 0, (0. 0. 0, 0, 1. - i). / ^ the edges A.A 3 , A^At. 

There are 15 tetrahedra which bear tliis relationship to the 
coordinate complexes: and starting with one of these tetrahedra 
we thereby determine six complexes in mutual involution, and 
thus the 14 other tetrahedra. 


For the six fundamental coinjilexes 

Pi2+y>^=o,p,.,-p,,=o, p,3-t-p,,=o. p,3-p«=o,pu+Pz.=d.yh4-y^a=i*» 

the polar planes of a point {'i,, a.,, a.,, or,) are easily seen to be, (Art. 10), 

(a.,, -a,, otj.-oia), otd. (flj. - - a,, a-A 

(53, ot^, - a,, - a,), (a^. a,. -a.,. - a,), - a^, a.., -a,), 

{.€. six of the set of the 10 planes of the closed system determined 
by tlie point (a,, a., a^, otj, (Art. 14), all of which pass through 
Gta, aj. ami from the properties of this system, it follows 
therefore that the six polar planes of any point of the system with 
reference to the six complexes are six planes of the system. 

Titus the 16 points aiul planes of Art. 14 are such that each 
point IS the pole for the six complexes Pij+pM = 0, <C’c. of the six 
planes of the system through the point, and each plane is the polar 

plane for these complexes of the six points of the system which lie in 
the plane. 



CHAPTER III. 


SYNTHESIS OF THE LINEAR COMPLEX. 

30. The ratios of the six coefficients of a linear complex are 
determined if the coordinates of five complex lines are given, or, 
Jive lines determine a linear complex, since the equation of the 
complex contains five independent constants, tliere are x linear 
complexes. The only exception occurs when the coordinates of the 
five given lines x, y, z, s, t, are connected by the six equations 

Xx'i + fxi/i + vZi + pSi + ati = 0 . . .(i), (f = 1 , 2 . . . G), 

in which case the complex to which they all belong is not 
determinate : it is easy to see that here the five lines are inter- 
sected by each of two lines, for u.sing the coordinates of Klein, (as 
will usually be done in future), if a be any line 

X (ax) + pb (ay) + v (az) + p (as) + a (at) = 0, 

and if a be one of the two lines which meet x, y, ^ and s, the 
coefficients of X, /x, v and p are each zero, and therefore 

(at) = 0, 

so that a also meets t\ similarly for the other intersector of 
Xf y, z and s. 

If Xxi-^- pyi-¥vzi-\- pSi — 0 ... (i=l, ...6), 

X, y, z and s form part of the same system of generating lines 
of a quadric, i.e., they belong to the same regains, for any line 
which meets three of them will also meet the fourth. It follows 
that if three lines x, y, z belong to a given linear complex (ax) = 0, 
then all the lines of the regulus of which x, y, z form part belong 
to this complex, for since (ax) = 0, (ay) = 0, (az) = 0, it follows 
from the last equation that (as) = 0. 

If Xxi-\- piyi + vzi = 0 ... (i=l, 2...6), 

the lines x, y, and z form part of the same pencil, so that z, of 
necessity, forms part of the linear complex to which both x and y 


40 


.SYN'niP:siS OK the linear complex 


[CH. Ill 


belong. The case when one or more intei'sections of pairs of the 
given lines oc(Mir, introdnces no indeterminatcness, but when three 
ot them ])as.s thrinigh the same point or lie in the same plane 
we have. (Art. Id). 

J', = Xot, +1/7,-, 

7 , = X'a, + vyi, 

z, = \ 'a, -f fx 'lSi + u'yi , 

wliere a, fS, and 7 are tliree concurrent or coplanar lines. 

1 hen since x, //, z belong to the complex (n.r) = 0 , we have 

(f/2) = = {(ly) = 0, 

so that o// lines through flu* jxiint iafSy), (or in the plane (a^y)), 
belong to thv. Complex which is tlien special, having for its direc- 
trix the lim* through ( 0 ^ 7 ) which meets s and t. 


()t).S(.'r\L* tliat the ileterinihant 


+ 0, 


, X' P' 

L \ ff tt 

^ K \x V 

since it is pi'opnrtitjiial to the volume of a tetralRMlroii, for X. fi, v arc 
proportional to tiic perpenihculais fi-iim a point of on tfio planes {47), (yn) 
and n*si>ectively, (Art. similarly for X'/iV and A'VV. 

It f) and p are the intei’sectors of the five lines in this 
excei>tioiiaI case, the etnnph-x is 

^ (/X + X/>,').r, = 0, where \ mav have any value. 

Should the Hv'e given liiu's tonn a twisted pentagon it is clear 
they cannot all be intei'sected by the same line. 

m 

31. J he Complex us determined hij one of /As lines and two 
polar lines p, p, 

hor if I is the given C(nnplex line, let a plane through p 

nicet p ill A and I in while another plane through p meets p' 

in C and I in J), then it Ji is a point on />, the twi.sted pentagon 

AH( l)h is torined ot coinpk^x lines and the complex is thereby 
determined. 


Any tiro pairs of polar lines p, p and 7 , f form part of the 
same reyidus. 

hoi the lines which meet p, p' and 7 form a regulus p and also 
belong to the complex, hence they all meet f (Art. 17); thus 
A' A» 7- 7 tl'e Complementary regulus p, 

I he lines p, p , 7 , and f determine the complex. 

For any plane tt which cuts p, p' in A' and X\ and 7 , 7 ' in Y 
and y\ lias as its pole the intersection of XX' and YY'. 
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Eveiy line of p has its polar also on p' since this polar must 
meet the lines of p, and tlie lines through the pole of any plane tt 
meet p in pairs of polar lines. Hence the lines of p form an 
involution, corresponding pairs being polar in the complex, so that 
the two double lines of the involution belong to the comple.v, 

32. Chiisles* suggested as a method of generating a complex, to arrange 
the lines of a regulus in an involution, and to take all the lines which meet 
pail's of conjugate lines. 

Conversely, the complex being given by five of its lines x, y, 2, s and t, and 
the regulus p being taken which is complementary to tliat to which x, y and ^ 
belong, then two line.s, a and of p meet .r, y, z and s ; also t will meet two 
other lines y and d of p', so that by means of a, /3; y, S the involution of the 
lines of p is determined. 

33. If three non-intersecting lines are given, as we have seen, 
the regulus p to which they belong forms part of the complex, 
which may also be seen from the fact that the complementary 
regulus p' is made up of pairs of polar lines, hence each line of 
p belongs to the complex. 

Any plmie pencil of lines contains one line of a given complex, 
viz., the line of intersection of the plane of the pencil, and the 
polar plane of the centre of the pencil. 

If a line descidbes a plane pencil its polar will describe a plane 
pencil ; we notice first that if a point A and a plane tt are united, 
the polar plane a of A, and the pole P of tt, are also united] for 
the (one) complex line through A in tt must clearly lie in a and 
pass through P, hence a and P are united ; so that if a line 
describe the pencil (A, tt), since its polar line must lie in a, 
(Art. 17), and pass through P, this polar line describes the plane 
pencil (P, a). 

If a line describe a regulus p, its polar will describe a regxdus p, ; 
for if a line p meet three lines a, b, c of p', its polar will meet their 
three polar lines a', b', c, and hence describes a regulus pj. The 
six lines a, h, c, a, b\ c are all met by two lines ; for a, a, b, b' 
are met by the lines of a regulus a, consisting of complex lines; 
two of these lines meet both c and c'; each of these two (complex) 
lines belongs to both p and pi. Hence any regulus p contains 
two complex lines. 

This is easily seen analytically ; let the coordinates of p be y,-, then (ay) =0, 
(6y)s0, {cy)~0, and there are two lines y which satisfy these equations 
together with {Ay)=0y where (jla.) = 0 is any given complex. 

* See Liouville^ S6rie 1, T. iv. 
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34. Correlations of Space. Collineation and Reci- 
procity*. 1 he a''Seinl)la^^^ of lines forming a linear complex h;xs 
been arrived at by deternnning tlie lines which satisfy a linear 
e<ination in line coordinates. Jt may also be reached tjuite indepen- 
dently from another starting-point, of which correlative systems of 
space form the base. Sncli systems will now be discussed. 

It has luam seen. ( Intro.luction, xiv). that two.s[)aces Hi and T 
are said to be collinenr, wln-ti to every point 7'' of !£ there corre- 
sponds one point P' of Z', ami to every plane tt of S through P 
there corresponds one plane tt' <.f II' tlirongh P' : (then to the'^join 
of two pimils of ^ correspomis the juin of the corresponding points 
of — ). Jo in mg about this correlation f<air eipiatioii.s of the form 

~ 1 + n , + f / ...{[{), ( (■ = 1 , 2. 3, 4) 

are both sntiieient and neces-ary, where x and ./'are coordinates 

of c/.rr<‘spomling points i,, X and !£' respectively, referretl in 
general to ditferent tetrahedra. 

A^ u-'U.'il, .)•, is ('iju.il to tlic ratio of tlie per|)onilicnlar from tlio point on 

tlie faro a, of tlio trtraliodron of rofiTonce to tlio por|iL*n(Iioii!ar from a tixed 
p<*iiit /' on the s.imc face. 

If the lespoctive correlatives in of any five given points 

111 X, l..’ agreed u|,,„i arbitrarily, then the correlative in S' of 

any other ]ioint in 1 is (li terinineii ; for if one pair of given 

eorresponding ja.ints he taketi lus E and A”, then inserting in 

e(|nations (ii) the eoordinates of the four other given pairs of points, 

we obtain 1(1 eipiations, from which the ratios of the coefficients (t.i 
are known. 

If wo take citrre.spiniding points in S and 1', as the vertices 

/!,. iS:c. of the two tetrahedra of reference, the ei]uations 
(ii) reduce to the simple form 

this may he seen by e.xpressing that 0, 0, 0), 0, 0, 0), &c, 

are eorresponding points. Observe that in any collineation there 
AXi; full) [loiiits which coincide with their corresponding pointsf, for 
putting wc have 


(Ill — H- 

«12 

(fl3 



1 

V. 

f'a 

1 







«*3 



= 0 . 


• See Rej.*, dam. r/rr B.L „lt>o Salmon-Fieiiler. Gcom, d. Raumrs, Bd. I., 
o vs lose vsork the Account of collincntion and reciprocity here given is a summary, 
t Introd., Art. xiv. 
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36. Imo spaces ^ and S are said to be reciproctd when to 

each point P of S there corresponds one plane tt' of and to each 

plane tt througli P of 3) there corresponds one jioint V on tt' of 

Then to the join of two points of ^ correspomls the intersection 

ot t^^o planes of I! . lo secure this correlation four etjuations 
of the form 


are both sufficient ami necessary. 



Also taking any point x on u the equation 5:?//.r/ = 0 may be 
wi-itten, by aid of (iii), 


a\ -fU-oTi./ -ha’.j Sojts.rt' + .ra + = 0, 

A- k k k 

whence, since = 0, the plane u in 3! corresponding to .r is 
given by 

V . Ui = aux,' + a^iX.' + a-^iX^' + a^fX,' (iv). 


The spaces 2 and I' need not be distinct, and if not, to any 
point of space common to them two correlative planes are assigned, 
because the point may be regarded as belonging either to 2 or 
to 2'. These planes (given by (iii) and (iv)) are in general 
different. We may now take the tetrahedra of reference to which 
2 and 2' have hitherto been respectively referred as identical, and 
may regard the equations (iii) and (iv) as giving the two correlative 
planes for the same point of space, (so that xi^Xi), then as just 
stated, these planes ii and u do not in general coincide. 

There are four points in the general reciprocity, for each of 
which the corresponding pair of planes u and u coincide; to 
obtain them we express that ii- =\Ui, and hence find their 
coordinates xi, which satisfy the equations 


^11^1 4" cti2^2 “k "k aj^x^ \ "k “k 4" a^iX^, 

a^iXi 4- a^iX^ 4- 023^3 4- o-^x^ = \ (012^:1 4- a.^X2 + + a^-^x^, 

a^iXi “p a^X2 4" a^x^ *4" a^x^ — A, (^a\^x^ -4- a^^^x^ 4* -f- a^^x^j 

a^iXi + a^^x^ + = X (a^Xj + 4- + a^^x^). 

The elimination of the xi leads to a quartic equation for X, 
whose roots are in general different and unequal to unity ; each 
root Xf then gives one point x; for which the pair of corresponding 
planes coincide. Each of these four points Xi lies in its corresponding 
plane, for multiplying the preceding equations by x^, x^, x.^, x^ and 
adding we obtain f {x)-\f{x\ where /(^) = ^22 (a,-* 4- a*,) 
hence since X is not unity, fioc) = 0, which proves the result ; the 
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quadric f{j) = 0 i-'i the luct/s of points which He m their con'espond^ 
inq planes. 

It tlu-se special tom jxiints be taken as the vertices ot the teti'a- 
hedr.-n of icfru-iice, the preceding tbnr cjuations nnist be satisfied 
bv the point (1.0. 0,0) tor \ = \,, bv (0. 1,0.0) for \ = X,.etc.; 
where we notice that 

Hence we obtain tin* sv>tein of e<piations 

//^.| = Xjl/jt, = X.Oj.. »■/(-■ = (tl^^ = 

uhcre /■= I, 2, ;b 4; al.>o o,i = = n., = </^^ = 0, since each of the 

verti<‘es lies in its (•orr'->])onding plane. 

Mcpre<^\er if none ot the .jnantlties (/,t are zero we derive the 
expiations X.Xjt=l, where /.■=1, 2, d, 4; wliich implies equality 
between the ipiantilie'. X whi<-h has been seen not to exist, hence 
certain nf the t/,;. innst vanish ; also only ftnir ot them, such as 

'U-i . 'V' '0^ ‘"'bV not be zeni, tor if "ne more were not zero, two 
pairs cif the X, wa^nhl be expial. 

'faking a^^. a..,, a... as being the o,|. which are not zero, we 

(obtain the expiations ot the recijirtjcity in the form 

^ . (/,' = = a ,,j fj. . itf = ^ . n^ = ; 

also 

V . ?/, = o„.r/. I' . n._, = n . //., = , r . . 

It appeal's from these* etjUations that tlie plane corresjionding 
to the vertex .1, is .Cj = (>. tir one <»f the coordinate })lanes. and so 
for the other \ertices, hence, the four given points and their 
cx>rresponding planes form the same tetrahedron. 

36. Involutory Reciprocity, If for each point of space 
the two correlative planes coincide, the reciprocity is said to be 
int'oi ntiaa/. Tliis is tlie case if either — or if 0,4. = — 
(which lexpiires that = 0), 

In the latter case we obtain the eipiations of Art. 10, viz., 

e .//,' = ' 

V . H.! = a ,^.t\ + a.^.v^ + 

l' . //., ! d" 4“ • 

i> . nf = + Hiyi'.. + J 

where 0,^ = — This involves that 'lu-u'i = 0, or the point lies 
in its correlative plane. The distinction between the tw'o spaces 
^ and li' has now disappeared and we have a (1, 1) correspondence 


(V). 
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bet^Yeell the points and pianos of space in whicli each point lies in 
its corresponding plane. 


37. Wull System*. Such a correspondence is called a 
null-si/stem. The corresponding points and planes are called 

null-points and “ null-planes.^ The join of two null-points 

corresponds to the intersection of their two null-planes and these 
lines are called conjugate. 

When the join of two points coincides with the intersection of 
their null-planes we have the coincidence of two conjugate lines. 
If a line meets two conjugate lines it is such a self-correspontling 
line, for if it meets them in A and B then the null-plane of A 
passes through both and B, likewise the null-plane of B. We 
see from comparing equations (v) with those of Art. 16, tliat the 
null system, and that of poles and polar planes, are identical. 
Hence the lines of a linear complex are seif-corresponding linos of 
a null system, i.e. we obtain a linear complex hj establishing an 
involutorg reciprocitg of tivo spaces in which corresponding points 
and planes are united, and then taking the lines tohich correspond 
to themselves. The properties of a linear complex as given in 
the last and present chapters may be deduced from this involutory 
reciprocity, a brief sketch is added. 


38. A null-system, or linear complex, is seen to be deter- 
mined by 

(i) any three pioints and their null-planes, provided the plane 
of the three points and the point of intersection of the three 
planes are united', for if A, B, C are the given points and 7 any 
plane through A and B, ^ any plane through A and G, the null- 
point of B is known, being the intersection of the complex lines 
in B through A and C; similarly the null-point of 7 is known, 
hence, if we pass a plane through any point P and AC, and a 
plane through P and AB, two complex lines through P are known 
and hence the polar plane of P : 

(ii) five complex lines tvhich form a twisted pentagon, for take 
the vertices ABODE as points of 2 and the planes BAE, etc. as 
the corresponding planes in 2 ', then the reciprocity is established 
between 2 and 2' ; also to the plane BAE as belonging to 2 
corresponds the intersection of the planes corresponding to B, A 
and E in 2', le. the point A ; similarly for the other planes ; hence 

* The terms null-system, nuU-plane, etc. are due to Mobius, see Lehrbtich der 
Statik, 
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tile reciin(H.’itv is invnlutDi-y, ami in it corresponding points and 
])lanes an- nnitod ; llic >i<les of the pentagon are seif-corresponding 
Iine< : 


(iii) iiru ptfirs of jmlnr lines (which ninst form part of the 
same regulus), tin- ivascming of Art. HI applies here also: 

(iv) tfi'f} polar lines ami a cu)nple-r line, I’or as in Art. we 
cal' th-tennine a twisted ])entag«jn ot complex lines: 


(\ ) an;! fire comple-r hues, o, h, c, d, e \ for take the regulus 
to which (/, A, e belong and that to which c, d, e belong, also any 
lim- j) which meets the first in the (complex) lines o'. // ami tlm 
second in the (complex) lines c',d , then a',l/,c and d must all 
meet the line p' pn|ar to j}, hence p' is the other intersector of 
a , h\ e\ d , and the pair p, p together with e determine the 
complex. 


39. Method of Sylvester*. The lines of a linear complex 
may als<» be obtaim-d as follows: take correspomling lines of two 
projective plane pencils which have a common self-corresponding 
line; all the lines which meet such a pair form a linear ctimjilex. 
For A and ^1' Ix-ing the centres of the jiencils, any plane tt meets 
the planes of the penciU in tw<> lines p and j) meeting in 0, a 
point of A A'. The pencils determine on p and jf two projective 
rows ()( points which are in perspective, with centre I\ since 0 
corresponds to itself; hence in the plane tt the lines which 
meet pairs of corresponding lines of the pencils pass through 
the same point P of tt; thus a linear complex is determined. 


40. Automorphic Transformations. Linear transforma- 
tions of the variables for which the expression co(^y)is unaltered 
in form, i.e. for which w (ry) = w (ry'), are called automorphic ; we may 
then reganl f/i...#/,, as the coordinates of one line and 7/. -ay/ as 
the coordinates ot another line with regard to the same tetrahedron 
of reference. 

The ctpiations 

Hi + ••• + f/,o76, 

then establish a (1, 1) correspondence between the lines q and q'. 
Corresponding to the lines 7* which form a plane pencil, i.e. for 


• See CompUi lUmUis, T. lii. (1861). 
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which , 7 , = a,. + A/i,, we have lines q/ also fonning a plane pencil ; 
and to linos q tor which 

„-..+xft+TO, 

i.e. which oithei- pass through the same point or lie in the same 
plane, we have Hues q fur which 

for since &> (a + \^) - ^ (^4 + \B), therefore 

d(i)\ / , c)w\ 

i.e. the lines q' are either concurrent or coplanar. If to one sheaf 
of lines q corresponds one sheaf of lines q\ then to every sheaf of 
lines q corresponds a sheaf of lines q'. For let the centres of the 
given corresponding sheaves be 0 and O', and let P and P' be 
centres of any two corresponding pencils ; the planes of the latter 
will not in general go through 0 and 0\ hence to two lines of the 
pencil of centre P and the line PO will correspond two lines of 
the pencil of centre P' and the line P'0\ so that to the sheaf of 
centre P will correspond the sheaf of centre F. In like manner 
if to one sheaf of lines q there corresponds a plane system of lines 
q , then to each sheaf q corresponds a plane system q. Thus the 
relationship established between the lines q and q must arise 
either from a collineation or from a reciprocity of space. 

Consider for instance the equations 

Pn = <^nPn + “34/^34+^13/^13 +“42/^42 + ^wPw + ^-nPzi » 

P ^ =^12/^12+ , 

* 

P2^ ~fnPi2'^ '^fi^Pn' 

The quantities which are vertically underneath each other are the 
coordinates of the coirelativcs of the edges of the tetrahedron of reference 
regarded as belonging to 2 {e.g. make all the jd’s zero except py^\ the 
quantities in the same row are the coordinates of the correlatives of the 
edges of the tetrahedron of reference regarded as belonging to I', e.g. for the 
side Pn=^^ is a special complex formed of the lines which meet 

thus the a’s being the coordinates of the directrix of this complex are those 
of the correlative in 2 of ^4 3^ 4 regarded as belonging to 2'. 

41, Ruled surfaces and curves of a linear complex. 

A ruled surface of a linear complex is one whose generators belong 
to the complex. On each generator a correlation of points is 
established by means of the planes through it, for each such plane 
determines a point of contact, and also a pole in the complex. This 


4 ^; . 
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correlation has two lutifed points and at each of them the tangent 
jilaiie of tlu* '<nrface coincides with tlie polar plane in the complex. 

'rhcsc point', mav be determined analytically as follows: if a 
line 1 / is a tangent to the surface, it meets the generator .r and 

a consecutive generator + "'here 0 is the single paiameter 

of which the coordinates .c are functions, thus 

= = (y-') = o. 

Now take the lines v which also cut any given line a and 
belong to the given complex (o./) = 0, we then have the additional 

eijuat ions 

(ya) = 0. (o//) = (). 

The>e five (’(juatioiis givi- two lines p, which, with .r, determine 
the two point'^. 

A curve all of whose tangents belong to a linear complex is 
called a ciirre of the nmijtle.r. At any point (if such a curve 
tile osculating jilaiie is the polar plane of the ])oint in the 
complex, since two (consecutive) tangents through the point 
belong to the c<implex. 'Fhe locus oi points just discussed is 
sneb a complex curve, and in it since the tangent piano ot the 
surface is the osculating plane of the curve, it follows that the 
curve is a pnnnpiil taiifjent curve ot the surface. 

If throiigli anv point P a plane he drawn which osculates this 
curve at (j, PQ is then a complex line, hence the points of contact 
of tile osculating planes wliich pass through a given point P lie 
on the polar jdane of P. The depree of the curve is aptal to the 
class of' the jdinie section of the surface^ ftir if any jilane tt meets 
the curve in a pt)int A, the polar plane of A (the tangent plane 
to the surface at *■!) passes through F, the pole of tt in the 
complex, and every such line FA i-s a tangent to the section of the 
surface bv tt*. 


Curves of a linear conijdex. If the coordinates of Lie, (Art. 6), 
be nseil in the simplest form of the equation of a linear complex 
(Art. 2d), it becomes 

.rr/y — ydx = kdz. 

The complex curves through any point (x, y, z) are those the 
direction r.itios d.c : dif : dz of whose tangents satisfy this equation, 
and we have seen that they all have the same osculating plane at the 

* See Picard. .-InM. </f Vfcole uormale nM/xfr. S<5r. 2, T. vi.; also Lie and Scheffer’s 
h^ruUnuujstrnHsfurmnlioncny S. 235. 
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point, viz^ the polar plane of the point for the complex. Moreover, 
tli6y all have the same torsion, for 

„ A ■■ + Y- + Z- where X = dyd-z - dzd-y, 


dr 


d.v dij dz 
d'-.v d-ij d‘z 


Y= dzd\c~ d.rd-z, 
Z = dxd-jj — dyd'x 


d\c d'y d^z 

By aid of the equation of the complex this denominator is 
easily seen to reduce to 


while 


k 


. (dxd-y - dyd-xf. 


hence 



+ / . . 

ds _ y 

dr 1 



i {dxd^y - dyd-x), 

X- + if~ + 

'k ^ 


a result depending only upon the coordinates of the point, and 
therefore the same for each complex curve through the pointf. 

42. It has been seen, (Art..3:3), that a linear complex contains 
two lines of every regulus ; of any ruled surface whose deyree is n 
It contains n generators; for the equations of any generator of 
such a surface are, in Cartesian coordinates, 

x^zf(m) 4-./;(m), 

y = (»0 +/4 (ni ) ; 

' where m is a parameter. 

Hence the coordinates 2hk of such a generator are given by 
equations of the form 

Pik =fik (wO- 

Since the ruled surface is, by hypothesis, of degree n, the 
equation 

aisA (P^) + (m) + . . . = 0 (i), 

gives n values of m, provided that the are the coordinates of a 
line, ie. 

4" 4" = 0. 

But this restriction as to the a,* will not, in general, affect the 
number of solutions of equation (i); hence that equation gives n 


* See Salmon, Geometry of Three Dimetmom, 3rd edition, p. 345. 

t This theorem is due to Lie; see Proceedings of the Society of Sciences at 
Christiania (1883). 
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values of )a when the a.t nro tnnj (juantities whatever. That is to 
say, (tn^ (jiveit liiwar complex v'ill curtain, in general, n ^enei'ators 
of a ruled surface of the nth decree. So that, for instance, any linear 
coin[)lex contains, in gein-ial, thiee lines of a given ruled cubic. 

43. In any rational curve who.se points are given by the 

('(juations • 

= _/ 1 ( ^ X, — J-i t f), ‘^’j ~,/j ( x^ — ( 0> 

wfn-re the functions f are of <legiee n in ^ the coordinates ot its 
tangent'' jy/./. — ./'./A/ tVc. aie seen to be of degree 2« — 2 in /, 
hence 'In —2 of them will intersect any ^iven line. The number 
of its tatmn‘nt< which intersect aiiv lim* is known as the rank of 

O % 

tlie eni ve. It is clearly e«|ual to the degree of the develojiable 
of which the curve is the cuspidal edge. 

Now anv twisted cubic can lie so e.xpressed, n being eipial to 3, 
and hence the rank to 4: jdso a linear comjilex is determined by 
any live tangents of tlu* curve, tliis com|)le.x therefore contains 
tive tangents of the develupaltle. and must therefore contain it 
altoget her (since a linear <‘<jmplex which does not contain a ruled 
surface of <legree n can have only n lines in common with it), 
iieiice till' tangents of anv twisted cubic belong entirely to some 
liiM.*ar comple.w 

Every rational <piartic curve with tw'o stationary tangents* 
has the rank ii, lienee a linear com])lex through the two stationaiT 
tangents and thna; other tangents (‘ontains seven generatoi's ol the 
developable, i.e. contains it altogether. 

I%very rational (piintic with four stationary tangents is seen 
siinilaily to belong to a linear complex. 

44. The polar surface. If be any point and tt any plane 
through it, tlie pole of tt for a given linear complex A is some 
point P' in tt, while the |>o]ar plane of P is some plane tt’ through 
PP'. If in)W P and tt are so related that while P de.scribes a 
surface H the plane tt touches S at P, it follows, neglecting small 
(piantities of the second order, that all positions of P consecutive 
to P lie in tt, hence all planes tt' consecutive to tt’ pass through 
P\ i.e. the jilane tt' touches the surface S' the locus of P', at P . 
The surface S' thus obtained may be called the polar surface of S 
h)r the given linear complex. The tangents of S' are the polar 
lines lor A of the tangents of S. 

* See Saln)on*l'iedltT, Oeomelrii' Jiaiimfi, BiL ii. S. 110. 



42 - 45 ] 


S\NTHES1S OF THE LINEAR COMPLEX 


Ol 


If tbe coordinates of P are ,r, and of tt are .r/ and » ' 
denoting corresponding quantities for P' and 7/, we have 

p.iii = &C, (Art. IG). 

hence it follows that the class of f.e. its degree in plane 
coordinates, is equal to the decree of *5^, and vice versa. 

If p and / are a pair of corresponding tangents of and S' 
respectively, we have 

p . p,.: = 2A . a,, - n (a) p,,, &c., (Art. 20), 

" h^^e A —Zaikpik, ill (a) = -f- UiaOj.j + Qua,^^. Now the tangents 

to a surface form a complex, since they are tiie x =* lines which 
satisfy the single condition of touching the surface, hence if this 
complex for the surface S' is fip,/, ...) = 0, the corresponding 
complex for S will be of the same degree. But the degree of the 
“complex equation ” of a surface is equal to the class of its plane 
section, which latter is known as the rank of the surhice : for the 
complex cone of any point F being of degree r, any plane tt 
through P meets the cone in r lines, ie. there are r tangents to 
the section of the surface by tt through the point P. 

Hence, if any surface be polarized with regard to a linear 
complex, we obtain a new surface of equal rank, whose degree 
and class are respectively equal to the class and degree of the 
original surface. 


45. Applying the same process to a curve c Ave derive a new 
curve c', the rank of c is equal to that of c', for to each tangent 
of c which meets any line p will corre.spond a tangent of c' which 
meets the polar ofp, and vice versa. 

The order of c is the number of points in which it meets any 
plane tt, at such a point of intersection we have two consecutive 
tangents of c and a line of the pencil (P, tt) concurrent, corre- 
sponding to this Ave have the three corresponding lines lying in one 
plane which passes through P' the pole of tt. Hence the order 
of c is equal to the number of osculating planes of c which pass 
through any point P' , i.e. the class of c'. Thus the order of each 
curve is equal to the class of the other. 

For a twisted cubic the order and class are each equal to three. 
If the cubic touches four lines and Ave take one of the 00 1 linear 
complexes through these lines, the polar curve of the cubic for 
this complex is also a twisted cubic, moreover it Avill touch the 

4—2 
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tonr given lines, since eacli of tliese lines is its own polar for the 
complex. Hence, if a t//nsfe(f cubic touches fufir lines (here are x * 
tu'isted cnbics u’hich (ouch these lines*. 


46. Complex equation of the quadric. The })oljir plane u 
of a ])oint ./■ with reganl to the (piadric F, or 1 ./■;.= 0, is given 

bv the e(juatioiis 


till ^ III > 


ttt 


similarly the polar plane i» of y is determined bv the equations 


Vi = luiui!/.,, 


tn 


Hence it the line {.r, is p and its polar line for the (juadric 
i< p', thi' latter line lias coordinati-s tt,/ , where 

'rr.f = //, Ct - Ui^r, = !£f/, 


— - (fhk<Ui)p/,h 

hi 

It p int(rrsects p\ both y) and y>' are tangents of the quadric, 
la nce the comple.\ equation of tlie tangents of is 

'I' = ^TT.t' y>,i = :£ />,t X (o/„f/u. - = b, 

/.A h.l 

or 'I' " 'iipit;- (n,, (/i-i- — a q- (o/,, ■(///. — o/jx-O;,-) phipik = 0, 

where in the second term of the last equation pn^’^p^i. 

It follows that 

"^ik — 

('Pik 

Ohsei ve that if a and v are two planes tlirough a tangent line, 
the equation M' = 0 may be written 

n,, ... o,, a, V 


O ‘U M 


1 

1 

1 

a ... 

1 

ff* 

P 4 

1 

1 

1 

Ui ... n^ 

0 

0 

1 

1 

1 

c, ... c. 

0 

0 

It the tetrahedron of reference 

is : 

selt 

which has then for its eipiation 

4 

V 

1 



becomes 


a^a.,pyf + a,^(t^p.J + p^- + pj + api^ />,*= + = 0 . 


* c? 


Si'C \oss, “Ui'bcr vicT Tunj^enten finer Raumcurve dritter OrJnuug,” .Va/A 
lnH. xiii.; also Dixon. Quarterly Journal, voL xxiv. 


45 - 47 ] 


SYNTHESIS OF THE LINEAR COMPLEX 


53 


,, , Simultaneous bilinear equations*. Two special tvpes 
01 bilinear equations will now be considered viz. 


= in whicli a-jt = ax../; 

^ S laiki/i-n = 0, in which = - a*-,-, and a,-,- = 0. 

The first assigns to each point .r,- its polar plane with regard to 
the quadric F, or Sn,t.av,r* = 0; the second gives the polar plane of 
X; with regard to the linear complex = 0. 

There are m general four points a: for each of which the two 

con-esponding planes coincide, viz. those determined by the four 
equations 

X ^ ciikCCk 4- 2 ot;ka-k = 0 ; 

A- A- 

where X is therefore a root of the biquadratic equation 

A (X) = I Xaik + CfiA- 1 = 0. 

Since for the linear complex the point cc is always united to its 
corresponding plane, each of these four points must lie on tiie 
quadric F. Moreover, since in general a linear complex contains 
two generators of every regulus, it is clear that these four points 
are the vertices of a twisted quadrilateral formed by these two 
pairs of generators of F. 

If these generators be taken as four edges of the tetrahedron 
of reference, the equations of F and A assume the forms 

2 Xi X4 + 2X2X.J = 0, + / 3 p.;^ = 0. 

Taking as the equations of transformation which reduce F 
and A to this form 

ar; = l^ikXk, 

the quantity A (X) is seen to be an invariant, since if it vanishes a 
point Xi can be found such that the plane corresponding to xi in 
viz. ^ Vi 2 (Xa{k-\- Oik) ^k = 0, becomes indeterminate. This 

i k 

property does not depend on the coordinate system, hence if 
F is the determinant of transformation 


. A (X) = 


0 

0 


0 

0 


0 X-y9 
X — a 0 


0 

X + yS 
0 
0 


X + ot 
0 
0 
0 


= (x^ - oe) (x^ - 


* The present and following Articles form a brief account of a lengthy investi- 
gation in Vorlesungen iiber Geometrie, Bd. ii., Clebsch-Lindemann, S. 343 — 414. 
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By <]irect calculation ot A (A) we find 


wlierc* .1, is the (liscriininaiit of F, -^1' = o[,..a ^4 + a);,c( 4 _. + otuCt^. and 
<I> = j/, , where Aa-.jh is the coetticient of aa-djf, in Ai. 

Thus (I> IS the result of sidistitutiiu^ the ((uantities for tt,;.. in 

It follows that witli reference to the tetrahedron of which four 
edoes ai(‘ tlie Lteiii-rators of F which belong to A, the equations of 
/'and ^-1 can be brought to the form 

i^A j A 4 4 * ’2A _tA;j = 0, A,y>]4 + — 0, 

wheit' X,, are roots of A(\) = (f 

In the reciprocity determined by the e(|uation 

+ X/ = 0, 

the locus of points ./; which are united to their correspomling 
planes is cleaily = 0, (tr /'; for tlie planes u which are 

united to their corresjMniding points the following five ctpiations 
hold, 

Hi - ^ (a,t + Xo,t).a-. 

k 

5;»,-./v = 0; 

hence eliminating the ./■,■ we obtain as the envelope of sucli planes 
a (piadric A whose Cfpiation is 

AAai/.'a- = 0, 

in which the A.t- are minors of A (X). 

The left side of the last e<|uation is clearly a contravariant 

ot A -f X/’ lienee 
% 

. :i A,|- = 2X ( X* - Vr ) U, l\ + 2X ( X- - X,^) U. l\. 

In point-coordinates A will therefore have as its CHpiation 

X-’C2A\A\ + 2A',A'A - 2X./A',A^ - 2X,^\^A^= 0. 

'Ihus A is a member of a " peiicir’ of quadrics of which one 
is F, while another is 

2x,rA',A', + 2XrA^A^ = 0. 

This latter ([uailric is the locus of the polai's of the generators 
of F with reganl to the linear comjilex A ; for one system of 
generatoi-s of /'being yiA\ -t- A'^ = 0, the polar plane for 

A of a point A',- on the line is 

X. (A'. r4 - a' 4 r.) -h X3 (X, 1; - X3 1',) = 0. 

or ^ {\X, Y, -P V, A^ Y,) ~ X.Z4 Y, + X3X3 Y, = 0 ; 
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hence the polar ot the line ‘ ^ ’ has the equations 

M.r, + \,F,= 0, = 

and this line clearly- lies on the quadric 

vr,r, + \/Fi;=o. 

Again there is a singly infinite number of linear complexes 

which have m common four generators of F, one of them being 

A, another, B, is the locus of the polar lines of A with regard 

to F-, the system of linear complexes through the four given lines 
IS then A + = 0. 

If p is a line of A its polar p' with regard to F is determined 

by the equations = . moreover the equation of A being 

dA' ^ ' 

the equation of B will be 

dA' 




dpik * Sct/ft 

or, which is the same thing, 

^ d<t> dP 


= 0, 


= 0, 


“ dc(ik * dpik 

where P=Pi.2PjiApi3P42-^PuPj3. and is obtained by substituting 
(X-ik for ?r, 7 ; in 

The vanishing of the invariant 4> is thus seen to be the 
condition that A and its polar complex B with regard to should 
be in involution. 


48. Linear transformations which leave a quadric 
unaltered in form. By means of a linear complex a general 
class of linear transformations is obtained which leave the form of 
a quadric surface unaltered. For let the given quadric be 

F=l.a!kXiXk = 0, 

and the required equations of transformation 

f t — S Cik^k ( i ). 

k 

Now the equations 

- Xti, (ii), 

lead to F(x) = F(^) provided that t and r are the coordinates of 
two points which are conjugate with regard to the quadric F =0. 
If therefore k and n can be linearly connected, so that from the 
equations (ii) the equations (i) can be deduced, a transformation 
of the required kind will be obtained. 
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Let if; be the pohu- plane of for F, then 

O' — •‘L/t 


(iii), 


wiiere the (piantitu'^ are the hist minors of the discriininaut 
of F, and the tact that r, lies in the j>lane i/j, ie. that ti and r,- 
are eunjugate points, may then be established by linear e(iuatious 
of the form 

T, = la,kf/k (iv), 

provided that = — a^., (anil hence that ^,; = 0). 

Substituting in eipiations (ii) from (iii) and (iv) we obtain 

k k 


= /<:!£ - X'icLikUk 

k L 


(v), 


the elimination ot the from these last eipiations will give the 
etpiatioiis (i) which have been sought. 

1 he solution ot the Hist set of eipiations (v) leads to 

(/c, \) . Uj — — 

k 

where A(/<, X) is the determinant of the ipiantities v.4,t + \a,r- and 
Sk, a Hrst minor of A(/c, \). 

Hence A {k, \) = :£SAt, 

ulsi) Woui e<|Uati()iis ( v) 

■'■( + f/= iiclAuiii, 

i 

so that A (/f, \) f/ = :£ Ai, ^1;, j-i- - A (a:. \) .r, 

or the recpiired etpiations ot transformation are 

f,:= Ac/i-./T, 

where 


= ,whenA'+/, 

A U, X) 


and 




Cn = 


A(/c.X) 

Ivjuations eipiivalent to these may be obtained from the 

solutions of tile second set of ei|uations (v) b}' changing the sign 
of X. 

Ihe above solution of the problem contains the indeterminate 

K 

(piantity hence with ant/ r/iven linear complex are associated 

x' linear transfonnations which leave the form of any given 
(juadric surface unaltered. 



48-49] 


s\NrHf:sis oi-' the lixear complex 


.u 


When f is referred to a self-conjugate tetrahedron its e.iuation 
may bo taken to bo ' 

And the equations ot transformation are then 

J'; = /CUi+ X’Eaikt/k, 

When the four lines which F and the linear complex ha\ o (in 

general) in common are taken as four edges of the tetrahedron of 
reference, 

F = 2Ai A’'^ + 2 A.,Aj, a = XiPn + 

Ihe equations of transformation are here, (putting X = 1), 

^i = ('c + \)U,.X, = (k + \,) L\. X, = (k- \,) U,, X, = {k-X,)U,; 

=I=(«-^,) U^, =, = (/c-\,) U„ E, = («-|-\,) = + 

Hence 




/cjf X^ 
a: - Xa 




K _ 


_ a: - X, 

xl, 4 — — ' 

/c + X, 



It IS to be observed that this transformation changes not only 
+ into Ei 54 + H,H;,, but also into 

i>e. the pencil of quadrics througli the inter- 
section of F and A is unaltered in foi-m by this transformation. 


49. Collineations which leave a linear complex un- 
altered in form. In the most general collineation four ])oints 
coincide with their corresponding points (Art. 34), hence the edges 
of the tetrahedron thus determined correspond to themselves. 

If the collineation is such that it transforms a given linear 
complex into the same complex, and if one edge of the preceding 
tetrahedron does not belong to the complex, its polar line for the 
given complex must remain unaltei'ed by the collineation, ie. must 
be the opposite edge of the tetrahedron ; the other four edges of 
the tetrahedron must belong to the given complex. Hence when 
a linear complex is transformed into itself by a collineation, in 
general four of its lines remain unaltered in position. 

The general collineation is represented by the equations 
Yi = <XiXi, Ta = flTgWs, X^ — cc^Xs, 1^4 = A4, (Art. 34), 

and the given complex is by hypothesis, with regard to this 
tetrahedron of reference, of the form ay), 4 q- bp^:^ = 0 ; in order that 
the collineation should not alter the form of this latter equation 
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we must have a,a^ = a.7j; and if this condition is satisfied every 
cnmplex pxx + is unaltered hy tlie collineation ; also every 

(jiiadric of the poiicil A", = 0 is tlieu transfortned into 


Ilrnce the ^o-m-rai linear transformation of a linear complex 
into itsolf is oivt-n hv the formulae of Art. 4.S bv which the snrlace 
j. = 0 is traiisfuiined into itself; but in the |>resent case 
the a.i- are giveti (piantities and the undeteianined parameters. 
It is easily scm that every tpiadric so transformed mu.st be a 
member of the pencd A", A"^ 4* \A^A’;, = 0. 

50. Reciprocal transformations. It has just been seen 

that the i^eiieral collineation as a rule neither leaves a (piadric 
nor a linear crjniph'X unaltered in form, but if by it one complex 
is thus unaltered so an* x: • complexes; it will now be shown that 
tin* gem-ral rcc/y>/-oc<Vy leaves two (and not more than two) linear 
complexes unaltered in fonii and also two <piadrics. 

The general n eiproeitv is given by the e(piations 

Hi = 

in which =1= A-.' i 

tin* surface F which is the locus of points unites! to their cor- 
responding planes is 

=0, 

and to this surface the reciprocity 
is similarly related. 

Taking ./; = ,/■/, (Art. do), and solving for .r,- from each c(|uation 
We obtain 

k k 

hence the ])lanes Hi and u- which are united with their corre- 
sponding ])oints envelope the (pnulric 

A = '^^Bii:HiHi = 0. 

Again writing jS,,, + ^3^ = 2oa = 

- ^ki = 2a, i; = - 'lat;i, 

and taking A as the linear complex S !£ a, •*./', -//t = 0, Ui as the polar 
plane of .c fur F (or = 0), «',■ jis the polar plane of x for 

Vi + Wi -la a-fc 4- - a.t = « • » 

Vi — Wi = IdiicXt — Saa-d^i- = m/. 
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Hence, the most general reciprocity is determined hy a quadric 
and a linear comple.v. 

The equations determining the general reciprocity may be, by 
use ot a suitable tetrahedron of reference, stated in the form 

(Art. 35) 

1 1 4 , ^^2 ~ A j , ^^3 = //i3 A 2 ) f-' 4 — 7/1^ A j J 

hence denoting by pi^ the coordinates of the line joining two 
points A",-, Yi and by/)//..' the coordinates of the intersection of the 
corresponding planes Ui, V{ we obtain 

Pvi ~ Aj 5 2 JC.t y 1 , py2 — f-’n 

similarly p^' = 'aipn.2p4^, &c. 

Hence the coordinates of corresponding lines p and p are 
connected by the equations 

Pm — ^a^m-^P-yy* pu ~ 

Pm ~ P42 “ 

PlX “ P'£t ” • 

It follows that the linear complex p,4 + gp^z — Q is transformed 

into 7 n 27 n._^p.£z pniym^pu = ^ ^ hence for the iwo values of /a given 

TfX TiX 

by — — ^ complex is unaltered in form bv the trans- 

formation. 

It is clear that no linear complex which is not of the form 
<^Pu-^hp.2s = 0 can be unaltered by the general reciprocity. 

Two quadrics of the pencil X, A4 -\r pXoX^ = 0 are unaltered by 
the reciprocity, for the transformation applied to the last quadric 

gives 

WI 2 W 3 

and this in point coordinates has the equation 


X,X, + f^^X,X, = Q, 


which is the same as the original quadric provided that 



a 


Wig m3 


M' = 


TfllTTlx 


.T^- - ^>7: 




■** 






*/ CO, 

'a. ^ 
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51. AmoNo th<* (‘(Hiiplexes ot the systtMii ((/.r) + \ (6 j‘) = 0, 

when* \ h:i< all v:ihu‘s, there are two wliieli arc spediil (Art. ID), 
tlie cori(‘';|)i»rHliiig valiu-.s of \ beini; tlie roots of 

n ((/ ) -K ((/ h) + {b) = 0 (i). 


whel 


11 (O />) = 1 -O, TJ- . 

vbi 


The (lireetricc" f/, and d., of these sj)eeial complexes were 
seen t(> he polar lim-s both in ((/.!■) = 0 and in (b.r) = 0, (Ait. 24), 
(which will be I'eferrod to as the complexes A and H). Ever}’ line 
which belongs both to A and to Ji belongs also to ( (/./•) + X, (6.r) = 0 
and to (f/.r) + \.{b.r) = (Land hence intersects r/, and d... Thus the 
congnu'iice of lines common to two linear comjilexes consists of all 
the lines which meet the two lines r/, and d., thus determined; 
f/, and d.. are called the direcfricea of the congruence ((/./’) = 0, 
(o,/ ) = 0. Every line «)f this congruence belongs to each member 
of the ‘'system of two terms” (u.r) + X (6./') = 0. 

Moreover, f/, and tl., are polar in each member of the system, 
tor if a line a* belongs to (f/,r) + \ (bj') - 0 and also meets r/,, i.e. 
belongs to {tt.r) \Abj:) = {), then it must satisfy both (oj*) = 0 
and (/>,/•) = () and hence also (a.r) + X...(6./) = 0, i.e. it meets d.,, 

d'he lines of a linear congruence are said to form a si/stem 
oj hues of the ji^'st order and first class. P'or through any point 
one line of the congruence can be drawn, viz. the line of intersection 
of the polar jilanes of the point in the two given complexes; and 
in any ])lane there is one line of the congruence, viz. the join of 
the ])oles ot the plane in the two complexes. 

hour lines which do not belong to the same regulus determine 
a congruence, whose directrices are the (two) common intei'sectors 
of the four given lines. There are oo * linear complexes through 
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four such given lines, since the coefficients of the e., nation of a 
hnear complex through them satisfy four independent equations. 
Any linear complex contains x-* linear congruences : since a line n 
may be chosen in x ^ ways, its polar line p for the given complex is 
then known, and hence a congruence which belongs to the complex. 

52 . Doubk ratio of two complexes*. If a, and H, .are the to„rdinate.s 
Of the directrices mid d.y of the congruence deterniined by (<u)-=0 and 
(6.r)~0, then any two complexes t)f the system are 

(n.r) + X O-i’) = (a.c) + (/3a') = 0, 

the coordinates of Klein being here used. 

Let any plane cut rfj and d., in two points P, Q and have Q. for its 
poles in these two complexes ; /\ P,, arc collinear and their double ratio 

IS X//X ; for let the plane be determined by two intersecting lines ?/ and ' 
which respectively meet and d.,, then 

(ny) = 0, {&z) = 0, (y2)=0; 

join the point yz to the poles of the two complexes by the linos y+piZ, ?/ + p.,2, 
ie. express that these lines belong respectively to (ar) + X = 0 and to 

(aA')^-/x(| 3 .^') = 0 ; this gives 

(ay) + X Oy) + p^ {(az) + X (/S^)} = 0, 

(ay) + p (/3y) = 0 ; 

or XfW+PiM = 0, 

hence - = ^ = double ratio of the lines y, 2 , y+pi 2 , y-¥p-iZ (Art. 11). 

P2 


53 . Double ratio of four complexes. If any line common to four 
complexes of the system (a,r) + X (^>.i’)— 0 be taken, the double ratio of the four 
polar planes of any point on this line is a constant for these complexes. For 
if w»0 be the equation of the polar plane of this point in A and t>=0 its pfilar 
plane in P, then its polar planes in 

A +X|P, A -pX2^i A A +X4P 

^re «+XiV=0, m+X2*J=0, u+\^v= 0, n-^\^v=0 ; 

and the double ratio of these four planes is equal to that formed from the 
quantities Xj, Xg, X3, X4, and hence is constant for the four given complexes. 


64. Special congruence. The roots of equation (i) may 
be equal, in which case 

a(a)n(b) = [a(a\b)Y (ii). 

The congruence is here said to be special. The directrix z 
belongs to each complex of the system, for its coordinates are 


given by 



* V0B8, “Zur Theorie der windschiefen Flachen,” Math. Ajm. Bd. vm. 
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unci 

+ = 6) + x[n((/ = 0. 

silirc X, is the (OIH-I I'H)! ot‘ 

n_ ( ,/ ) + 2X0 {(i h) + X-n ( /> ) = 0. 

It ./■ hr anv lliH' <‘oniinini to -1 an<l B, an<l which theietoie 
iiK’cts z. cacli line of tile pencil z.r heloiiLts to A am! to B ami 
thetefnre to tlir system A+\B. thus whoii e<iuation (ii) holds 
each riicmh.-r of the svstem detennines on ^ the same C(*rrelation 

between it" ])oint" and planes. 

In 0(1.- rji-i- tlicte i" .-ui intiuitc nunilfer of sjiLM-ial ciniil>U'\es l>elcmgnig 
to a Mstn.i of two t. iuis. naioelv, wlien the Gii'cetriees of the two ."peeial 
...anplexos .nt.-i>o, t ; lof .f a. -0 aiul = '‘H- tl.e tw<. si>0cial eone 

nh.x.-<. tl.r inav he writtm ^ "I**’'’’’ = 

au.l if al>o./aiMl .i i... if li (a = the e<, nation (i) is sat.she. tor 

all \ali.e^ of X. 'I’he svsten, o»n:^i>ts e.\chiMvely of si-ecial cnnplexos whose 
(lij'i tnees form a |'l;Oie I'omil. 

55. Metrical Properties. In the present and tollowing 

attieles ue investigate the relations ot a complex and a systtin 
of two terms to the plane at inHnity and the “ sphe.e-circie;’ 
i.e. the (‘ircle in whieh all spheres ima-t tlu‘ plane at infinity. 

Denoting hy -I the pole ot the plane at infinity in .i gi'tn 
il lias shown (Art. ’i'’) that the diaiiu'tor.s of the 

coiiiplox all Jia-ss through A : let ii be the axis of the Comiilex. 
n<- line II' cuiijiiiinte to II is the jwliir of A iin'th regiird to the 
sjihere-ciicle'. lor if a complex line nieet.s ii in P and ii in Q, then 
since is a right angle, A and Q are conjugate points with 

re"ard to tin* sphere-circle. 

O I . 

We have seen that any complex lino which meets the axis 
of th.’ complex cuts it at right angles, (and any complex line 
at right angles to the axis meets it). Also any line which cuts 
the axis at right angles is a comjilcx line. Hence the shoitcst 
distance ’ between any line I and a is a complex line and hence 
meets i the polar of (. 

Again if L and // are the points in whicli two polar lines 
I and r meet the i)lane at infinity, the line LU passes through A, 
hence the pole B of LL' with regard to the sphere-circle lies on a, 
but a line which is perpendicular to / and to I passes thiough 
B and therefore meets a, hence the " shortest distance ot / and / 
meets u' and therefore meets a, or, the shortest distance bettveen 
any two polar lines meets the axis at riyht angles. 
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Ihe complex lines wliicli meet any diameter (/ and two 

polar lines I and 1' t'orm a regulns consisting of one set of 

generators ot a hyperbolic paraboloid (since they also meet d' the 
polar of d). 

From the (1, 1) correspondence of the points of a coniplex line 
and its polar pianos it follows that the double ratio of four points 
of the line is equal to the double ratio of their polar planes. 
Now take a complex line which meets the axis at the point B, 
then if P and Q are any two points on this line and C its point at 
infinity^ the polar plane of C is that of the axis and the given line : 
let 6 and 6' be the angles which the polar planes of P and Q make 
with this plane. Then by the theorem just stated, the double 

ratio ot the points BPQC is equal to the double ratio of tlieir 
polar planes, or, 

BP _ cot 0 
BQ ~ cot 0' ’ 

^6nce BP tan 6 = BQ tan O'. 

This is the property of the complex previously proved, (Art. 28). 


56. Axes of a system of two terms. Let h be the line in 
the plane at infinity of the congruence of the system, and H its 
pole with regard to the sphere-circle; the line k of the congruence 
which passes through H will therefore cut the directrices of the 
system at right angles. To any point P of k belong as 2 )olar 
planes for the system the planes of the pencil through k. Any 
complex of the system has a definite plane of the pencil as polar 
plane at P and one point on h as its pole in the plane at infinit}'. 
Thus a (1, 1) correspondence is established between the pencil of 
planes and the points of h. Another such correspondence arises 
between the same plane pencil and the points where the normals 
at P to the planes meet A. There is thus a correlation established 
between the points of h which has therefore two “ united ” points. 
The two corresponding normals at P are axes of their respective 
complexes, because each of them passes through the pole in the 
plane at infinity of its complex and is perpendicular to its polar 
plane at P. 

Hence through each point of k there pass two axes of the 
system of complexes; and we have a (1, 2) correspondence 
between the points of h and k, viz. to each point of h one point 
of k (where the axis of the particular complex meets k), to each 
point P oi k two points of h (where the axes through P meet h). 
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It follows that tlu* axes of a system of complexes form a ruled 
enbic in which k is the doubled and It the single directrix, see 
( 'ha])ter V.; the generators are all perpetKlicnlar to A* ; this surface 
IS calle<l a “c\ lindroid ’ 

57. The cylindroid. The of planes which \inite Ic to 
the axes throuLth tl>e ditVerent points of /,• give rise to an involution. 
To this involution belong the pair of planes which touch the 
sphere-eirclo ; for if T is th(* point of contact of a tangent from H 
to the sphere-circle, HT is the normal at H to the plane through 
k and IIT, since it jiasses tlirough the pole T of 7/7’ with regard 
to the sphore-circle, thus the axes of the system through the 
]M>int U are the tangents from H to the sphere-circle. 

d’he involution has two “double” planes t?, and i).,, which are 
hainioiiic with anv corresponding pair in the involution, and 
therefore with the tangents to the sphere-circle: hence r/, and t/j 
aro at right angles, and therefore bisect the angles between any 
CM>nespoiiding ])air. 

I>et /■ be tile distance of any point P of k from 0 an arbitrary 
origin <ui h\ and 0 the angle which one of the pair of planes for F 
makes with t;,, we have an Cijuation connecting r and tan 6 which 
is linear in r and <juadratic in tan 6, and hence of the form 

{Ar -{■ 7^) tan- 0 -F (C'r -F i)) tan 0 + 7iV F = 0. 

Since biseets the angle between the pair of pianos for P ive 


TT 


have P = /> = (); jilso fur ^ = 0 let r — r, and for ^ = - let r = r 


a» 


this gives 

Er,-{-F=0, 

Ar.. + n = 0. 

Now take the lu igin as the mid-point of the distances )'i and r.j, 
then r, + /*._,= 0, and the etpuition becomes 

-d (r -f r,) tan- ^ E {r — i'l) = 0. 

Lastly, since 20 for 7/ is the angle between two planes which 
touch the sphere-circle, iau- 0 = — 1 if r = x , hence A = E, 

i hus the e(|uation of the cylindroid is 

(r -f Tj) tan-^ + r — /*! = 0 

<>»', r = r, cos 20. 

1 lii.s cjjuatiou may be more clii^cctl}’ obtiincd from the proi)erty of a linear 
complex of Art. C)r>. For if F and F' are tlie points wliere the shortest 
(listincc of the directrices of the .system meets them, then if 0 l>e the angle 
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^hich an axis through a point /> of ALV' makes with the line bisoctin-^ tl.e 
angle -.a between the dircetriees we have 

tan [0 + a) = IW tan (a - 

or if A.V' = 2e, /*(? = /•, where 0 is tlie mid-point of ALV' 

e-e tan(a-^J) /• sin 2^ 

= = 

e + e tanpi + d)’ e sin 2a ’ 

and writing 3 + ~ for $ we obtain tlie equation of tlie eyiindroid in tlie form 

(* 

r=-. ^ e<»s2^. 

sin 2a 

58. System of three terms. The line.s belonging to three 
linear complexes («.r)-0, (6.r) = 0, (cr) = 0 form a regains. For 
the lines which satisfy these three equations and also meet any 
other line a are two in number, viz. those given by 

(aj.') = (bx) = (c./-) = {a.c) = (x-) = 0. 

Hence since of the lines common to the complexes A, B and C two 
meet any line they must form a regulus. This may also be seen as 
follows : take the directrices a and ^ of the special complexes of the 
system of two terms (o./-) + ^ (6-r) = 0 ; to each point 7-* of one of 
these lines, say a, there is one plane assigned as its polar piano 
in G, it this meets '\x\ Q we have thus established a (1, 1) 
correspondence between the points of a and /3, w^hose joins PQ 
(which belong to A, B and C) must therefore give rise to a 
regulus. 

If two reguli have two lines a, h, in common, then if c and c are any other 
lines of the respective reguli, the two common intcrscctors of a, h, c' are 
directrices of a linear congruence which cjuitains both reguli ; the two 
respective complementary reguli have two lines in common, viz. these 
directrices, and belong to the congruence whose directrices arc a and h. 

If twb linear congruences have a re(jidm iii common.^ their directrices lie ui)on 
the complementary regulus, and these four direcarice.s determine one linear 
complex in which they are two pairs of polar lines; this com[)le.x includes 
both congruences. If {ax) = 0 is this complex and {tuv) = {^x) = {y.v) = 0 the 
regulus, the two congruences belong to the system (rt.r)=0, {^x)-\-\{yx) = o. 

From A, B and C we have a “system of three terms” 

£ {Xai -h fxhi + vci) Xi = 0. 

The special complexes are given by the values of X, ^ and v 
which satisfy the equation 

Vf2(a) + 2X^a(a|6)+ ... =0 (i). 

Their directrices z whose coordinates are given by 

an an an 

pz^ — \ _ + p, V 
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rxUo lorm a regiiliw, tiiiici* two j)f thorn can be fouial which meet 
any lino a. viz, bv taking the values of X, /z. v which satisfy (i) and 


vw - 


also the o{|aatioii 'I’he ivgulus formed by the lines 

common to .1. B and t'aml flu* regnlus exunposed of directrices of 
special comj)loxos of the svstem are cc»m/)/e/ncatury ; for each line 
./■ winch belongs to A, B and C belongs to each com[»lex of the 
system and lienee to the sjii.'cial comjilexes and thei'cfore meets 
each directrix z. Fiom three of the lines ct. /S, y common to A, B 
and ( ' a second sy.stem of three terms can be fornred, viz. 

!£ ( \'a, + fx'fSi + c'v.) = 0. 

We have thus obtained two systems of three terms with the 
])ro])eitv that each member' of one system is in involutirni with 
eac'h member of the otliei' system ; the lines common to one 
system or the lines of ime stjstnm for'in a regulus and are the 
direi-trices of the special coinjilexes of the other system. Con- 
vmsi-lv any two systems of thi'ee tmrns in mutual involution are 

* k * 

thus I'clated : for, since every inendier- of one system is in 

« % 

involution with evm v niemi)i*r' ol the other system, eyery directrix 
of a s])ecial cornjilex of one .system meets every dir-ectrix ot a 
special comph'X of the uther system. 

59. Expression of the coordinates of a generator of 
a quadric in terms of one parameter. Select Irom the first 
system two sp(‘cial complexes ci and y and the complex which 
is in involution with them*. 


'riien the directrix of any special com])lex z is given by 

p .Zi^ \Ui + + i'7,- 

with the condition (^^7) — 9 , 

.since by hypothesis 

(a-) = {7-) = {afS) = ifSy) = 0. 

Moreover we can suppose the coetficients a, 7 (iivided by 
such (piantities as will make (/?-)= F 2(37) = —!; then the 
relation between X, p, and r is p- = Xv, which is .satisfied by 
putting \-i% p-t, c= I. 

Thus the line z is <letermined by 

p.Zi=^ Uit- + l3it + 7 ,-. 


* Usinj* Klein coordinates the latter is determined from the equations 

+ + nc,) = 0. 
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In a similar mannor the eoonlinatos .r of the complementarv 
i-egiilus are deterniineil by the eiiuatioiis 

o- . -I'i = a/r- + 13/ T + y/. 

Since each line .r meets each line ^ we must have 

(ciilS/) = ( 7 ,'^/) = (a/i3i) = (y//3i) = 0 ; 

whence the theorem, that if we take any two geiieiators of one 
system ot a cjuadnc and any two generators of the other system. 

lere IS one complex of the first system and one complex of the 
second system which contains ail four generators. 

Ill the case when the discriminant of (i) Art. 58 is zero, the 
quadratic relation between the quantities X, /i and v 

Cl {\a fxb + ! c) = 0, 

bleaks up into two linear factors, hence we have either 

p\ q/x + = 0 (ii)_ 

;yX + ^y> + rV = 0 (iii). 

Thus 2 : here describes one of two plane pencils which have (we 
common line, viz. for the values of X, fj., v given by taking (ii) and 
{iii) simultaneously. 

60. Complex equation of a quadric. Let us now select 
from the first “system of three terms ” three complexes which are 
themselves in mutual involution, tliis may be done in x way.s. 
Similarly from the second system select three complexes them- 
selves in mutual involution. We have then six complexes in 
mutual involution. Take them for coordinate complexes. One 
regains is then determined by i/:^=x^ = .x.i = 0: the other regulus 
by = A-g — a-fi = 0. Any tangent line of the quadric to which the 
reguli belong is one member of a plane pencil of which two arc 
the generators at the point of contact of this tangent, hence if a 
and /? are these generators and y the tangeut line we have 

0:4 = aj = = 0 ; = A = 0 ; 

yj = Xa,, y.. = Xct.,, y3==Xa„ 

Since a , 2 + = yS/ + + /3y = 0, 

we see that y satisfies the complex equation 

yi- + yC- + y-^ = 0 , 
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or, wliich is tho same thing, 

!fi + i/:-" + i/fi' = 

It i> clear that then* arc ten quadrics associated in this manner 
wiili six conqtlexe^ iti mutual involution, viz. the series 

//i' + H; + .Vi" = 

61. The ten fundamental quadrics. Any six coordinate 
comph'xes of' Klein in mutual involnti(Hi involve fifteen indeptaident 
con''tants. viz., fi\e for each cmnplex diniini''lie(l by the fifteen 
^■onditKtns. The eom|tle\ ./■, = 0 will be denoted by C o I he s\ stein 
of t Wo term'' of ( \ and ( \ is = 0. his is special it 1 + X' = 0 . 

Thus the special crun])le.\cs are 

+ i.r^ = 0, ./■. - ixj = 0. 

'I’lieir <lire<'trices being denoti-d by <lij and <lj,, tlie cuordi- 
nales of 

tl,i are a, = I, x,= i. and the otiier c<M)rdinates zero: 
of (Iji are ,r, = 1, Xj = ~ /. 

'I'liere ai’e fifteen <‘inigruenc<‘s and thirty lines d observe 
that ('iirh il hrlonff.s fn the t‘f)infde.i' nut inenfitmcil m Us snjJLi'. In 
(.\j and tile diri'ctriees form a twisted (piadrilatera) (for dij 
belongs tt) (V and (.'/ and therefore t<t and hence meets f/t; 
and dffd- similarly for du. fhk- ^ ^'«i fhe directrice.s 

belong to i\. and and hence to the regulus so that 

d„, (/,(., d^i, d,i., f/t-, belong lo 

diitny d,,fn, (//n , dff(, d/,„ , d f„i belong to Pijk’ 

d'he regub puk are complementary, the (piadric to which 

I heV belong is 

.'//■ + !/m' + //»■ = 0 . 

There are t4-n sindi quadrics which have been termed "Jundn- 
uu'utal bv Klein. 

Two reguli have no common line, 

” Pijk' Phi il> CommOl). 

Thus the <|Uadrics 

^pijky pinnl)j ipijlt P>nnk) 

meet in the (piadrilateral formed bv 

In the (luadric (p^i, d;j and dji are polar lines; for dij 
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andrf;, meet the four lines in the tignre, (which lie on the aiveu 
quadnc since tiiey have in coinniou with 

it the suffixes kl and ////))• Hence dij and o 

dji are the lines 00, and O'O/, and the 
polar plane ot 0 passes throiio-h O' and 0/, 
also the polar plane of 0, passes through 
O’ and 0,', hence 00, and O'O; are polar 
lines. We observe also that 

dij, dji, di)., df;i, d,„„, d,,t,t 

form a tetrahedron. [There are fifteen of 
these tetrahedra, whicli are the funda- 
mental tetrahedra of Art. 29.] From this 
result we see that the four quadrics 

{pikint pjiil), (pilm, pjhi), (pikn, Pjhn), (piln, Pjkm) 

have the tetrahedron (ij, kl, mn) as a common self-conjuo-ate 
tetrahedron. ° 

Let TT be any plane with poles 0;, Oj, Ok in the complexes 
Ci, Cj, and (7*. On 0/0; an involution is determined of poles 
in 0/ and Cj, the double points of 
this involution being where dij and 
dji meet O.-O;, (Art. 25). Hence 0/, 

Oj and these two points are har- 
monic; similarly for O/O* and O^Oa-. 

But dij, dji, dik, dki, djk, dkj lie on 
pirnn, hence the trace of punn on tt 
has OiOjOk for a self-conjugate 
triangle. In the same manner the 
trace of pijk on tt has OiO„iOn for 
a self-conjugate triangle, but these 
■traces are the same, hence the six 

poles 0 being the vertices of triangles self-conjugate with regard 
to the same conic lie on a conic, and the sides of the triangles 
^iOjOk, OiO,nOn touch a conic. 

62. Closed system of sixteen points and planes*. Since 

Ci and Cj are in involution there is a plane tt,; through 0/0; 
which is the polar plane of.O; in 6; and of 0; in 6*-; there are 
clearJy fifteen such planes as tt,;-; take three of them tt,;, Tr;^, tt^, 
and let 0/;* be their common point. 

Now 0/0,;* belongs to 6; and to 0*, 

^ijk »» L/ ,, Ot ) 

* See Art. 26. 
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hcticc* 0„k the pole of in 

b\it 0, „ « '^>j ». 

tiiert'fore O, aii<l are conej^poinling points oi the involution on 
(),()„k <-t:il)llshe<l bv rY.thiis d^k and (h, divide 0; and 

haniu'iiically. 

Siitiilarlv and d,i ilivide harinonically, 

d,k •. M OJhjk M > 

and these six line^ d belong to hence the pttint Oi^u is the 

pole of TT with reference to the ipiadric which contains p/,„n- 
The i)oint (h,.n being in like manner the pole of tt with reference 
to the same fpiadric is thus seen to be .same point as (A>r-- 

Starting from the plane tt we obtain tifteen planes such as tt,; 
and sixteen points, viz., the poles of tt in the six fundamental com- 
])l.‘Xe'^ and the poles of tt with reference to the ten fundamental 
(|nadrics. These p.)ints and planes form a closed system, for li we 
start with another of these i)lanes cfj. tt,;. we obviously arrive at 
the same set of planes and points. Ihus by aid of the six fun- 
damental compli'xes, and their derivatives the ten fundamental 
(piadrics, we can divide the j)oints and planes of sjiace into closed 
systems of sixteen planes ami points*. Ihe point (Jiji; is the juile 
for (■,. (■, and fV **f ^be planes joining Ihjk b* (hOi, 

respectively, and it is also (being the same jioint as 0i„,») the pole 
for ('i. ('„t and of the planes joining Oijt to 0„,0,t, O,i0i, 0itt,n> 
and since the two triangles U.OPk^ touch the same conic, 

the SIX polar planes of O-t touch the same ipiadric cone. Hente 
till* closeil system is such that the six points in each plane lie on 
the same conicf and the si.r planes through each point touch the 
same (piadric cone. 

63. Systems of four and of five terms. When four com- 
plexes ((M) = 0. (/a/ ) = (), (c./ ) = 0. ((/.c) = 0 are given, if a complex 
((/./■) = {) is in involution with each of them, we have 

(«!)-■ (”“)=»■ 

These four eipiations are equivalent to the six ecpiatioiis 

Hi = <Tpi -f T7,-, 

where <t and t are indeterminate, and p, q any two particular 
solutions for n. Thus the system in involution with the system of 

four terms ]£ (\u,* + ghi + vCi -P pdi) = 0, 

* This system is, of course, identicnl with that of Arte. 14, 29 ; the connexion 
of the system with the 10 fuiulamental (luadrics being here established. 

t See Art. 27. 


= 0 . 
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is the system of two terms 

As in the case of systems of three terms, each directrix of a 
special compk^x- ot one system meets each directrix of a special 
complex of the other system ; and the lines common to one 
system are the directrices of the special complexes of the other 

1 1 ^ of four terms has two 

. lines common to the system, viz., the two directrices of the com- 
plementary system of two terms. If the system of two terms has 
Its directrices coincident, that of four terms has only one common line. 

One complex can be found which is in involution with five 

given complexes and hence in involution with the system of five 
terms 

S {Xai + (xhi + VC; + pdi + o-ei) Xi = 0. 

If this complex is special the five given complexes have one line 
in common. 


64. Invariants of a system of complexes. A seiies of 
invariants is obtained by bordering the discriminant A of the 

equation a)(^) = 0 with the coefficieuts of one or several complexes; 
this gives the invariants 


o 

II 

CCii . . . 0£]6 G,i 1 , A(((, — 

• • • 0(25 tt] ^2 

, Sic. 


®6i • ♦ • 

^61 ■ ■ • O.G 



(t\ • • • 0 

Ui ... 0 0 




bj ...be 0 0 



We shall find the geometrical significance of the vanishing of 
these invariants; it is worth while, in the first place, to notice 
that they may be expressed in terms of the functions fl, as 
follows: understanding by A,* the coefficient of in A, 



A« = n (a) 


®u • • • ct| hi 

X 

... 0 0 

®6i • • • Ctg he 


Afli . . . 0 0 

... ttg 0 0 


0 ... 0 10 

61 ... 6fl 0 0 


0 ... 0 0 1 


(Art. 18), 


A 

0 .. 

.... 0 

«i 

6. 

0 

A .. 



h 

0 . 


... A 

CEg 

% • 

h 

.an 


, an 

0 


^aa, 

• • • 

'^dae 

0 

an 


, an 

0 

0 

^db,' 

» • • 



72 


SYSTEMS OF LINEAR COMPLEXES 


[CH. IV 


Now imiltiplv tho first (stlmnn by — ^ , tbe second by — ^ &c. 


and add to the >evtMith colnnin. proceed similarly with the eighth 
column and n\ e obtain 

A,,A- = A* 

fi ((t b) fl {b) 

d'his mothoil a]»plii‘S gencrallv and m'c obtain 


A-A„/„= (u) 0(0 b) 0(„ c) ^ 

i}{b n) mb) n{b c) j . 
ll(cjo) n(c) : 

A'A„v.y= 12(0) 0(„ I,) fl[(i c) 0(,, J) 

ilib n) j 

12 (c o) I ’ 

12 ((/ o ) 12 (f/) ! 

It has b(‘cM seen, (Art. 1!)), that if 12(f/) = (J tho complex 
(f/./ ) = 0 is special. 

If A,,/, = 0 the complexes (r/./) = (), (/;.r) = () have a upecud 
consilience, (Art. .“>4). 

If A„/^, = 0 the leiruliis of the system of three terms formed by 

• J * 

((/./■) = (), (/;./) = 0^ (c/ ) = (), degenerates into two plane pencils, 

(Art. r)S). 


It will now be slntwn that if A,,/,.,/ = 0, the two lines common to 
tile .system of four terin.s given by ((y.r) = U, (6a-) = 0, (ca) = 0, 
(r/.r) = 0. will coincide. 


For the conditions that the same line may be the directrix of 
a special complex both in the system of four terms and in the 
system of two terms which is in involution with it, are 


cD (\o,- 4 - ;a 6, 4- i/f,- -f pd,) { pCi q f i) /.V /:\ 

^ ^ ••♦U/ V*/» 

d ( X(/ , + fib; + uCi + pdi ) (f ( pCi + qji) 


^dnia) ?{i(b) f-n(c) aa{(/) an(e) , an(/) 
or / -+/? ' =p +q 

dai ('6, Cf,- ddi re,- 




together with 


n (X(( + fxb + i>c 4- pd) = 0, 


n(j)e4-^/) = 0. 

Since the two systems are in involution the last two equations 
follow from the first six, and we liave to find the (single) condition 
for the coexistence of the equations (i). 
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hence 


Multiplying by e, an.l by /; and ad, ling for the six e,|uatious 
^ve obtain (e|/) = 0, 

j)n{e /)-\-qn(/) = 0; 

n{e) n(e\/) =0 (ii). 

in(.|/) m/) 

But this is the condition thnt the system of two terms should 
have a special congruence and hence that the system of four terms 
should have its two common lines coincident. Again multiplying 
the equations (i) by 6/, C/, and d,-, adding, and eliminating 
fi, V, p we obtain 

n(«) n(rtii) n{a[c) D.{(id) 1 = 0, or = 


n(d\a) n(d) 

Hence either of the equations A,,y=0, = 0 involves the 

coexistence of the equations (i). Thus if A„(,cif = 0, the system of 
four terms has its two common lines coincident: this line then 
belongs to each S 3 "stem and is the directrix of the special con- 
gruence in the S 3 'stem of two terms. 

Complex eqitation of the (luadric determined hy a system of tJ/ree 
terms. If a, 6, c and d are lines which have their two intersectors 
coincident, each line must touch the quadric containing the regulus 
to which the other three lines belong. 

If a line y touches the quadric of which one regulus consists of 
lines common to three complexes {ux) = 0, {hx) = 0, (c./-) = 0 we 
have A„ic;/ = 0; hence the complex equation of the quadric is, if we 
use Klein coordinates, 

(a-) (ah) (ac) (ay) 

(ha) (h-) (he) (hij) 

(ca) (ch) (c-) (cy) 

(ay) (hy) (cy) 0 

If five complexes A, B, C, D, E have one line in common, the 
complex in involution with them must be special, and we obtain 
equations similar to (i) which require that ^abede 0. 

65. If five linear complexes A, By C, D, E have two lines in 
common there exists a linear relation of the form 

\ (ax) + p. (hx) + V (cx) + p (dx) + a (ex) = 0 ; 
for in this case any one of the complexes belongs to the system of 
four terms determined by the remaining complexes. 


= 0 . 


74 


SYSTEMS OF LINEAR COMPLEXES 


- _ . [CH. IV 

li five linear complexes have only one line in common no such 
liiK'ar relation exists: hence if K and F he any othei- two com- 
plexes we can express ]{ in terms of ^4, B, C, D, E, F or, 

ih.r)= X it/.r) + ^ (lu ) + ;/ (c.?;) 4- p ((h) + <r (c./-) 4- T (fa). 

It now K jiasses thnnigh the lino common to A, B, C, D, E 
tie ii since F is aini eomtilex it is necessary in the identity that 
T = 0, and we have between six Complexes which pass through the 
same line an identity of the al)ove form. If we suppose the 
coii'itants /X. to he ahsorhed within the brackets and call 
tlie contents ot these brackets ...,it fidlows that between six 

line: ir complexes thiougli the same line an identity exists of the 
form 

^ = 0 . 

1 

N»)W take any five complexes j,, ... which have one line in 
common, and any other complex A"; wt‘ will determine tlie form of 
tilt* identical relation w(,r) = 0 when these six complexes are taken 
as coordinate comjilexes, 

()l)serve, first, that r*>(.r) will not contain A'-, since A*^ = 0 does 
imt contain the line common to a-, = 0, ... ./(. = 0. Hence 

(D (./■) = i o -\-2'E tiij-ViJ', 4- ’2A' :£ bi.t'i = (I. 

I I I 

Mtin*ovcr since !}(/>) clearlv vanishes, the coefficient of X 

% 

ei|uat<'d to zero is a special complex. (Art. 10), and it is seen to be 
in involution with each of the five eomidexes .r,=0, ... .r,=0; hence 

^ = 0 is the special comjilex whose directrix is tlie common 

line of intersection of .i\ Any four of the complexes j*,, ... .rj 

will have in eommon both tlie given line and one other line, e.g. 
tor the Complexes , .c. , ,r^ this latter line is seen to be 

.r, = .r., = = 0. A = - .r,. 

Faking each ctunbinatioii of four of tbe given five complexes 

thus obtain five lines, througb whicli passes the linear 

complex 

.-j -tr ^ 

by 6, />3 b , 63 

Ibis complex clearly does not contain the common line of 
intersection. The complex X has so far been taken arbitrarily; 
let it be identical loith the last comple^^, then 
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The form which (o(.i-) now assumes is that proper to six- 
complexes of which five jiass tliroiigh the same line and the sixth 
IS the complex passing through the five lines of second intersection 
ot each tour of the preceding five coni])lexes. 

or convenience tile complex .Y will be called the “rosidnat'’ 

of the live complexes .r, Any other sixth coinjilex .r, 

through the given line being taken, we have the identitv - .^v = 0. 

To each set of five of the complexes ./■, belongs one residual, 

and it will now be shown that the .st.r reakliiaLs Jtave one line in. 
common. For, taking the five comjdexes .r,., .r^, .r,. .r,,, the five 

lines which determine the residual are 


II 

H 

II 

‘^’4 

= -i'. 

= Z: 

= 0 

from the complexes 

./. J , . C {, ./^J . 7 ' j , 

A’;j = = 

■^5 

= 0, 

J\y = 

6.,- 

■K 

X~a, 

/» /■£* • 
•^ 4 > 

./•. = = 

'^’5 

= 0, 


h- 

■hu 



''2. ^ 4 . ‘2V., ^v: 

•To = = 

^■5 

= 0, 

‘^4 = 

k- 

■b„ 

X-a,, 

■^’2, ^Vi '^V, '^V' 

A’o = A3 = 

‘^4 

= 0. 

>^5 = 

h- 

■k, 

X-a,, 

•2‘2, ^V, ^' 4 , 


The complex through these five lines is seen to be 


W - 6 , 


, Ilia , '*14 , 1*15 V r\ 

j - T •'To + r •z’a + i~ r ^4 -h ; 7 ‘^5 — A — 0. 

0-2 - 0, bs- b, b, - 6 , b, - 6 , 

By a similar process the ecpiations of the other four residuals 
are seen to be, if aa- = (Ui. 


^21 , (^22 , ^^24 -.1 ^^25 

1 — > + r r ^3+7 / d- , 

6] — bo ^ bo 64 b.y 65 

((:u 


b. - b.. 


./’s - Z = 0 , 


(Xo\ (lyt \r ^ 

7 1 7 7” ^*'1 “f* r J 7 *^*0 ^ 

- h bo - L 64 - 63 b,- 


6 . - h, 

Uct 


(/ 4«> . I ^45 \r /\ 

iCj + ^2 d- 7:“ d- U.S — X — 0, 


bn b^ 


Ih - h. 


“51 , t^52 , , ^34 Y _ n 

i I d“ 7 7~ ^2 "hi 7 1^3 "h i J a .4 O. 

5 ] 5 ^ 60 — bn O5 04 05 

Now the last five equations and the equation A'" = 0 have one 
common solution, since their determinant, when Z = 0 , being 
skew-symmetrical of order five, is zero. Moreover these values of 
a-a, iTg, ^^4, a’e, Z are coordinates of a line, since if we multiply 

the last four equations by (^1 “ Wj ^3 (^1 "" ^'4 (^1 “ ^4)7 ^5 (^1 — ^5) 

respectively and add, we obtain the result of putting Z = 0 in w (.'t). 

Hence the six residuals have a line in common*. 

* This theorem is due to Mr J. H. Grace, see “Circles, spheres and linear 
complexes,” Camh. Phil. Tram., vol. xvi., part iii. (1897). 


CHAPTER V. 


urij:i) (’l ine and (^'a^tic surfaces. 


66. l.v the chapter is given the classiticution of ruled 

(jnartic smtarcs duo origiiiallv ti) (.Vonnnia*. hut following the 
oi'dor adoptoti hy K. Siurin'*'. 'I'he surfaces were dealt with in 
the hr>t i)laoe hv (’avh'V*'. 

\ ])lane througli a "(‘ueratoi' 7 of a ruled surface of degree u 
iih'ets the Miifae<* also in a curve of degree u — 1, and 7 meets this 
curve ill // — 1 peihts. wliilo tlimugh each ])nint of tlie ruled surface 
and hence of this cui ve tliere jiasses in general onlv one generator; 
thus as We travel round the curve there is a generator for each 
jKiint, 7 is itscll the generator hu' one point, while for each ot the 
remaining a — 2 inteisections of 7 ainl the curve there are two 
geiieiaters, vi/., 7 itself and the generator belonging to the point; 
these /f — 2 points an* tfierefore double ])oiuts of the surface; on 
each generator there are a — 2 double points which lie on a double 
curve of the surface. 

In the case nf ji ruled cubic surface there is a double curve 
which must be a straight line, because otherwise the line joining 
any two points of the double curve would meet the surface ii» four 
points. 

67 . Ruled Cubics. For a ruled cubic the double line d 
may be cit her ( i) a double directrix, or (ii) a generator and a single 
directrix, undeistanding by a directrur of a ruled surface a line 
wliich meets every generator. 

In the first case any section of the surface by a plane through 
a generator g consists of 7 and a conic c*; one of the points of 
intersection of g and is, by tlie foregoing, a point K of d\ tlie 
two generatoi's tlirough any point P of d meet in points X and 
A ' giving rise to an involution on c% hence all the lines must 
intersect in the same point 0 , (Art. x.); thus the planes of the two 

* “ Sullc Kii|KTticie gobbi di quarto grade,” liologna .Irrai/. Hci, Mem. viii. (1808). 

+ See Liniengeometrie, Bd. i., S. 52—01. 

X Phil. Tram., vol. 159 (180U). 
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gmierators through each point oi\/ pass through 0,an<l Iionce that 
ot /v passes througli 0, which reipiiivs that 0 should lie on 
The plane PA A' cuts the surface in (he lines PX, PX' and lienee 
also in another line e M'hich must meet ,7 in 0; this line e is the 
same tor tn\ch plane PXX' since if two iines e ]>assed. tlnoiigh 0 
the line AOA' would meet the surface in four points; thus the 
planes of the pair of generators through each point of d foini a 
pencil whose axis e is therefore a simple directrix of the surface. 
These planes are the bitangent planes of the surface. There is a 
(1, 1) correspo>}de)}ce hetu'een the points of e and c- made Injthe gene- 
rators, which affords the simplest means of generating the surface. 

The second case in which d is a simple directrix is got from the 
first by the coincidence of d and e\ thi.s surface (Cayleys) is 
obtained by establishing a (1, 1) correspondence between the 
points of a conic and a line which intersects it. 


68. Ruled Quartics. The points of any two plane sections 
of a ruled surfiice are connected by the generators in a (1, 1) 
correspondence, hence all plane sections of the surlace have the 
same deficiency"^, this is called the deficiency of the surfiice. 
Since the residual cubic curve of a plane section of a qiiaitic 
surface through a generator is met by each generator, the 
deficiency of this cubic is therefore that of the surface, hence the 
deficiency of the surface is that of this cubic and is therefore unity or 
zero-, when the deficiency is unity, the plane sections of the sui-face 
are quartic curves with two double points, tlierefore there are two 
double points of the surface in any plane section ; hence the doultle 
curve is of the second order, and, since it is met twice by each 
generator, cannot be a conic, and must consist of two non-inter- 
secting lines di and d.^. 

Classes I. and 11. correspond to this case; there are two double 
directrices d^ and d-p, from each point of d^ proceed two generators 
which meet d.^, and from each point of d. proceed two generators 
which meet d^, hence d^ and d.^ constitute the envelope of the 
bitangent planes of the surface ; class II. arises when d^ and d., 
coincide. 


* The “deficiency” of a plane curve of degree n i.s equal to a-/3, where 
a = maximum number of double points that may be possessed by a curve of degree 
11 , /3=:number of double points possessed b}* the given curve. 

The word “genus” is also used to designate this number. For proofs of the 
theorem quoted, viz., that two plane curves in (1, 1) correspondence have the same 
deficiency, see Clebscb, Vorlesungen iiber Geometrie, Bd. r., S. 458. 
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69. I he surhice ot zero lieHciency has now to be considered, 

for it tlie section by any ]>lain‘ is a (luartic curve with the 

niaxmiiiiM iiutiibrr. three, ot double points ; any plane section, there- 

Joit*. contains thn-e double points of the surface ; the most general 

classes, vi/..; HI. and I\ .. arise wlien the double curve is a twisted 

cubic : tnuii each point I* of the double cur\’e proceed two 

generators, meeting it again in the points Q and R, thus giving 

lise to an involution [:>] on tlie double curve, and the ruled 

!|Uarfic is obtained which has already been <Iiscnssed {Art. xvi.). 

It this iiivulntion [ 2 ] i> cubic we have class IV. The residual 

ctdiie in a plane section through a generator 7 has one double 
point outside tf, 

! he generators ihroiigh a point P of the d(ml>le curve being 
I and } R, the plane P(jR is a double tangent plane of the 
suilace, since it contains two generators, and through the point 
/ tlicic pa^s three such planes, viz., those coiTcS])oiiding ioP,Q 
.uid R. hence tin- developable of the bitangent jilanos is of the 
thud elasv. In class I\ . this hitarigeiit devehipable is replaced 
h> a pencil of triply tangent planes whose axis is the directrix 
ol the suifaee. Any bit;ingent plane cuts out a tauiic; on two 
such conies c- an<l e hy means of the generators, a (1, I) corre- 
spoiideiiee is estahlished : conversely a (I, I) corn'.spondence on 
two conics m ditlereiit planes gives rise to a ruled quartic; for if 
-I and li he two points in the planes of c'- and c'- respectively, any 
plane through A li meets c- in two points // and c * in two points 
M, M and there are related to L, JJ by the (I. I) correspondence 

two poii^sA.A one-', the pairs of points iV, form an iiivolutiuii, 
hence AX' pussrs through a fixed point (■ (Art. x.); idso since 
t le lines MM , A A which pass thnuigh R and C respectively are 
Hi (] , 1 ) CO] lespondence, tlie locus tjf their intei'section is a conic 
m(t tinge* in luiir points, hence four of the lines LX meet AR, 
01 the lotus of the lines Joining corresponding points 0/ (i ( 1 . I) 
correspontlence on and c'-‘ /.v o ruled quartic. 

t l.isses \ ., \ I. arise when the double curve consists of a conic (r 
and a line d which must meet if is a double directrix we have 
class \ ; fr<un each point of d pass two generators which meet the 
Usu u.i Conic c of a section by «/iy bitangent plane. Hence an 




twn since the cone c^) meets d in 

would !>.. "'J . *''•'* "'ouia meet the surface in five points. 

would . sarfnee, or through any point P of the surface there 

'vould pu^s two generators, which is impossible. 
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involution is gOMoratod on of sucl. pairs of points Q and ; 

t.eio.e QQ passos through a fixed point 0, or the biUu,gent 
p a„ei> thwugh the pat, ■ of peiterators from each point of d envelone 
o cone oj- veitea^ 0 \ this cone is ot the second degree since tlirough 
any line OQQ' only one such bitaiigeiit plane can be drawn In 
addition to the plane of c'^ the other set of bitangent planes, viz., 
tiose which contain the pair of generators thnnigli each point 
of C-, pass through d, hence in class 1" the envelope of the bitangent 
planes consists oJ the double directrix and a quadric cone. 

e have class VI. when d is a simple directrix and ai.'^o a 
generator; each plane through the generators from a point of c- 
is triply tangent since d is itself a generator. 


Classes VII. and VIIL arise when the double conic breaks up 
into two intersecting lines d' and e of which one, say c, must meet d ; 
e cannot be a directrix, for if so the surface would consist partly 
of the plane (d, e), hence e must be a double generato)-; d and d' 
are double directrices and the envelope of the bitangent planes is 
formed by the three lines d, d' and e. Class VIII. is where d and 
d come into coincidence. 


In classes IX., X., XL, XII. we have a triple line, which is a 
triple directrix (IX. and X.), a double directrix and sim pie 
genei’ator (XI.), a simple directrix and double generator (XII.). 
In every case one other generator lies in each plane througli the 
triple line d. 

In class IX. from each point of d pass three generators, and the 
hitangent developable is of the third class) for any given bitangent 
plane cuts the surface in a conic on which a cubic involution is 
determined the generators from the different points of d, and, 
since the Direction Curve, (Art. xv.), of this involution is of the 
second class, it is clear that through each point of the given plane 
there pass two bitangent planes besides the given plane. This 
species is reciprocal to IV. If the generators through each point 
of d are coplanar, class X. arises; since here from each point of 
d only one triply tangent plane proceeds, the envelope of such 
planes must be a line. 


In class XL, in which c? is a double directrix and simple 
generator, it follows by exactly the same process as in class V. 
that the envelope of the bitangent planes consists of d and a 
(juadric cone. 

In class XIL, in which c? is a simple directrix and double 
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gt’iierator, everv plane throncjh d touches the surface three times, 
VIZ., once at a ]>oint on tiie generator in the given plane, and also 
in tlu- ])()ints in wliicii tl is met bv the two gcneratoi's consecutive 
to it. 

'I'he f'lllowiug Tables show the coiinexioti of the above classi- 
tieation with that given by Cremona and Cayley, and exhibit the 
special features of the dirt'erent classes. 


Stnriii I 

< ’reinon;i 1 1 

( avh'V 1 


Tl III IV V VI VII VIII TX X Xr XII 

]-2 17 2 4 5 r* 8 9 3 10 

-1 10 8 7 2 5 9 3 C 


In the next Table the i/eneral twiste<l cubic is denoted bv 
the developable of the third class bv the general conic b}’ c“, 
tin* ijuadnc cone bv k‘. 

I II III IV V VI vn 

+ (/ + ,/ /O p p + r/ c- + ii + 


I)(iulil(? ( 'urve 
I»it.iiiu''nt 


) 


l)<vi'l"j'-dile / 


DniiMc Cm vr 

Fit indent 


\III IX X XI XII 

• / + «/ + «’ ^Z-f-'Z+^Z fZ+tZ + 'Z fZ+»Z+(Z (Z-L'Z+'Z 


I 


Di'V(4<>|K»lile ) 


fZ^. 


fT 




p + ci cZ+^Z+cZ 


70. Ruled Surfaces whose deficiency is zero. A good 

illustration of the use of the Klein coonlinates is afforded by 
\ OSS s elassiHcation by anaivsis of ruled tpiartics whose deficiency 
is zero. 

1 he coordinates of a generator of a rulerl qnartic belonging 
class III., or to the sub-varieties IV. — XII., may be expressed in 
terms of om* parameter, as has bec'n shown bv Voss*, of whose 
metliod we now jiroceed to give an account. 

It every section of a ruled .surface of degree /( possesses the 

maximum number, viz., of double points, the coordi- 

nates of each point (tf such a section are expressible as rational 
integnil functions, of degree n, of one variable. 

Since by means of the generators a (1, 1) correspondence is 
estal)Iished between ]»airs of points any two given sections, it 
follows that the coordinates .r,- of any generator are expressible as 
rational tunctious of one parameter and since in general a Hue 
meets n generators of the surface we may write 

Zur Thcorie der windschiefen Fliichen,” Math. Annaten, Bd. vm. 
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^vhore the functions 4 , arc rational, integral ami 
in X. 


of degree n 


The Rank ot the surface (i.e. the degree of the tangent cone 
of any point) is 2 (n - 1); for since any tangent line 1 / of the surface 
meets two consecutive generators a: and .r + dx we have (/w) = 0 
{ijd.v) = 0, or ^ ' 


(1/4) = 0, 




the result of eliminating X between these equations is of degree 
2 {n-l) in say -F(y) = 0, and supposing y to pass througli a 
given point P, the equation P(y) = 0 is the equation of the tangent 
cone from P to the surface, wliich is thus seen to be of degree 

This result sho^vs that the surface must contahi a 

double curve of order for if B is the order of the 

double curve, since any plane tt through P meets P(y) = 0 in 

2(n — 1) lines, there are 2(n—l) tangents to the surface in the 
pencil (P, tt), hence 


2 (?i — l) = 7i(;i — 1) - 28, 


hence ^ ^ ‘ ^ ^ 

® 2 

If the parameters of two genei-ators £c and a:' which meet (in 
a point of the double curve) are X and X', since 


(a'2) = 0, (x-) = 0, (xx') = 0, 

it follows that 

S {0, (X) -</,,( V)j^=0. 

# 

t 

This last equation may be divided by (X — X')^ and the equation 
connecting the parameters of two generators meeting on the double 
curve is of the form 

^(X, V) = 0 (I) 

This equation is of degree n — 2 in X and X', thus each generator 
IS met by — 2 other generators, and hence meets the double curve 
m n — 2 points. The equation (i) will be called the ‘equation of 
the double curve/ If in it we write X = X' we obtain an equation 
of degree 2 (n — 2) in X corresponding to generators each of wliich 
IS intersected by a consecutive generator ; such a generator is said 
to be singular. 


J. 
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71. Ruled cubics. For :i ruled cubic we have 

p - = u,- + X/v, + X'Cj + 

and since {./•*) = (). it follows that 

(,/-) = {tib) = (<l-) = {(ic) = (/r) + 2 (uc) = {(-) + 2 ibd) = {ad)-\-{bc) = 0 . 
The e({uatioii ^^(X. X') = 0 i" Inu’e 

( Ir ) + i> ( /,(• ) ( X + X' ) + (c- ) XX^ = 0. 

There are two sin^odar gmerator.s given by the enuation 

(/r) + 4(/K)X4 (c-)V = 0, 
if ■^ibcyi={lr){c^‘). 

The ijuantitv X inav he so chosen that X = 0, X = x correspond to 
the two singular generatoi's: in tliis case we have ( 6 ') = (C') = 0, 
hence (oc) — (/»/) = 0. d’he e(|uatitin yp- = 0 reduces to X + X = 0. 

From the (Mjuations 

((/■) = (/r) = (c'-) = (d-) = {(tc) = {bd) = iob) = {cd) = 0, 

it appears that the lines (/,, b.-^ c,. d, are edges of a tetrahedron in 
which u, d and b, c aie ojiposite. 

Also since p . .c, = o, + r,X- + X {b, -f f/,X-) with the condition 
(of/) + ( 6 c) = 0 . it is clear that the lines u,- + c,X^ 6 ,- 4 d,X- 
int<*rsect, therefore .c meets the line of intei'section y ol the 
planes {ft, c) and (b, d). 'I'he generator which meets .r is 
obtained by changing the sign of X (since X + X' = 0), hence 
.r and intiMxs-t upon the line y, which is theretore the 
double directrix of the surface; the single directrix being the 
intersectimi of the planes (u, b) and (c, d). 

If 4 ( 6 c)- = ( 6 -) (r) the singular generators coincide, laking 
zero as the value of X which gives the singular gtmerator we must 
have ( 6 *) = ( 6 c) = 0; and = 0 becomes XX' = 0, that is, each 
generator meets the single generator and no other. This gives 
Cayley’s ruled cubic. 

72. Ruled quartics of zero deficiency. For a ruled 
(piartic of this species we have 

p . j'i = (/,■ + bi\ 4 C|X" 4 c/i'X^ 4 SIX'*, 
with the Ciinditions 

0 = (a-) = ((/ 6 ) = (c^) = (de) = 2 («c) 4 ( 6 ^ = 2 (ce) 4 (d^) 

= ((fd) 4 ( 6 c) = ( 6 c) 4 (cd) = 2 (ue) 4 (c'O + - (^d)- 

The quartic belongs in general to otie linear complex ( 7 JO 
whose coeHicients are determined by the etjuations 

( 7 a) = ( 76 ) = ( 7 c) = (yd) = ( 7 c) = 0 . 
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The donblo curve Ls of the third degree, its equation is 

(<(C) + {ad) {\ + x) + {X X'Y + {Id) XX' 

T,, , + + X') + (cc) = 0 (in 

X = 0 X = gonerators; if X bo so chosen that 

(ac) J (cc) SereLlt'c'i') I! j'i 

(«-) {ah) (ac) (ad) (ae) 


(ah) (h'^) 

(ac) (he) 

(ad) (hd) 

(ae) (he) 


(he) 

(d-) 

(cd) ( d-) 


(hd) (he) 
(cd) (ce) 


= 0 . 


(*) 

(ce) (de) (e^) 


eouftA^'’^^ equations connecting the constants, the last 

equation is seen to reduce to 

(bd) {(ad) (he) - (ae) (hd)] {'2(ad)(he) + (c^)(ae)} = 0 ; 

" 1 e the equation of the double curve breaks into Two factors, if 

(bd) {(ad) (he) ~ (ae) (hd)] = 0. 

There are thus two cases to be considered : 

= here X + X' = 0 is a factor of the equation of 
the double curve, which breaks up into a conic and a line w 
meeting c-, y is the directrix of the special complex. 

If « and x' are a pair of generators for which X + X' = 0, we have 

P = bfX + + dfX^ + 

p' . xl = ai - bfX + - d.-V' + ; 

P-Xi-p'. x( = 2X (hi + X-di) ; 

therefore a line of the pencil (x, x') is a line of the pencil (h d) 
the plane {x, x') passes through 
the fixed point {h, d). The figure 
shows the relative positions of the 
lines a, 6, d, e, j and it is clear 
that X, X meet on y while their 
plane passes through {b, d), In this 
case, therefore, the double curve 
consists of and y, and the bitan- 
gent developable consists of y and 
8- quadric cone whose vertex is the 

point {b, d) ; the surface belongs to 
<!lass V. . 

J^ig. 4. 
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(ii) If {(td)(be)-{ae){bd) — 0, the eiiuation of the double 
curve breaks iij) into two equations of the form 

X + \ =^'l, -4-., = 5; 

\ K 

wijere and B ar(‘ constants. 

In this ease, since 

p . .r, - p . = (X - V) 16,- + c, (A. + \') -f f/, (\ -h X' - XX') 

+ e/X + X'(ATx'’‘-2XX')l, 

for the lines x, x which meet upon the curve corresponding to 
X + X' = /! , we have 

pr, - P . ./•/ = (X - X') (a, + XX'/ 3 /), 

where the a, and are constants, and must therefore be the 
omrdinates ot twa intersecting lines. Similarly, since 

p . , = \* |c, + d,p + dp- + hip;' + 
where X.^=l, it is clear that 

<J . J'i - a . .I'i' = \d, + dp 4- /a' + bi(p 4- /a' - pp) 

-\-aip + p (p + p —2pp')}- 

hence tor the lines x, x which meet u])on the curve corresponding 
to /x + ^'= //, we have ;is before 

<T . Xi - a ' . ^{p- p){^{' 4* pp'^i ) ; 

So that, as in the case (/«/) = 0 , the plane of the two generators 
through a point ol y pusses tlirough a fixed point, and we have 
again the class V. 

In the next place if 2 (m/) (^c) 4* (c=)(«e) = 0. the complex 
(7.7 ) = 0 is special, but the equation of the double curve does 
not factorize ; hence we have the two following cases : 

(i) 7 is a sim[)le directrix of the surface, and therefore does 
not form part of the double curve which is the general twisted 
cubic ; and since 7 meets all genenitoi-s, it meets those which 
intei'seet, hence the envelope of the bitatigent planes is the line 7 
taken triply; this gives class IV. 

(ii) 7 constitutes the double curve, and the bitangent develop- 
able is a surface of the third class ; this gives class IX. 

In (i) tliere are three generators in each plane through 7i 
in (ii) three generators meet in each point of 7. 

If 7 IS lUelJ u generator, let X = 0 represent it, and then since 7 
meets each generator, we have 

(a-) = (a6) = («c) = {ad) = {ae) = 0, 
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ciea, that t«o singular generators now coincide with a (or 7) As 

e me Me take \ = 00 to represent one of the two other sinouhir 
ceneiatoi's, in which case we have (ce) = 0 . ” 


The equation of the double curve is here 


(bd) + {be)(X-hX) = 0. 

There are two cases: (i) the generators which meet in a point 
ot the double curve lie in a plane with «, the I itaugeiit develop- 
able consists ot the hue a taken triply, and tlie double curve 
Dreaks up into a and a conic c=, which gives class VI. ; or, (ii) the 
generators meet in a point of a which constitutes the’ double 
curve and the bitangeut developable consists of a together with 
a quadric cone, which is class XL 

It has been seen that the surface belongs in general to one 

hnear complex ; if however, there exist six linear relations of the 
form 


Aai -f- Bbi + Cci + Ddi 4- Ee^ = 0, 

the surface will belong to an infinite number of linear complexes. 

The double curve consists of the two lines 7, 7', which are 
given by 

(7') = (7«) = ilb) = (7c) = (7c?) = 0. 

In the present case the surfice may have a double generator, 
VIZ. when two distinct values of X give rise to the same generator; 
as before we may take the values X = 0 and \ = oo as relatin^^' 
it ; the generator x is then given by 

p . Xi = ai + biX + eiX^ + diX^ + 
and the linear relation is then ai = ei. 

From the identity {x^) = 0, we have the system of equations 

= {ab) = {ad) = {cd) = {be) = {¥) + 2 {ac) = (c^) + 2 {bd) 

= {d^) + 2 (ac) = 0. 

The equation of the double curve, which factorizes, is 

{ac) + {bd) XX' + {ac) X-X'- = 0. 

This gives class VII. 

There are two subvarieties in which the lines 7, y coincide; 
one arises when {bd)^ = 4 (ac)-, in which case the double curve 
becomes 


\X' = 1, 


[CH, V 
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hence for two generators x \ ./ which intersect, we have 

,3 . + h,\ + c,\^' + f/A' + 

P • + C,\- + r/,x 4- a - ; 

p../- -p'../’/ = (X-x^‘)(A-^/,), 
iho gerierators ./■, j./-, tlierefore. intersect upon the line 6, and 
n in the same [^lane with it. llie double curve consists of the 

double generator I/, and two indeHnitely near linos This 

gives class VJII. 

The second subvariety occurs when (oc) = 0, we then have 

(r/'j = (o/>) =(,,c) = (u^/) = (/P) = ((/-■) = (cf/) = (M=0. 

I he lines u, b. f/ all belong to the com])lex (ca') = 0, while 

(t meets bdth h ami d ; to the same coinjilex belong the lines 7, 7, 

whieh must therefore both coincide with a. This is the class 

which has a double generator in coincidence with two indeHnitely 
near directrices, {.e. class XJI. 

hinaliy, the surface may belong to an infinite number of linear 

comphxes and not possess a double geiierattir; of the two lines 

/, / one is .1 tiiple and the other a single directrix; this gives 
class X. 


CHAPTER VI. 

THE QUAUHATIC COMPLEX. 


7a V hen the equation of the coini)lo.v, /{.,■) = 0 is of the 
econd degree ,n the coordinate.s, tl.e co.nplox i.s calle.l quadratic. 

that I T® employed in Cliapter II., it is seen 

cone through any point form a quadric 

. nd that the lines of the comple.x in any plane envelope 
a curve of the second class. 

The general quadratic expression in six variables involves 
teims, but, by means of the identical relation w (./■) = 0^ it 
may be deprived of one of its terms without loss of generality; 
so that the quadratic complex is seen to involve ID constants! 

It will be shown in Chapter XL that /(^) and co{a.’) can. in 

pneral, be brought by the same linear transformation to the 
lorms 

-f- -f 

A-j- + + a;./ + X 4 - + respectively 

This canonical form of the equation of the quadratic complex 

will be generally used in the present chapter. With this form 

of equation it is clear that if x belongs to the complex, so also do 

the 31 lines associated with x, (Art. 14); hence the polars of the 

ines of a quadratic complex (X.^:^) 0, for a fundamental linear 

complex, belong to {\a^) = 0. 

This is a characteiistic property of the fundamental complexes 
/(^) ; for if L, or (lx) = 0 , is a linear complex such that the 
polar line x\ with regard to L, of any line x of the quadratic com- 
plex /(a?) = 0 , also belongs to f{x) = 0 , then, taking (o{x) = {x^)^ 

, 2 (lx) 

p,Xi= Xi -H alu where a-- -rj — , (Art. 20), 

The complexes which appear in its canonical form may be called the funda- 
mental complexes of / (a:) = 0. 


and 
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if f {y) = 0, we have 

+ -¥ a'- f(l) = Q -, 

and, since / (.r) 0. 

(■/, - (/=) 

If tho last o<|nation holds for evenj line x of /(.r) = 0, it 

follows that 

c/ 

= K . /,, (t = 1. 2, ... ()). 

oh 

These eijuatio is deterniine .six values of /^, an<l hence six linear 
coMijilexes which have the reijuired property. The cipiations 
s(?rve, therefoi(‘, to determine the fundamental complexes of any 
quadratic comple.x / (./ ) = 0, (a-) = 0, where /(./*) is general in form. 

Any given (piadratic complex or /(.r) = 0, possesses two 
lines in every plane pencil (*1, a) af space, viz. the intersection 
of the plane ct with the complex cone of A (or the tangents from A 
t<) the complex cfUiic of a). In any regulus A, B, C there are four 
lines ot viz. tho.se <letermined by the equations 

((/j ) = (), (/;x) = 0, (c.r) = 0, /(a-) = 0, w(./ ) = 0. 

74. The tangent linear complex. The linear complex 


rV 


(i). 


■^2 
3 


+ X = ° 

is called a polar complex of f for the line x* ; if x belongs to ( 
it is .seen that this complex contains x, and every line x-\-dx tif C 
consecutive to x, since 

(■'■ t) = "■ (E ® ^ 

the complex is then called a tangent linear complex of C'. 

(3n any line x of C- a correlation is established between its 
points and its planes //, sucli that u is the plane whose complex 
curve has A for point of contact with x, while it is at the same 
time the tangent plane along x to the complex cone of A . Hence 
the pencils (A, ti) belong to every tangent linear complex of x, so 
that each ot these x ' complexes determines on x the foregoing 
correlation. 


w p) \A here taken as (x-); for the general form of w (x) the polar complex ia 
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the quadratic complex 


The special co.nplexes of(.) arc g,ve„ by the le., nation 

?/ 




which, since a- belongs to reduces to 

tE) = 

hence in general the two directrices coincide witl. a. 

75. Singular points and planes of the complex It 

wdl now be shown that the complex cones of the points of a 

certain surface ch. break up into pairs of planes, the complex linos 

0 such a point therefore consisting of two plane pencils ; while 

t e complex conics of the tangent planes of a surfoce break up 

into pairs of points, so that the complex lines in such a plane form 
two pencils. 

Let be any line of it will be shown that the complex 
cones of/ow?- points on x break up into pairs of planes; for if 

is one line of a pencil which belongs wholly to C\ the 
following conditions must be satisHed, viz. 

/(a; + fia) = 0, for all values of while lo; = 0. 

rpi • . . dx,- 

J-tiis gives the following four equations: 

do) 

dxi 

If now a be that line of the pencil which meets any given 
d(o 

~ 0, and the coordinates of a satisfy the four 


V V J 

/W-O, X„,g.o./W.O, 


line b, Sa.- 
equations 


dbi 


-"‘-0? = "’ 2a.a^.=o,/(«)=o. 

Hence the lines a are those common to a regulus, and the 
complex G\ and are therefore four in number; we shall denote 
them by It has therefore been shown that on 

every line x of there are four points Ao, A^, A^ called 
^fgular points, whose complex cones break up into a pair of planes ; 
Since this is true in general for each of the oc» lines of G\ the 
locus of such points is a surface of the fourth degree which we 
may denote by Oi. 

Again in each of these four planes {x, a') since there exists 
one pencil of complex lines there must also be a second, i.e. the 
complex conic in each plane consists of a pair of pencils ; hence, 
through any line x of C- we can draw four planes /9i, ySs, /3i, 
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callfd stnrjtdttr jihf/ies, for each of whicli the complex conic breaks 
u[) into two popcils; the envelope of these planes is therefore a 
suiia<-e of the J'urrth chifts which we may denote by It will 
shortly b<‘ shown that the surfaces O, and <l\ are identical. 

76. Sing^ular Lines. No two of the four lines r/’ will in 
general intoiscct, since they belong to the same reguliis; if they 
d(» inter.seef. so that for instance and ^l._, coincide or/?, and 
e()ineide. the lognlus must break np into two plane pencils, for 
wide h the coiMlnion is that the discriminant of 

\ <lfi C.r,- cKr,/ 
shonld he ■/.v\i> (Art. .">!)). 

It = this condition becomes tliat the discriminant of 


slionhl vanish or that 


^ < 

1 ( \l)i + /X + Jf.ri 

(\r: 





Ill this ease the lines a whicli satisfy the equations (ar) = 0, 

?f\ 

= t), (o6) = 0 consist of the two pencils 


(I : 

e.r 


on 6 : 


through b. 


(i) that which has for its plane, and its centre 

(ii) that which hjis ^.r, for its centre, and its plane 


For the general 


form of 


w (x) the condition is that H 
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The lines a\ ; „in, „.v ,,,, 

respect., ve pencils. Thns two of the sin.,,],,,- p'oints .1, .sav .1 1 

con,e ,nto eo.nci.lencc and o/.s-o two of the ,, lanes /j?, c..,. A and 

0 that we have on a- the sin^nla,' points A, .1„ A. and tln^onol, r 
the singular planes /3, A, 0,. " 

A line .r of for which is a line, thus touches cp. at the 


and IS the intei-.scction of the plane-pair of 
A ; It meets cp, i„ two other points A„ A, which form the point- 

pair for the tangent plane or of <P,. Such a line is 

called a singular line of (7-. 

Taking 2X,-.r/- = 0 as the equation of C'\ the singular lines are 
given hy the equations 

:£x = 0, SX/vv- = 0. 

77. Singular points and planes of any line. On any line 
Het its points of intersection with O, be .-I,, A.,, A„ and let 
the tangent planes through it to be A, /3,, A, '/3 , ; let the point- 
pair of/3j be Bi, Bi and their join bi, &c. ; let the plane-pair of .-1, 
he ai, a/ and their intersection Uj, &c. Tiien it is clear that the 
eight singular planes a meet the four lines b in the points B, e.q. 
the plane meets the plane {I, b^) in a line through which 
belongs to C~ and hence must pass through B^ or B^\ since all 
lines of C- in (/, hC) pass through one of these points. 

Thus through each point Bi there pass four planes a and 
through B ' the other four planes a; similarly in each plane a 
there lie four points B ; so that if we take three pairs of planes 

\ cf/ they exactly determine the eight points B\ 
let the notation of these points be determined as follows : — 

Bi = (ot/a.ag), Bn = (aja/aa), B^ = (aiCt^a/), B^ = (aia-^cts), 

-2/ = (aiOTaV), BJ = (ai'cf2«/X -2/ = -2/ = (a/a/a/). 

Then it is easily seen that the only possible remaining arrange- 
naent by fours of the points B, so that no three of them are in any 
of these six planes a,, ... is 

(b,b,b,b:i {b;b:b;b,). 

Calling these planes ol^ and a/, we have the following arrange- 
Wient of the points B and planes a ; 
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•/A', 11,, ba a; = (B„ b:, b;, js/), 

a, = (B , . a; = 

a , = ,ll„ B , , /y;, Ji ^ ), a; = , 

a. = (/A, B„ B,,. b;), a; = (//,'. B.:. b;, b,). 

(■()n>i(|(J' the tctialiodi'un whose vertices are B,B,B'B - 

tile planes joinipg ^ to its vei'tices are respectively P,, y3.,, /3,, • 

jumI * 

1 

the plane fiiroMeh BJl.B: is a/, which meets I in A,- 

' 

.. « s4.; 

B,B.,Bj „ a., __ 

(I' liOf, l>y vini ^ t liroreiii. (Art. 12), 

(/^.i /i-. = (A,, A,, A,, A,) = {A,, ^ 2 , A:i, A^). 

Finn, thi. ix-mlt thr i.],,Mtity of tho surfaces <l>, and <!>.. follows 
'■'‘m..diatrly, f..r ‘1 ^ tourh-s d>,. rc. if two of tl.e points A coincide 
ot rlH. pianos /3 must also coincide, />. I touches c\k, and 
u\<j.s(l\ , heiic* d>, and <!>._. luive the .same tanoont lines and 
»'"ist theivfore !»■■ idontical. The sniTice <i>. with which <l\ and 
comedo. ,s known as the Singular Surface of the coiui)lex. 

78. The i.inatity of tl.o surfac-os a,ul <P, als<. from the fact, that 

^ s a sin-nl;,,- ],i.e ol ( the phmo (.r, A.^), „r t<mchcs at P tlie locus 

sin. fill '*!■ ^ point P' consecutive to P, the 

•''iij^iijnr line <-tirres|ioii(lin.f to p‘ lii.in.r »-j_ ; *> v i -i 

foliowv f).* *1 •' 1 - ^ then since l\jriihi = 0, it 

I'ltci-il 't\ /*,' ^ ■'' + ^7./-, A(.r + (/.i ) fon„ a twisted (luailri- 

.lisfui’ "'*r 7> 1- *''*'• '"‘der of small quantities, the 

liliiie *te any ])i)int. on a line /, ir any 

L ', . I T""^! ' /■ to I and the two 
''■'I'lex lines' nl the pencil (P, these complex lines must be 

^ + fill and / - /ii/ ; 

cxpicssiiig tljiat they belong to C'-, whose ecpiation we take in the 
hniii (\.c^) = (j), we have 

(x/»)=o, (/«)=o. 

f 

Jlii.-ha, '’’i. ''’2 s'lowii by Pascb, Utber die Brenn- 

Ihi. 7(;, H j5(j7 ^inm^iiriliHenjVichtn (Ur CompUx^; Crellc, 
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The first equation gives the values of a for wLch / + „ i 

V tlin I f I it I must also meet 

pola. of I for the last complex (Art. 2i), t/hat Ls, it meets 

M’here = 

But for different position.s of F, all the linles a i„ ^ 

through the pole of ^ for the complex conic of J, so that T nn 
pass through this pole. ' 

Hence we have the following theorem, the loc(\ts of the poles of 
I ro^th reference to the complex conics of planl thronf! I i, a 
straight line I , called the jJolar of I with respecU to ci 

The coordinates of I' were seen to be f - xflJ, where 

«=2(X^'). I 

(m ’ I 

so that if I belongs to C=, « = 0, and I' coincidesi with 1. If both 
(\P) and (M=) are zero, any line of the pencil (I, jxl) is polar to 1. 

If ^ IS situated in the plane at infinity, the plalres through I are 
parallel to each other and we deduce the result thlat the locus of 
the centres of the complex conics in a system of paUllel planes is 
a straight line, which is called a diameter of the conaplex. 

Considering again the system of singular poin'ts and planes 
connected with any line I (Art. 77), each of the lines a and h is 
singular and satisfies the equations 

(\A") = 0. (XV) ==0, (^■) = 0, 
from the last two equations we deduce that 

is an equation satisfied by each of the lines a and' h, hence the 
eight lines a and b meet both I and its polar I ihv C\ 

Referring to the table of Art. 77, it is seen that B; and B, lie 
on both oil and a.!, hence B^'B.^ (which meets and b^), meets 
a, and similarly B,B.' meets a, and so that the lines 
h„ b, being met by I, l\ B/B, and B,B,', lie on the same regalZ 
Consider the linear complex K determined by aj, b^\ a.., b.^ as 
pairs of polar lines (Art. 31); then in K the polar of is b.^, for 
a/ contains the lines .B/Rg, B/Rg which meet a. 2 , b..\ a,, 6 , respec- 
tively, hence its pole is Bg, and contains B,B,\ BgBg^ hence its 
pole is Bg', i.e. a^ and 63 are polar lines; similarly and 64 are 
polar lines in K, 
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> and of A, is /3„ whence we again see that 
p*l,. - 1 ,, . 43 . = 


'i Ii(*ro ;irv thiTf 
ill A" the 


... A"' 
... A' ' 


■ otIuT .sueli linear comnlexe.s /{-^ /{" a'-" . 

pairs of lines n,, A • ,, / , 

1' - ’ "1 ’ 'A » 1^3 are jfolar 


• V 

"'l- ^ : «... />, ; (/,. i, 

Tl„. ,,„i,„s ,1 / ■■■■■ "" ■ "'• ''I ■ ' 'h- l>, 

til.- |, lanes ‘' r -' ■ •” -'t I'fi'ies in these four coiii|,le.xc.s 

res|i(vtivelv, whichl I ' '^;o A. 

.sh..«s tl.at tl.e four . oiui.le.xes arc u.utuallv iu involution. 

80. The siJ 

and third ordf complex of the second 

thr cMiutl'”' ' th.-tt the lines which 

1 ‘*'1 ions 


An 


) = 0 , Sa ■■■ = (), 


bcloMf^ to u, . . 

of f'=. '•■■ ■ j P’"'’'* ^'"facc <I>, the sinffulur s„r/„ce 


^ I 

'I'llC |>nint;,jj 


hich .r toin lics <I) was .seen to be the intoreeetion 

A ^ 


of the line.s a- 1 ^/' 

. , ; t*iose lines being the tangent 

r>fane at thef ^ 

'-‘'I'latiens aref *'*'*'■ ./ its canonical form these 

Thesinouf = (^=.'-) = 0. 

ati'l foiirtlw.,|'?' ,’".'‘^'\!*'"'’ P""’ '* confrruence of the fourth class 
the conoruoiif ’ '"’"S' '>'0 point there pa.ss four lines of 

toe touel.e.] 1 ; ' ''I P'-'*"® ''"''f'-’i'is four of its lines, which 

line .;• tuiicli j- ' ■ pencil oj planes through a singular 

cotuplcx r of 'T • t 

. a .sutgular line, being Vy, (| +^..j = 

belongs to the pencil |) . so that the point 
o polo in r for any plane through .r; but the pole of 

ia'L ^raud^rr''^^'"’;. "* + ^1'" line 

> r.e. the point of contact of a: with the 
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c„v, ,J p,.„ 

coincide witii f.r, ] conuct 

V ’ d.vJ ‘ ^ 

singliu' Ihts *v° 2 . 75, 70 which give the 

/(«) = o, (.0 = 0, (4).o, /(.) = 0, 

Ime also _/ = q, it is dear that one value of « j., 
£+f^. so that one of the ,ioints A„ A, must .oincide with d 

I cZlfsVST si that te hf^t ” ^ 

pHncipal tangent'" r all is a 

lines of inH ^ obtained whose tangent are singular 

curve all the tangent hues of 0 belong to 

of th”e four ingular lines 

ot the plane and has apart from them 2 4 3 - 2 4 16 com,,,. 

angents with the section of cl> b, the plane ' Ech of th:: 

of <!rtaer Pwnt 

... a point of the above curve; thus any^J^me meets 

this curve m 16 points, f.e. the curve is of the orfr 16. 

Lines whose coordinates satisfy the equations 

(Xa;‘) = 0 , (XV) = 0 , (XV) = 0 

are termed singular lines of the second order (Segre). 

If m addition to the foregoing conditions we have 

3, MW=». 

where y is ^ , it is easy to see that 2 or, everr, 

line of {A, fi) is singular ; for since ' ^ 

¥jf±py) df(y) 

it follows that 9® dy 


2 mi±py)V ^ (dfv df df / 
la (a., + py,)\ ^ [s~J + 2p2 g- . gZ + ^.2 


-0, ,T 
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x' ^iM.Ain (OMPLFX yj 

It is clear i *’'!* *""/ polar plane of A, is 3 of 

CopUmar oi- cont ' liJicni- oomplfxc.s K\ K“ {{ ■ 

1 11- ■ . L . „ 1 

'lilrh Ill'S Hi tin * ■’ 1 • ".n •He jii)lai- 

' ^ ^ ^ h, 

f {••' + pU ^'i ; ''i- />., ; (/g, A 

tp />e„at i.,, : ,:t„ ,1.. 

-^.nr .lexes a,... ..Cuall/i,, 

zzrz^ 




at two distitu’/ f; 

= -(/ =0 

each litic of 1 ^ 1' 

■"'<rf,Ce <|., tlie 

■seen that, the,,,,]'^/ i'>" 

tin- foiiiplox 1 < V- ’ **"* 1*'*'“ tlu'.so linos bcin^K tin.* tangont 

tllit IjOlIlf 1* .* 


« 

tin* tour t:iii‘»^ ji‘»)iit. I’akiiH'' lor /* ifo • ^ 

^ y cationical form those 


(^r-’) = o^ ( W) = 0 


It will 1 
tangent ]»lan 

Takit.g flat lines lh„,s form a co„^,n,enco of the fourth c/u.s 
lilies given ?.e. through ai»v n<>inf tU . ouitiictfw^ 

• Ki an^^ plane contains four of its lines, which 

are the tan; ' ^ t-onic of the plane, 

mined: if Ac./* cemW i/j fl,^ ^ . 

lo-M- e,|natiom ,V,, of coi<nc< K.fa r'' “ 77"''”' 

to the (coni .* tangent linear 

one of thes’‘ being = 

ami all the . . ^ « / 

.1,™., Ii„<, '« •• 11.0 l.o»cil (,. », 

]) of c|>; a^ , . ^ 

complex lii'' *’■’'■ ^ plane through .r ; but the pole of 

Lines ( the intei'section of -owJ v. t / .i . 

(8e<Te) “ ^’and C- {p tl ■ ' ■ ^ 

(he,ro). C , re, the point of contact of ,r witi, the 
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" "'"V",/? i.o«r»- If .1.0 

coincide with i--'] ' . <• 

W traiKsfonn to 

/<«)=». .00^0, 


^ve have also 




it is clear that one^yP^ip-^^O, 


0/ 

so that one of the points A„ A, must 
or one of the pencils of complex lines in 0 is (A £ 

A, and two planes /3 through viz. /3 and /3,: ! 

coincide. Thus x meets cji in three consocuti\''''*'^^^»'"2i=0’ 
principal tangent to <P -inf) oil ft 

linoc A ° ^ (A of anv Doint 

lines. A curve on d> is thus obtained whos. i,„point on the faL of 

« 


on 


line. A 7- ’ ^ i*nate.s of any pt 

lines of r-s ^ obtained whose tangl’°i‘“ ‘l‘e face, 

lines ol C and principal tangents of cl> ■ ^t es ''' 1’"'“^ E 

curve all the tangent lines of <I> belong to Ci 

In any plane the complex conic touches the four ' 
of the plane and has apart from them 2.4.3-24 
angents with the section of cj) by the plane. ' E''‘ reference 
16 lines touches $ and is not a singular line of 
0 contact IS a point of the above curve; thus a’ny 
thi.s cuive in 16 points, i.e. the curve is of the or("“«"’*'’V; 

Lines whose coordinates satisfy the equations f"™. 

(Xiri) = 0, (\^x^) = 0, (XV) = 0 

are termed l^nes of the second order (Segre). There ! fs ‘a 

If in addition to the foregoing conditions we have^ PO'nt, a the 

2 / y(y) y_Q ^ we have 

Pt/" ' 

where 3/ is ^ , it is easy to see that 2 = 

Uw of (A, 13) is singular -, for since '.-oportionality 


it follows that 


^f(^ + py) _ df{x) df{y) 

dx ^ dy ' 


- y ~ 9 u ' 

d{x + py) 


'i W{^3-py) Y ^ /dfv „ ^ df df / 

|a (Xi + pyi)\ ^ {§f) + ^ ^ + p-l ^>ahedron 

. df ^ from th 


= 0, if y, 


¥ 

dxi ‘ 


of 
these 
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- U-^i 


- y^x, 

yaX, 

“ !h 

yi 

-yi 

ya 

“ y-i X.. 


.74 X, 

~ ytXa 

- }h 

yi 

yi 

-ya 

- .73 X^ 

yA, 

y^x. 

~ yiiXj 

- y^ 

yi 

yi 

-y-i 

- y^x^ 

- yA, 

y.X4 

y:iXj 

- y3 

“ yi 

y. 

ya 

~ !hX^ 

- .'73 ^ 5 

y-jXj 

yi X.-. 

- ,74 

-ya 

y-^ 

yi 



“ y-jX,; 

//l X.; 

- /A 

ya 

-y.' 

y^ 


a.. 



0 

0 

0 

0 

0 

0 

0 

0 


0.. 

<^3 

fA 


I 

This <!oteniuiiaiit is divisible by + a.y, + ^3^3 + after 
di\isioii by it is cftected, the expanded form of the eiiuation is 

~ \W) { ly-)- + (XiW - x.XjX,) (//f - j// - yj- + ^4’')' 

-f- (XjXiXj — X .X:,Ag) ( »/(=— 4- y.- — y;-)- 

+ (XA:,X5 - X, \^\,) (;/,2 + t/J 
+ 4 (X,X,X., - X4>3X„)(y, y, - '/.,.y4y-‘+ 4 

+ 4 (X;,X4X..- X,X,,Xfi)(y,//4 -_y,_y3)-+ 4 (XiX-.Xj - X:,X*X,t) {!/ 2>/3 + 

+ 4 (X3X3X., - X,X,X4) (y./A + 4 4 (X,X3\4 - X.A,X«) ^3^4)'^. 

Finally writing 

Xj “ Xm = Xj + X., = o.,, 

\| — X4 = /;, , X3 4* X4 = />3, 

X5 — X« = (’, , X5 + Xs = C3, 

</,/>, Cj = , 

<0 +c,--(A.-c3y-'j = 25. 

//. =2C\ 

+ ^i' — (f/._. — b..f\ = 'll), 

(/i* (}>.. — c.,) + — o...) 4- c,-(o._. — h^) 4- (b., — c.y)(c..—it.i){a^—h.y)=~ 2 IC\ 

the e4|iiatii)n ot the singidar surface assumes the form 

.1 ^>J;* + inau^y.? + + 2C (2/,= + il) 

+ = •> (I)- 

It is easily verified, that between the coetticients of this 
equation the following relation exists: 

A {A‘^ 4- - 5 -‘ - - y>) 4- 'inCD = 0 (II). 

No utlier relation liolds between A, B, C, D, E. 

Ihis suilace may be shown to ])ossess KJ double points; for, 
the eipiation.s to be satisfied by the coordinates of such a point 

a k M 


are 


+ yi (%a' + f Va' 4 4 Eif.^xj^xj^ = 0, 

•'ly/ 4 i/2 (5yr’ 4 Cyi' 4- Dxfi) + Ey^x^j, = 0, j jj. 

4 xj, (Bxj: 4- < '//,-* 4 %./) 4 5'i/, //3i/4 = 0. ‘ 

4 yA(Bxf.Y 4 Cy^- 4 DyY) 4* Exj^xj,,y^ = 0. 
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togther .i.i, „,e 

log 00). tivo o( the coo, li, nates negatively (.te Art. U) ' 

^ ^ we obtain from them ^ 

(A + B) (y,^ + y/) + (C + D) (y/ + y^^) = 

ViV'! ’ 


whence 


O ^ < 7 - 

{C + D) (y.-^ + +(A+B) {y,^ + n = „ ^.±EC 


(A+BY+ E^-{C+Df=^p{A+B)( b- ). 

similarly y^'yA'^ 

{A~Bf + E-^-{C-Dy^-p(A-B)i ^ + i_ 


or 

wliich ffives 


(_±±Bf + E-^-{C + Df A + Ti 
{A - By + E-^ - ((Trjjy: + XL ^ = 0 ; 


A(A^- + E^-B^-C--D-) + 2BCI) = 0-, 

and this condition has been seen to be satisfied. 

Moreover if we write 

'® = "' “S . C'=/I co,s ZI = gl cos ^3 
the identical relation between the constants beconic.s 

" (f ) = ^ ^ dg cos S, - C0.s2 di - C0S2 e, - COS^ 0 ^ , 

and It is easily verified that one solution of cquation.s (III) is 

ay : ay : a/ : a/= -,sin,« ; sin(.g-di) : sin(g-«3) : .sin(.i-d,) 
where 2s = d, + ^3 + 53. 

Ihe equation (I) of the singular .surface can also be obtained bv 

expressing the equation = 0 in terms of PlUcker coordinates^ 

{Art. 81), and then finding the condition that the complex cone of 
the point y should be a pair of planes. 

The complex equation of Art. 81 when expressed in terms of 
the coordinates 7r,-jt (Art. 4) has precisely the same form, viz., 

^’12 + TT,./) + /'j3 + TT-j^S) ^ 

+ 2fi?7r:«7r,, + 2e7rj,7r,3 + 2/7r.js7ru = 0. 

From this it follows that the singular surface, being the en- 
velope of planes whose complex-conics break up into point-pairs 

• 7-2 
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'.II iK.vo ox,-Y.tly the st.no fonn of equation in plane- as in 

p.unt-co„t,|,natc., so that <I> ntnst have Ifi singular tangent planes. 

1I.C .|uart.e surface winch has Hi double points and 10 singular 

ta..gent planes is known as Kuunners su.face. It should be 

.ioticed that th.. coordinates of the 10 double points are the same 

those of the Hi singular tangent planes and form a system 

a ieady ,hscusse,|, (Art. U), so that through each double “point 

ttieiv pass six singular tangent planes and in each singular tangent 

pl;.'.e there a,e stx double points which lie on the (conic) section 
ot rho surf.-UT hy tlie |>l;uie. 

'1 liiK* ^ of ;n,y line wit), re^^,nl to the (in.-ulric 2«,A-=0 is 

^'iven l.y tl.e e.,u,-,tini,s ' ’ 

= (Art. -Ifi). 

It f.tllows th;..t if p,^ l.elnn;,rs to the eoinplex C-’, or 
it> I-nlar With I'e-ani to any one of the (tnadries 

belongs to r--'. + = a 

1 he polai n tif a line p,i , for the runulric 
i'< giv'-n by the e.|uations, = 

f>f the iiinilH'**' **''**^ belongs to its polar line with regard to any one 
also belongs to C-. 

f- • rf* ’• whir!, iKcur in the ecpiation of the singular surface of 

roou'l. cpiadrics connected with the fuudauienLil linear 

t<»mplexe.s, (Art. Gly 

3. Double tangents. The line y whose coordinates are 
,.r, +^/. whore x is a singular line, is a tangent to at the 
point (.r,x,r); and similarly each of the 32 lines z(Mv + /w,-) is 
- ic 1 a tangent to O, If one of these 32 lines y belongs to a 
tmidaniental complex so do all the others. If (>, tt) is one of 
ose .2 pencils, 15 centres of pencils and 16 planes of pencils 
belong to the closed system determined by P, 15 of the planes 
and 16 of the centres belong to the system determined by tt. 
oin to the poles P ^... P , of the fundamental comple.xes in tt, 
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‘'T;r ’'’1'“ 

pencil p ,, .“Xr/Tl,!!, P ”"'“7 

1 !■ and therefore is 'i dn.iKl. t m tims / -I touches cl> at 

point of cp ,ve can d aw H -O’ 

belongs to « fiindomoii'lnl con,]JeV ' *" ““i »f " bi' li 

\xi + fiXi = P 

" hence ge„o„| , „j ,,. , 

T,:: p 3 si::':'”' 7 = r ■«' 7:7 

btungent lit,, .henefocc L„„. .„ 


for since 
therefoi’e 


= = (HO; 

^ y, =0; yi. = (A^._X,)..r^,, 
y* V /\ > V *i ♦’ 

^ \/.rr - X- v^..2 ^ Q 

1 1 


V 

/c — Xj 


e.e are thus six congruences to which bitanoent lines 

bel mg viz^ those obtained by giving to i the successive values 

1, ... 6. Hence </ie double tam/euts form su: congruences of the 

second order and class, a fact also deducible froin consideration 

of the 28 bitangents of an arbitrary plane section of cp, which 

consist of the 16 intersections of this plane with the 16 sinanlar 

tangent planes and 12 others which pass in pans through the 

poles 0 the plane with regard to the fundamental complexes 

Hence the double tangents of a Kummer’s surface form six con- 

giuences of the second order and class, and each congruence belonqs 
to one fundamental complex. ^ 

81 A Kummer's Surface and one singular line determine one C'^ 

In a closed .system of 16 point.s and planes, two of the plane.s intemeot in a line 

containing two pomt.s ot the system ; if two such planes are n and g and two 

such points gl and B, we have six planes of the .system through .1 and six 

planes through B, (including in each case a and H ) ; this leaves six planes 

of the .system ; hence there are six points on AB through which three planes 
ol the system j)a.ss. 

Now taking any tangent line of as a singular line of the complex to he 
determined, we know at the same time 31 other singular lines, the simmlar 

point and plane for each singular line being also determined, and we Irive 
two closed systems of 16 points and planes. 

If P be the point of intersection of three planes of one system we know 
SIX complex lines for P, viz. the joins of P to the points /I, and A., the centres 
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of tlio in o.'icli of the three planes; hence the complex cone of is 

(letoi niined. On the intorsectiun of two planes of one of these closed systems 
thfie are six siuh jK)intN I\ therefore the complex conic of any plane through 
the line is doter.uined ami therefore the complex cone of .any point of the 
line. 


Lastly, anv art itr.irv plane meets all the 120 lines (»f intersection «»f the 16 
jilaiirs of eith'-r >vstt‘m, and hence we know 2-40 tangents in this plane, and 
tlierefore the ct»mplcx conic of this arhitrary j>lane. 

It h-llows that a K'ummer surface is the singular surface for x ' quadratic 
complexc'«i, Ni/. thos«‘ tlnis determiiiod Ly the pencil of Lnigont lines at any 
point ; heiua' // l\ n m nf')' .stirtui't’ 1 8 

d'hc*n* are two quadratic? eoniplexes which cont.ain a gi^■en line touching 
at a point /', vi/. the complexes determined Ly the prim-lfMif tangents at P 
(Art, ^0?. If the Knmmer surface »1> and one line .r he given, we can construct 
frpur complexes which contain the line and have for singular surface ; for 
draw thi'oiigh one of the four tangent planes « to <l>, and let .r meet <I> in the 
points .1 , .1., .1 , .1 j : oaf of tln'>e jioints is a singular point for n, so that if 0 is 
the p<ii(it <if eont.ict of this plane witli <I>, the singular line througli ^/niust 
pass tliroiigli one r>f the points A \ thus taking in succession (fA,, Odj, 
(fA , as singular lines, we e;in hv the prcc<*ding method i-onstruet four complexes 
which contain ./•. 


85. The singular surface is a general Kummer Surface. 

The general Kuintnor sin facc* is the most ^enenil (piartic surface 
whicli possesses Hi tiodes, and it will now be shown that the 
equation of such a surface is reducible to the form (1) of Art. 82. 


'I'Ik' enveloping cone of a surface witli 10 double points whose 
vertex is a double ])oint, is of the sixth degree; if one of the 
double points .S, be joined to another N,'. t'vo tangent planes of 
the tangent cone to tlio surface at <8/ through S^S^, hence 
*S’,8V is a double edge of tiie enveloping cone who.se vertex is *S,. so 
that this enveloping cone has 15 double edges; but an irreducible 

5x4 


Cone ot the sixth degree can have only 


, i.e. 10, double edges, 


hence each of the enveloping cones whose vertices are double 
points of the surface breaks up into six planes; each such plane 
touches the .surface along a curve which is necessarily a conic. 
Therefore through eacli point *S' there pass six singular tangent 
planes and through each pair of points S pass two singular tangent 
planes. A singular plane <r through a point S is met by the five 
other planes <t through S in five lines on each of which a second 
point S lies, therefore in each plane a there are six points 6, 


• This surface was investigated by Kummer in papers published in the Mouals- 
berichte dtr Akadunie zu Derlin (1804), and the Abhandlun(}en der Akademie (1860). 
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(which lie on a conic). Through each of the 15 joins of the 

paints S in a plane a passes one other plane cr, hence there are lU 
planes u. 

A consequence of the above arrangement is that on the inter- 
section of any two planes a there lie two points S. 

Two planes a contain 10 points S of which two are common to 
them, and through one or other of two points S pass 10 planes a; 
let and be two singular planes and .Tj one of the six planes 
which do not pass througli the points S on the intersection of 
and take a*,, a-.., as coordinate planes, then on each of the 
edges A^A.^^ AjAy lie two pairs of points S and taking in 

each of these planes one other point of their conic of contact with 
the surface we obtain nine points througli which can be described 
one quadric ‘T’ which contains these three conics. 


It follows that the equation of the surface must have the 
form ^— 16 KxiX.,x^Xi = 0 (I.), 

and of which, therefore, x^ is a plane a. 

Taking for 'P the most general quadric, we may write, 


T" = .Tf -f- x^ -f x^- -f- xi^ + 2ai.2XiX.i + 2a.^x.^x^ 

-h 2ai2!^iX.^ + 2a^x.2Xi 4* 2ai^XiX^ -I- 2u23A’2'2^3 ; 


in each edge of the tetrahedron of reference there lie a pair of 


points S, for instance, in the edge 
A^Ai there are the points S.^, S'-^ 
whose coordinates are (0, 0, 1), 
(0, 0, a'34, 1) respectively, where 
®34» the values of xjx^ 

determined from the equation 

+ 2a:^XiXi = 0 ; 

hence • a'w = 1- 

Through the line 8^^823 there 
passes a singular plane a in 
addition to the plane a^, and the 
line of intersection of er and 
contains two singular points, which 
respectively, say the points 8\2, 8u, 



Fig. 6. 

therefore lie in AiA^ and AiA^ 
hence 
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The singular plane through .SI,.*".,, (distinct from a,), must pass 
through thcrelore 

^ II’ ■ ^ "I • = Ct (ii). 

It is clear that neither singular plane through *‘>34.^1., can meet 
the ( (lg(\s ill singular points, (tor the singular plane 

thiough (lasses through &c.); expressing that such a 

plane thmiigh meets in singular points, which 

may he designateil S\,, S^,, wv have again, 

« 13 • • ^ 4 :- = 'Sfi 3 (iii). 

^>'0111 (i), (ii), and (iii) it follows that 
either = '1 — 'j n — rt • 

+ ^^.^4 = Qi:, + 2(4. = a, 4 + = 0. 

I he first set of eipiations re(|uire that 

(ly, = 

the second that r/,, + = ,,,4 + = 0, 

hut. hy changing the sign of .r., it is seen that there is no real 
ditferenee in form of the eimation of tlie surface in the two cases. 
The e(]uation of the surface is therefore seen to be 

W + .r,- + ay + ./V' -f (.r,a’, + .v,,x,) + 2a,;, U,x, + x.,.r,) 

+ 2a,4 + ,r,4- )r^ = l()Aavr,./vr4t,..(IL). 

I>y ehangiiig to a new tetrahedron of reference, the ev]uation of 
the surface now arrived at. can be brought to the form (I) of Art. S 2 ; 
tor introducing the new coordinate system given by the equations 

+ cr 4 // 4 , 

./■u = a,y, + a, y, + a,i/, + a,>/, , 

•'■3 = ota.Vi + <14^., + a, y, + a,i/^, 

•'*4 = 04//! d- + Cf.jy:, + a, 1/4 ; 

* I’or if it imHflod throui'Ii .s;.. (und tluTofuro tlirounli N' ), we should have, 
siniilurly. 


“is • “ -j:? • “;4-- “ m ; 


wl, .nee from (i) a„-l. since a., .y = a.. . a ,. = 1. 

.* "34- 'Old the points .S'.,,, S'^^ would coincide; hence 

expressing that .V',4 me cojilmiar, we have 


a...=ra 


are 


t To determine A' we oh.stne that the filiations which give the double points 

+"ia-^2 + "i.rr 3 + «i 4 .r 4 l - .lAV,,T 3 .r 4 = 0, 

together with three similar cuiations; and, excluding the twelve double points 

which he upon the coordinate planes, the coordinates of the remaining four double 
points satisfy the equations 

■^i’ + -^i("rj-^3 + ''i3-''3 + ‘'u-^4)^'''A>i-r.i-r3J-4 = 0, A'C. 

Hut these equations become identical with equations (III) of Art. 82, if we replace 
J-i by hence from the result there given it follows that 

A'=V + V + ‘Ju"- 2 rt„<i, 3 fi, 4 -l. 
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it is easil}’ seen that each of tiie expressions 

a’l" + a’o- + 4* .^v, , XiX.^ + x.>x^ , ,r, x^ + x.,x.^ 

is linearly expressible in terms of four functions of the y,- of tins 
form; hence 

+ Vi" + y-f + iji- + '2A , {?/,y, + y.,1/,) 

+ 25. (!/,!/, + ij,y,) + 2C\ {y,y, + y.j^j,). 
The equation of the surface now assumes the form 
- IGA" (a,2/i+ «■>)/, + a,y, + a.y,) {a,y, + . ..){a,y, + . ..)(a,y, +/...) 

= « (Illj). 

Lastly take (a^, a^) to be the coordinates of a do^ible 

point of the surface which does not lie on 'L = 0, then writing ; 

L = (a, a., + «a^[4)(aia3 + ct2a4)(aia4H- 

we obtain {T* (c()p— 8Z = 0 ; and expressing that; the 
four equations to determine the double points of the surface are 
satisfied by the point a,-, we have 

4^ (a) (cti + (7,a4) — lC7t 8L ]ai + a.. 




+ 




2 (ctia> + 




® 2 (fliOt, + a.a^) * 2 (a, a, + a.Oi ^ J 


= 0 . 


with three similar equations; these four linear equations to deter- 

K'L 

mine A^, C'l, and — - , are seen to be satisfied by 

T (a) 

A _ D _ n _ 

= ^ — — “v j 0 \ — ~ : ’% > '-o — 




2 2 (a,a3 + rx.^a.^ ’ ^ '2 (a^aj + a^a,) ’ 

4'(a) = 4:Sar = 327r.Z. 

From equation (III) all such terms as yi'y.J/s disappear, 

1 £j 

since the coefficient of y/y*y» = 4jli =0; and the 

ttittg + a3a4 

coefficient of 

= 4(7, + 8A. A, - 1 G A' + (“■ Sar| = 0. 

Hente the equation of the Kummer surface, when referred to 
this system of coordinates, has the fomi 

^ {y* + y^ + ,y/ + y.^) + 25 + y/y;-') + 2(7 (y,=y/ + y././^) 

+ 2Z> (yry;- + y/yr) + ‘^Ey,y.,y,y, = 0. 

86. The Complex Surfaces of Pliicker. The lines of 
(7* which lie in any plane envelope a conic ; taking all the planes 
of a pencil through any line I these conics form a surface, the 
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( o nplcx Surface of Plucker*. Tl.is surface „,av be regarded 
e l her as the locus of ,,o,„t,s of iutersectiou of consecutive taLuts 
these planes, ,,e. the luaes of point, whose complex cones tone), I 

the^poin\s olW*’*''if cones of 

surfice is th,. t . f 1 ‘“"h'cut plane at P to the 

■ -"h ce .s the tauoent plane along PQ „fthe o.uuplex cone of y. 

.1 lunl P are two g.ven points on /, and r the lines joining 

..1 -v , ; *7’-“,"'' ill ...IIS 

i„,'„ ' "" ..f lli« HllctiT „,rfj 


nnnner'’.f "" ',"7'' of P. In like 

co'ir'linat f‘',l ‘'"'‘'"K'’ ■'"«> »' ‘he 

a and B " i " ""t ^ tangent plane tt with 

the sa.u.. form ami m therefore of the fourth class 

m utTf 7'':',".': ^ 7'“'' <""'■> = 0 f '-e locus of 

lines of the' pendl '(/’ 

, . ,, , * ' hannomc to u aiul y 

/^y, K fxv, if the latter aiv complex lines wo have 

-X, (//; + =T 0, {,(. - 0^ 

whonco (X^/y) = 0 is tin, repurod locus, 
i ho coinplox cono of any point on AB is 

2fx{\t(v) + fi-{\v^) = o- 

it is clear that, lor all values of this cone passes through the 
eight points of intorsoction of the (pnnirics 

(Xy-) = 0, (Xur) = 0, (\v^) ~ 0. 

consi t f double points of the complex surface and 

.. St of the eight singular points B of Art. 77. Reciprocally, 

Ihuc 1 1 ■' l"'"" 7 1'"' same eight 

pianos (the pianos a of Art. 77). ® 

Since any line which meets I intersects the surface in two 
ot ic popits only, it fo lows that t is a double line of the complex 
am face; the tangent planes of the surface at any point Q of / are 
the two tangent planes through I to the complex cone of 7 

surf77b; PmX'r '■ 
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The lines of C- which meet any two lines I, I', determine upon 
them a (2, 2) correspondence. If /' meets the complex snrfacojof 
in P , then P is seen to be a brancli point for the points ofl l\ 
hence if 1' meets the complex surface of I in P.', P,', P’ j,,,] 

I meets the complex surface of I' in P,, P,, P,, p^ we hive 
(Art. xvii), 

(PuP.>P.,P,)=(P/,p.;, p/, p/). , 

Singularities of the surface. The eight singular points of C- 
which lie in the four singular planes through I are double poltnts 
of the surface ; they are given by the equations (Xa-) = 0, (\ur) = 0, 
(Xi)2) = 0. If a: is the singular line of C- which jr.ins a corre- 
sponding pair of these singular points it is a simple line of the 
surface ; for if u and v are the lines joining any point P of (o A 
and B we have 


<T.u:i = U{-hp.Vi, ( 

therefore, 

s 

<7 (Xanc) = (Xu-) + p (Xuv), a {Xxv) = {Xuv) + p (Xv-), 

I 

and since the line Ar meets both u and v. (\^a) = 0, (xW) = 0, 
we have ‘ | 

(\u~) + p (Xuv) = (Xuv) + p (Xv-) = 0, ' 

and therefore, (Xii'^)(Xv-)-{Xuvy-^0, i.e., P lies on the surface. 

The plane (I, a:) is a stationary tangent plane along a; ; f(j’u- any 
line in the plane touches the surface where it meets a;. 

The relative positions of the double points of the surface have 
been already seen (Art. 77), 

The complex surface of any line I passes through the double 
points of the singular surface of 0^ and touches its singular 
tangent planes; for if x is the singular line of the third order 
(Art. 80), which passes through a double point B, then tHe lines 
X, Xx, X^x intersect in P, and the lines AD and BD will be given 
by the equations '• 

Ui = pXi + fiXiXi + vXiXi^ 

Vi = <TXi A p!\iXi + p'Xfxi, 

whence 

= i;'* (W), (XP) = v"(XV), Xuv = (X‘P) I 

therefore (Xu^) (Xv^) - (Xuv)^ = 0, hence B lies on the surface; the 
second result is similarly proved. 

Special complex surfaces. Modifications of the form of the 
complex surface will arise when I has special relations to C'^. 
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(I) IJ l belongs to C\ it touche.s every complex conic in 
planes through I, which thus becomes a cuspidal line of the 
.surface; since the j.airs of tangent planes through I to the 

complex cones of the points of / here coalesce. There are only 
roui double jjoiuts of tlie snrlace outside /. 

( II ) If I tuucbes <I>. let A be the point of contact of I with 
=)nd u, the .Miigular line of which touches <I> at A ; then if a 

.s any line through B in the plane (/, since (Xu.r) = 0, it 

ulhjws hat the surface (X„r) = 0 contains the line ; moreover 

) = (). representing the complex cone of A, consi.sts of two 

pla. es «, c inteisecting in o,; hence the complex surface is of 
the|lorrn 

(\r-)ua =(a^ + a'rjf, 

which slums that o, is a double line of the surface. 

Two of the tangent planes to d- through / coincide with 
( , a.y, hence there are four .h.i.ble points of the .surfaee outside /; 
denote them by B,' ■ B.!, where B,B,' and B.B, meet 1: 

Jl,A and B, A are lines of henee the planes {B„ a,). (/V, «.) 
are t ,e plane-pair for .1 ; similarly (7/,, ,77/, „,) ...re also the 

J'l ‘"‘''1’'*'' ->t tw,, pairs of points B meet 

tfms BJiJlJL form a twi.sted ,|uadrilateral of which one pair of 

Opposite sides meet I und om* pair meet r/,. 

I ht taiij^( nt plane aloiii;; (‘ach side of tliis (jiiadrilateral is 
statiormrv. 

(lit) It I i.v „ ,/o„hle tangent to <l>. the singular lines o. and 

at Its points of contact are each double lines of the surface, which 

has ihiis three donl.le lines. The surface is ruled, for any plane 

throng y, meets the surface in a conic having for a double point 

1 .s i.o.nt of iiiteiyction with a, ; i.e., the conic is a pair of lines. 

I lie.e a.c no double points outside the double lines. The surface, 

Ku.ng t«m double directrices and a double generator, 1. belongs 
to flass \ II. of ruled quartics. 


(ly) 1 // l lies in a singular tangent plane a of O, all complex 
Mies III pju^s tlirough tlio same point 0 of the section of by a 
(Alt. .SOi and all are singular lines; if A and B are the points 

neets this section, then denoting OA and OB by b and 
ts b in A and Xc meets c in B, hence 

(X/6) = 0, (X/c) = 0; 


whore I 
c. \b meu 
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and expressing that all lines of the pencil (O, a) are singular lines 
we have j 

(\U‘) = (\bc) = (\r) = = (X^bc) = (XV'O = 0. i 


then 


Let d and d be any two lines through A and B respectively 


(\bd) = 0, (\cd') = 0. 

and we have for u and v coordinates given by 

tii = pli-^Kbi-\-i'di, 
iV = p'l; + k'ci + p'd;\ 


where p = 0 is the eipiation of the plane (bd) &c. (Ait. 1.3), 
v = 0 and i^' = 0 are each the e(piatinn of the plane a. 

We obtain, rejecting terms which vanish by aid of the a 
relations, 






(\ii-) = p- (Xl'A + i^d'A + "IpviXld)^ I 

(\P) + ( xd'A + -Ipv' (Xld'i 

fXiiw) = pp {Xl') + vv {Xdd') + Kt/ (Xbd') 

+ Kv (Xcd) -f pv (Xld') + p'viXld). 

Thus from the equation (Xu-) (XiJ-) - (X//y)- = 0, the faocor v 
may be removed, and the resulting cubic surface is seen to have 
I, b, and c for simple lines. There are no double lines. 


87. Normal form of the equation of a quadratic 
complex. The equation of a quadratic complex may be 
written in the form 

^ ip) — ^^ 12 ) 12 Pl2~ "h 2 ^ 12 > 34/^12 P:ii "t IsPlipy-i "f" . - . = (1 , 

and since the sign of pik is changed if its suffixes are interchanged, 
it follows that if in a coefficient ua-,;; two suffixes of a pair are 
interchanged, the sign of the coefficient is clianged ; if the change 
is effected in both pairs of suffixes the sign is unaltered, i.e. 

We may therefore write F{p) = 0 in the symbolic form 

(ai22>12 + + + «-12i>42+ ^UpU + <^2sPxi)'=0 •••(!): 

where ota*. it being understood that each symbolic 

coefficient a^* changes its sign if its suffixes are interchanged. 

The complex '2.Xia:i^ = 0 becomes in terms of tiie pik 

1 

(Xj — X^) (pn +^34®) + • . ■ + 2 (Xi + X.) pi22hu + - . • = 0 ; 

(> G 

now the given complex is also represented by = 0, 
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but this iiuietenninatenc'ss of the X, may be removed by assu.ning 
tlmf iX, = 0 , aud oil tids understanding the symbolic equation (i) 

IS the square of a s/ieciul linear complex, i.e. one for which 

ttio . a u + c(j., . a, 2 + Un . = 0, 

®li' ■ = Xi + , &'C. * 

This is tern.e.1 by Clel,seh+ the Normal form of the equation 
or tlie compli.‘.\. 

[The symbolic expiessiuus a,* may be nq.laced by others 

1I4. i,. L, I,,, 


Since 


such that 


= ffjji — (fjcbi, 


I 

siricv*, bv this substitution. 

+ a,., a,, + a,, 7,., = (aj>, - aj)^ ) {nj)^ - = Q. 

while, also tin. condition of the a^, changing sign with interchange 
ot tlicir suHixcs IS observed. 

Mie e<iuat.iou ot the complex m)\v assumes the form 

I- {‘fibi- - (f^hi) = 0, 

{iiA, - a,,b^Y = 0, 

K» ^.udin^r the sunbolic ([uaiitities a,-, hi as coordinates of two 

plan.- we may introduce new symbolic (]uantities a., /3,- regarded 

as c.M.rdinatcs ot two points on the line of intersection of these 
planes, so that 

o,/a. - (/,/), = p &c. 

and the e(|uation of the complex becomes 

ct._, 0^ y.j 

i 

: 03 ^3 t/3 

is usually written, ' 

(a/3.ry)' = 0, 

88. Complex equation of a quadric. The quadratic 
complex which con.,ist,s of the tangents of a quadric, or '1^ = 0, 

(■f >y 4b), is a special case, for which the symbolic form of 

A coi rcspoialinK n-snlt l.al.U for a coniplo; of nny liegreo, soe Clinpter XVII. 

Invlriaut . a Complexc," .1/,,,;,. .t„„. See also Waebcli, “Zur 

armutuitlu'orio dvr Liinenyeometric." xxxvn. 


or, as it 
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equation may easily be found directly; for if (Sa,f,)= = 0 or 4 

"o?|- + ... = 0, 

the points in \idiicli the line joining any two points A', }' niesits 
eauaH m n substituting A ■ -f AF, for in t)he 

equation = U, g'lvin^ ' 

a/+ + A''a/ = 0. 


I 

( 


If thesG values of \ are equal we have 

if now we employ a second set of symbohs a,', so that a/ = a/“, ,'the 
last equation is seen to be equivalent to i 

«A'"- ciy " + a y\ Ux' - 2 (cix .Uy) {ax-^h'l = 0. 

0 = (ux .Uy — Gy. GxY = [1 (a^ak — «/.-«/) ; ' 

which is the required symbolic form of the equation ■^P‘ = 0., If 

U and V are two planes through the line (X, Y), the last equation 
IS, writing 7r,2 for p^, &c., 

{(M uvy = 0 . 

89. Harmonic Complex. The assemblage of lines which 
meet any two given quadrics a/=0, 6f'-' = 0 in points which form a 
harmonic range is a complex, usually called the Harmonic complex, 
whose equation is readily found by the symbolic method ; foil- the 
condition that the roots of 

Cix" + 2\ax . Cly-\~ X~(ly' = 0 , ' 

hx^ + 2/jLbx • l^y + P'^hy- = 0, 
should be harmonic is known to be 

• by^ + ay^ •bx ^~2 {ax . ay) {bx • ^r) = 0 ; 

'i'-e. {ax . by ~~ ay .bxf = 0, or, {X {aibf: - a^bi) pn,]- = 0. 

If the complex equation of Of- = 0 be 'P' = 0, it is at once seen 
that the harmonic complex has the form 


da 


ik 


for 'I' = 0 has been seen to be 

S {aiUk ~ a^a/ypik- + (a.a/ - - aiiih')pikpni = 0, 

or, 2 {auaick — + 2S — a}chau)piii2)hi = 0, 
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\vhil(‘ the eipiation of the hartnonic complex is 

- ) Pik~ 

4 - ,1)1-1 + ai:ih,,, - anb^f, — <tkh^)n)pik Pfd = 0 . 

\\ hoti the ([H.'uhics are referred to their common self-conjugate 
tt rrahedroii the eipmtioii of the harmonic complex is 

- Uiiiluk + = 0. 


90. Symbolic form of the equation of a quadric in plane 
coordinates. The symbolic f<u*m of the discriminant of the 

coi ic 

Oji-fy -f 2o, ./'j +•.. = 0, is known to be ((/(da'')'"' * ; 

and till* coordinates of tin* points of the section of the (juadric 
(i/ = 0 by the plane //, are obtained by substituting 

= A", y, + 4- h\n\ in a/ = 0. 

an(( giving to K.,, all values consistent with the etpiation 

, ( AVl, + 4- K:ta,rY = 0 (i), 

provided tliat y, r and w arc three points on the plane u;. 

'ij’he quantities J{^, K.,, may therefore be considered as 
coiO'clinates (if the jioints of a conic which are connected with 
tho.'ic (if the section of u/ = () by a, in a (I, 1) correspondence. 

Hence if this section has a double point the di.scriminant of (i) 
is zero and 


* For writini^ = = 

and snbstitutiiiK re-ipectivcly in tl>e tlirce rows of 


9 f 


</,, </,j 


(I. 




wt; obtuin 


^*:r‘ **:ci 


a , /I3 


*! 


(t 


it 


I 


I ^^9 

li.j f/j 


It I 


since it is a matter of indilTerence in what order the substitutions are applied 
Wo ohtii^n also 


1 


il.j 




«3 

«3 

1 

"1 

•h 

«3 



«2' 

^3 

1 


a.P 


1 


tf./' 

9 

< 


proceedirig similarly it is clear that the discriminant has as its symbolic form 

« i 


a 


a 


it. 


a. 


a 


Qu 


a/' iU^’ iiJ' 


See Clebsch, VorUsutiffen iiber Gfometrie, i. S. 268, 
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= 0 


It IS easy to sec that the last eiiuation is, by the definition uf the 
points //, 2, w, e(|niv;ilent to the following: 


i (U I 

«l It . 2 

Since the section of the surface by any of its tan^rent planes 

has a double point, the last equation is that of the surface in plane 
coordinates. ^ 


91. Plucker surfaces and singular surface of the com- 
plex. Referring to the symbolic form of the equation of the 
complex, viz. a„bj:}- = 0 , if the point ic be given t,his 

equation represents the complex cone of the point ./■; it may be 
represented by 7/ = 0, where 7,- = ~ and hence 7^ = 6 .\ 

It was seen that if the line of intersection of the planes U, V 

touches this cone, (7, y\ U, 7 )^ = 0 ; hence the e<iuation of the 
Plucker surface for this line is 


ctihxy U, 7 )“ = 0 . 

Now the equation (a, a, a', = 0 gives the planes whose 

sections of a/= 0 have a double point; applying this to the cone 
7/ = 0 the equation (7, y, y\ xCf = 0 gives such planes for the cone; 
for points not on the singular surface the only planes of this 
description are those through the point x, i.e. those for which 
= 0 ; hence (7, y\ y\ uf = M . where M cannot contain u. 
If X is a point on the singular surface the section of the cone by 
every plane has a double point, since the cone consists of a pair of 
planes; so that in the case of all such points x we have 71 / = 0, 
which is therefore the equation of the singular surface. 

To determine the form of 71 / we observe that 

(% 7'. 7'^ 7 ^ 7''’ *0 = **) - hx {a, y, y\ u). 

But it is easy to verify that 

y, y\ u)-hx{o., 7', 7" u) 

= yx («, h, y\ u) - y^' (a, h, y\ w) - Ux (a, b, y\ y ") ; 
and since 7/ = 0, yj' = 0, we have 

«X y\ y'y w) - hx (a, y, y\ u) = - Ux (a, h, y\ y"\ 
hence (7, y\ y\ uf = (a, h, y, y'f . Ux\ 

The equation of the singular surface is therefore 

(a, hj aj .b' — a'. bj, a/' . h" - hx ' . a"f = 0. 


j. 


8 
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SPKCIAL VAlilKTIKS OF THE Ql’ADHATIC COMPLE.X. 

92. The Tetrahedral Complex. In illustration of the 
tlicoty of the quadratic complex, some special varieties of thiscom- 
|)le.\ will now he discussed. W'e hej^in with one of peculiar interest, 
the Tetrahedral C(nnplex*: it is composed of the lines which 
meot the faces of a given tetrahedron in four points whose Double 
R:itio is constant; this Double Ratio is then, by the Theorem of 
Von' Staudt, (Art. 12), equal to that of the four jjlanes through 
tl)e\line and the corresponding vertices of tlie tetrahedron. To 
this Complex belong the lines of the four sheaves whose centres 
are the vertices of the tetrahedron ; (or since three of the points 
in which a line meets the faces of the tetrahedron come into 
coincidence at a vertex the fourth point of the given D.K. may 
havr* an}j position in the face opposite to this vertex ; for a similar 
reasim, any line in the face of the tetrahedron belongs to the 
coiiq)lex, and it follows that the complex cone of any point passes 
through the vertices of the tetrahedron, and the complex curve in 
every' plane touches each face of the tetrahedron; again, the lines 
of the complex in a given plane, being those which meet four 
given lines in a constant D.K., envelope a conic, and in any plane 
pencil there are two lines of the comjjlex, which must therefore 
be (piadi'atic. 

The singular planes of the complex consist of the sheaves of 
]>lam‘:^ through the vertices of the tetrahedron; for in a plane tt 
through a vertex A,- the section of the sheaf of lines (A,) by tt 

* complex WHS first investigated by JJiiiet from a dyimmicA) slaiidpoint, 

*' Mtbiiuire sur la theurio dcs axes ionjug6es ct des luomena d'inertie des corps," 
■I on run i {•It' t'EfoU pohjucU., T. ix. (1S13). For an elegant application of the pro- 
perties ^f this complex see Schdntlies, Oeometrm'h' Iteye, GtfoiMtrie 

<l>!r urruiiged and extended the various known propcrtie.s of the complex, 

wliich isjusually connected witli his name; to him is due tlie method of formation 
by points in two collinear .spaces, (second method). 

A In^turicul account of this coin{)lex will be found in Lie and Sclieffers. 
lieriihninijgtramjormalioneu, lid. i. S. H20. 
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belongs to the complex, hence the remaining complex lines in 
must tonn a plane pencil. | 

theV,'" ''"'f'!"'' ™»“P>ex con.sist of the points ol 

e faces of the tetrahedron; the complex cone of a point P iii 

le face a,- opposite to consists partly of the pencil (P a ) and 

partly of another pencil of lines whose^lane ml.st pal; 'thro::;,1 

to the complex, viz. those which have either (,) their centres at f 
venex of the tetrahedron, or (ii) their planes a face of the tetrai'- 
hedion, or (m) their centres in a face of the tetrahedron and their 
planes through the opposite vertex of the tetrahedron; these 
pencils include all the lines of the complex. 

A tetrahedral complex is determined by its “fundamental” 
tetrahedron and by one of its lines or by the Double Ratio of the 
complex ; since the fundamental tetrahedron may be chosen in 
00 ways, there are x tetrahedral complexes. 

93. Equation of the tetrahedral complex. From Art. 12 * 

It IS seen that the equation of a tetrahedral complex in Pliicker 
coordinates is = constant, or, 

Pu • 2^23 

+ ^puPiQ + ^P]4P‘£t = 0 . 

The form of this equation suggests a method of construction of 

the complex, which may be easily verifieti : viz. the complex is the 

locus of lines which meet a pair of corresponding lines of two 
projective plane pencils. 

For take the centres A and B of the given pencils as two 
vertices of the tetrahedron of reference, and the united points 
C, D of the projective rows determined by the pencils on the line 
of intersection of their planes, as the two other vertices of this 
tetrahedron ; then if AD and AC have coordinates a;k and 6/t, kny 
line of one of the given pencils is a-\-pb, similarly if dk auj dik 
are coordinates of BC and BD, any line of the other penq'il is 
c + vd; and from the correspondence of the lines of the pejncils 
there must exist an equation of the form 

pv + Ap + Bv — k = 0. 

Or directly »s follows If the line joining the points and meets the 
planes a^ = 0, Cj. = 0, in points whose double ratio is given we have 

Taking the given planes as coordinate planes the equation of the complex Allows 
at once. 

8-.2 




I 


'r. 
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This relation since = 0, n = x , gives a pair of corre- 

^pon.I.ng lines; hence B=0: similarly ^ = 0, and the equation 

Ocf'onios ^ 

= /*'. 

^ Now if a hno whose coordinates are /i,e meets each of these two 
•iiriespundiii^^ htios 

w(y> (/)* b) = \), 

c)-\- V( 0 {p\(l)^{)^ 

^ (Oip a)(o{p\c) = f.-a)(p b)w{p,d}: 

oit in u) the only term is /)„ since all the coordinates are 
^^■ro except „ which is unity; similarly ,o{p c)=p,„ ko.. and 
e have* us tlu* cMniutioii of the locus of p 

l t * 1 1 I I P--Pn~^''Pi^Py.i> 

a totiahedral complex. 

^ 'Hiis result is shown by Hirst and .Stnrmt as follows :-let 

B) and Oi, 1) be the two given pencils, C and D bein? the 

I lilts given as above; then if two corresponding lines of the 

ncils meet ClJ in A’, ami A,, and if .r is a line which meets this 
1 ir of lines, . , 

^(Aii(:i)) = [x,x,vi». 

In the same manner if ;/ is any other line which meets a iiair 
^'corresponding lines of the two pencils, 

U{A}iCJ)) = (Y,}\CD) 

j ' (AiA._,C/>) = ( ) yY..CD), (Introd. iii), 

' ‘i- (A HCD) = p{ABCDi 

Since any two vertices of the fundamental tetrahedron may be 

, Vn as the centres of the jirojective pencils, the complex may be 
s generated in six wavs. 

94. Regull of the complex. The complex 

Apy,p.^ + Bpy,p,., + Cp^.p.^ = 0 

^‘^'uins the regulns whose equations are 

4- /i 

^ + M 

_ a 1 -p /X 

(;»|«) is a frequently usd abbreviation for 2: . 

ge»erated by two correlative planes,” i»roc. LomL 

yoCt yoL X. 
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■ lows that the reguins jjasses thron"li the vertex I e..,I ■ e ■. 

tie other vertices; hence, u tetmhedral cou>p/eJ- co.taiC xl 

(gil l wnci pass thruurjh each vertex of its tetrahedron. j 

Similarly, by writing tt,* in place of in these eqiiatinns wfe 
obtam reguh of the complex which toneh the' coordinate 

I 

Since^the equation of the complex may also, by subtraction of 
^ be written in the form 

PviP-Ai + (B~C) PuPj^., = 0, 

it is clear that the regains whose equations are 

Ihi = ppv,, 

p{A-C) p,, + (Z? - C) p,, = 0, 

2hA = <^P-^i + 

IS contained m the complex, for any given values of p, cr, r and fi. 

These CO ■* reguii pass through the vertices A, and A, and touch 
the coordinate planes a, and There are five otlier similar sets 
of X reguii, hence, a tetrahedral complex contains six sets of x * 
reguii, where every regains of a set passes through two vertices of 
the tetrahedron of the complex and touches the opposite faces. 

95. If any two lines,/? and;/, of the complex, meet the fundamental tetra- 
hedron in points L, J/, .V, R; yy, j/; R'^ then on p and p' are determined 

by these points two projective rows of points, whose joins, therefore, form a 
regnlus p, (Introd. viii); each line of the complementary regains p' meets the 
lines LL', }fM' in points L\ M\ .to., so tliat (/.''J/''.\"7O=(/JA\70= constant 
double ratio of the complex; hence each line of p' belongs to the complex; 
there are co« possible combinations of the lines p and p', hut x-' of these 
belong to the same regulus, so that there are x ^ such reguii p'; since the line 
LIJ of p lies in the plane BCD, this plane contains a line of p'. 

Similarly we derive x-* reguii p' which are obtained as tlie coiniilemontary 
reguii of the loci of intersection of projective pencils of jjlanes with p and // 
as axes. The reguii p' are those previously obtained which touch the faces of 
the tetrahedron, the reguii p" those wliich pass through its vertices. 

If three line-s of the comirlex p, p\ p" be taken, and the planes {p. A) 

(p, A) (p , A); (p, li) {p\ B) (p'\ B ) ; {p, G) {p', C) {p", C) be made to corre- 
spond by threes, the correspondence of the three pencils of planes of which 
the axes are p,p\ p" is determined, (Introd. xii), and the locus of points of 
intersection of three coiresponding planes is a twi.sted cubic, which passes 
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tlirou^'h A since />, />', //' U-Uuig to the tetrahedral complex. If p" be any 
ehonl of this cubic, then -since p" {ABCl))=^i{AUCD\ (Introcl. xii), //" 
lM‘lojjgs to the complex. 

Since there are x combinati<H)s of lines p \ and since tlu-ee chords 
‘of a twisted cubic may be selecttsi in x'‘ ways, tlicre are x twisted cubics 
ill of who>e chords iK'long t4i tiic complex. 

Similarly by taking the tliree projective row.s of points detertuined on 
tiiree lines of the complex we obtain x •' devel(»pables of the third cla.ss, for 
each of whiidi tlie intersection of two tangent planes belongs to the complex. 

('r»nvei“sely if any twisted cubic is given, and four p<nnt.s .1, A t\ D be 
tak(‘n t*n it, it p is any cliord <*f tlie cubic, p{ABCI)) is consLint, and hence 
all the choixls of the cubic larlong to a tetrahe<lra! complex who.se funda!uent'il 
totraheilron is AB('J). Also if i.s any generator of a regulus wliich passes 
tbnuigh .\BCl> we have .r{AB('I)) constant for this regulus (Introd. viii), 
hence all the generators of «)ne system l>elong to one tetrahctiral complex, 
while the generators of the other system ladtuig to a second tetrahedral complex. 
Since a cpiatlric is tletermined by nine conditions ;ind tW(» intersecting complex 
liiH*s may be chosen in x ways, there are x^cpiadries which pas.s through 
four given points and of wliich the gonerat(U>i of one system belong to a given 
tetrahedral comjdex, and those of the other .sysU'in to another given tetrahedral 
complex which hxs tlie s;ime fundamental tetrahedron. 

96. Second method of formation of the complex. The 

cniliiieatinii of two si)ac‘es S and S' gives rise to a tetrahedral 
coiiiiplex ; for, if tlie united points of ^ and S' be taken as 
vciTtiees of the tetrahednui of reference the ecpiations connecting 
cndrespondirig points arc then, (Art. :H), 


h( 


or, 


/i.r, 

jee if /), 7 ; is the line joining x and 

f^Pik = P {<ik - 

Pi... Pm K-o,)(o^-o.,) 

= , , = constant. 

Pu-Psi 


f u and ((' are a pair of corresponding plane.s 
henei‘, ^*1- intersection of u and u\ 

^ («J - «l) («4 - «3) . 

that i|s, the Iffciis of iitter.section of corresponding planes is the same 
tetralixdral comple.r. 

Filnally if /3,jt is the line joining two points a',, y,- and pn! tbe 
line joining their corresponding points xf y/, 

' P'.pik^didkPik. 
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<^^>-espo,n!n,g 

(«,«, + u,u,) + (a, a, + <ua,)p„p^, + („^o, -h „,a,) p,, = Q 

which IS easily seen to be the same tetrahedral complex. 

Let AliCD be the .mitea points of the spaces 2 and 2', and /> /- •, n-dr ,Jf 

lines intersect the locus of such points of intersection hointja twisted cuhi,) 
which passes througli A, B. C, J>, /< and r (Introd. xii). There arc x ‘ sudh 
cnbics obtained by taking for /' all positions in 2 ; two such cnbics havet 

corresponding points, since /'Q, F(/ arc corresponding' lines we have 
wo projective pencils of jdanes, with axes />Q, /sq' respectivelv the 
intersections of whose correspon.ling planes form a regulns, (Introd" viii) • 
any generator of this regnlus is a chord of the cubic of both P and iJ for if 

pencils (/, a), (/ , a) determine two projective rows on p having two united 

points, hence is a chord of the cubic of and similarly is seen to lx; a 

choi-d of the cubic of Q ; it follows therefore that if .r is any chord of any one 
Of these x ^ cubics ^ 

x {ABC D) = coiistint. 

P iiiiAb’tically, the joins of corresponding points 

1 and of 2 and 2 form a tetraliedral complex. 

97. Third method of formation of the complex. A third method 
of formation ih the following: htving given a (1, 1) con-v.,pn.Hk,ice between 
the 'pomU P of any plane a, and (he lines p of any vheaf (.1), the lines of 
the peneds {P^p) constitute a tetrahndral complex. For tlie lines of the 
sheat give rise to a second point-system in a, collinear to the given one; 
let BCD be the united points of this correspondence (Introd. xiii), then if 
to P m the first sy.stem corresponds P' in the second, and if to }> in the 
second corresponds P" in the first, to the line PP' in the second system 
■will correspond the line PP” in 
the first system. Now take any 
line PT of the pencil {P, p) 
meeting AP' in 5", and any point 
S in the plane {PT, PP"), then 
the pencils {S, PT), {A, PP') are 
projective and determine two pro- 
jective rows on PT\ hence, cor- 
responding lines of the pencils 
meet twice on PT. But the sheaves 
which project the two collinear 
plane systems from .S' and A have, 
as locus of intersection of corre- 
sponding lines, a twisted cubic Fig. 7. 

(Introd. xii) which passes through 

A, B, Cy D, and of which PT is therefore seen to be a chord. Hence 
PT {ABCD) is the double ratio of the choi-ds of this twisted cubic; by 
taking different positions for S we obtain x ^ cubics, and since any two 
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ot tljL-hi, Will U- >linwii ihilnwiiatuiv. have a reguliisof elioixis ji, enmnion, 
the il.iiiMe iMtio of the ciiord-s is tlie same for each of these ciibics, or^ 
/*7 (.1 //(’/>' i> a eoii.^taiit. wliich RroVes the ix‘siilt. 

1 hat any two o| the tui>te<l cnhics lia\e a ivunihis of ehonls in cominon 
may la- .>een as foUnws ; take any tu<. points ,V an.l X”, then an\ plane rr 
thioii-h .S.v niects ,, in a line I’l* to which the con-e>poniiing line / 7 *' is 
??iven hy the cortvlation. and hence /’. and iheiefore isdefcnninod ; T\s 
the )ioint whore , 1 /'' meets 77 . and PT is thus determined as a chord of both 
'uhics; .i^-ain tlie iouis <d /' lor tlie penol of planes tt tlirou-jh .V.S" is a 
n.nir .r},nh ti,r„u,jh O tile point of intersection of XV' ;ind a; for 

/7' ■ pas^i-s thiough this ti.\,',l point Oan.l hence the corresjionding line 77'' 
must also pav-s thiough a Itxeil point, hence tlie locus of /* being that formed 
by the interM') tion *)f corrojionding lines of two pemils In a co/o‘c. Thus the 
rlifii ds coninioii to the two cubics for A' and S' form a regulus of which A'A" is 
a diiectrix. 

It follows from the methotl of proof just given that the cuhics f«>r 
rnf,! mior jioints S have one « honl in common, h>r vnllinxir points S a 
regulus in cfuiimon. 

98. 1 he lines whieli meet everv ctnre.^pondino |)air of lines 

oi two projeetive pencils form, in etuioial, a tetralietlral complex. 
It Certain sjiecial connexions exist between the two i)encils the 
complex is modified in character. 

Ffvsthf, wlie/i the plane 0 / one pencil jnisses ihronph the centre 
of the ftther, we may take the ])eticils as being (.1,, a..), ad and 
suppose that to nf the first pencil of the second pencil 

Corresponds, while to the line of intersection of the planes 

<jf the pencils the line corresponds. 

Now any line of (d,, a.) has coordinates 

0 1 \ 0 (I 0, 

o (d,. ad „ 0 0 0 1 ^0. 

where \ and fj, are variable (piantities, whicli, beeanse tlie pencils 
are ))rojcctive, are connected by an etpiation of tbe form 

dV+ /^\ + C> + 7d = () (I); 

and since \ = 0, /i = 0, gives a corresponding pair of lines, it 
follows that /7 = D ; since \ =x, ^ = x , gdves a corresponding 
pair, ^=0, and the relation between \ and p, is 

7iX + f> = 0. 

Any line whicli intersects a pair of corresjionding lines must 
satisfy tbe equations 

Pi2 + = 0. pu + ppvx = 0 ( II) ; 

hence eliminating - _ we obtain as the equation of the complex 

(^PuPzi + Bpy,p^, = td. 
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0 , 

U; 
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the '{ pusses through the centre of 

the othe , and f also to the join of the centres corresponds the 

iT"./nT ? ^ conespo.Kis t„ 

"*T ’ t/ Pori'espoiidino- Ii„es. 

^In the foregoing relation (I) between A and since X = 0 

f n ’ corresponding lines and also A = x e = o’ 

1 follows that B = C=0, an<i eliminating A and from e,|nation 3 
(11) we obtain as the eiptati.m of the complex 

■^PuPv>-\- Dpt.yp.^^ = 0, 

Ihirdhj, It the plane of each pencil passes through the centre of 
the other, we take the pencils to be (4..„ «,). a,), and t,. A, I 

let correspond in one pencil and in the other pe.icil, the., 
ail} line of a^,) has coordinates P'-' P^- 

(A ^ 0 0 1 0 X 

” ” ttj) „ „ 0 U 1 ^ 

aid the relation between ^ being ^X/i + + /!= U. since 

r n ' corresponding pairs of lines, it 

follows that 7i = C = 0. A line p,, which meets a pair of corre- 
sponding lines satisfies the equations 

P2, + \pi2 = 0, + 

giving as the equation of the complex 

^PuPsi+Dpv^=0. 

Fourthly, if the jmicils have the same centre, 0, tiie comiilex 
consists of the lines of the planes which pass through every ijair 
of corresponding lines of the two pencils. 

The two projective pencils determine upon any plane a which 

does not pass through 0, two i^rojective rows of points whose joins 

envelope a conic (Introduction, vi), therefore the planes which 

contain the lines of the complex meet a in the tangents to a conic, 

t,e. they touch a quadric cone and the complex consists of thj 
tangents of this cone. 

Fifthly, if the^ pencils have the same plane, the intersections of 
corresponding pairs of lines lie upon a conic and the complex 
consists of the lines which meet this conic. 

99. Complexes determined by two bilinear equations. 

The preceding complexes may also be arrived at by means of two 

equations which are bilinear in two sets of coordinates. For in 
the equations 

-f xPlaic^xf = 0) 

/ = ol 


^hkiXfc -f xpLbipyxP + xpZbkiXp + xpibfc^xp 
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rvgiiniing the .r, as the coor.iinates of a point P in a space S, and 
the as the coordinates of a point P' in a space S'; if P' is given 
a hne p of S .s determined, and if P is given a line p of 2' is’ 
< etermiiied. Moreover, regarding the .r,' as parameters, the 
e.pmtions (i) establish a ( 1 , 1 ) correspondence between the planes 

M or'' -' '? a tetrahedral complex 

lArt. Ob), similaily for p. ' 

I Ins may be seen otherwise, as follows :-such values of a-/ as 
inake the two planes of v 

<d p, >.e. a [ilane all of whose lines belong to the complex; 
these values of .r, aie given by the eipiations 

,r,; = 0 ; - plhi,.,.rP - pS/,,., j-,', 

= 0. 

By elimination of the a*' we find the .p.artic eipiation for p 

<>u-pl>n il^-pk, (1^,-pk, (l„~pk, 

"o-p/'i, n.,,-pb,, <i„-ph„ a,,~pb,. 

<'tj- pl)n o-a-ph-n 0^, - ph„ 

"u-pl>H «:,-pb.^ (li,-pb.^ l'u-pl>u 

If this eipiatioii has four different roots, there arc four points 

/' which make the planes of (i) identical ; and if ii' be referred to 

a tetrahedron whose vertices are these four points, and If to a 

tetrahedron whose sides are the corresponding planes, the eiinations 
(i) assume the form 

+ .rj./'g' + = 0, 

j/{ are two points on the line p determinetl by x/, we 
have on elimination of tlie j/ 


= 0 


(ii). 


x, 


yi 




x, 

Ih 




x. 


!h 


X. 


1 /* 




= 0 , 


ill 


or, 


lyi mpj. 


as the locus of p; the locus of p' is clearly of the same form. 

lOO. We ol.tain the vari.vtion.s from the tetraliedral compic.x which are the 
first, sccomi and thml of tho,sc recently given, when the equation (ii) has a jutir 
of equal roots, three equal roots, or two i^irs of equal nwts. 


\m). 


iv), 
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tor, if (ii) has two different roots e-irli i>f w • 

a:\Ie ‘^cn 

(i) then assume' th’e'f™;, ‘<>f''I>edron of reference for r ; the equations 

+-^V +.'/ j'SWjj .I'i = (\ 

‘'V-^-2 +-^V2/V..r, +.r; 2b^,,r, = 0 ; 

the othm-'.nf r “ T? ^ I-' and 

tL fonn ■ P-' f-nvenience, in 

■’■i’-fi+aV.>^+.r/|, = 0| 

•‘■2'-^2+-'Va-,+aVf, = 0j 

L"iSit”c'“'' ■'■ ■'• ^ '•>" >■'"■' •" 

If -O and y; are the points /* and Q in wl.ich the line corresponding to a 
point P meets the coordinate planes and a.^, we have 

•*^ 3'^3 + -** 4'^4 = 0( 

•*-' 4 > 4 +-^V '?3 = 0J 

where is the result of substituting for in 

This shows that the line PQ makes the jicncils, whose centres are 

(“n “31 ^4 = 0)» (a-ii « 4 ) ^3=0) 

and planes aj, 02 respectively, projective to each other. 

If now the plane passes through the centre of the pencil in a, we have 
concurrence of the planes («j, n.^, 03) and ^4 = 0, hence 

Also writing = + V2+^3-^3 + y4-^V 

the solutions of the equation which corresponds to (ii) are in this case zero, 
intinity, and the values of p given by the equations 

Xi +u^:cj =p,vj 

U 2 X^ — p (a’2 

^=P(^i+V 3 ). 

One of the two values of p given by these equations is zero, hence (ii) must 
have a pair of equal roots. 

The remaining value of p given by (v) is easily seen to be ^ ; this is 

infinite, i.e, (ii) has two pairs of equal roots, if ^^=0; which, with the con- 
dition already satisfied, viz. ^4 = 0, makes the plane of each pencil pass through 
the centre of the other. 

If, in the two pencils (iv), the line joining the centres corresponds to the 
line (oj, 02), then, for some value of the ratio the first equation reduces 

to Mia*j+«2^2=0, while the corresponding line of the second pencil passes 
through (oi, 02) 03) ; this requires that 

xj+x^U3=0j x^+xjv^~0j 


(V). 
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/./■. = i>ut this is the ciMitiun tlmt liii) may liave three roots 

e(iual. 

Tho n-nrre> of the two ,..neil.s will eoi„cide if the -six planes 

.',=.0, .,_. = 0, .-—(I, = |, = o 

‘■-iirur, in which cax- the ei-ht ori-irial planes 

, ^ 2-/,, 5/v-|=0, 

c^hciir. 

101. It has hreii th. 1 t thcfc are in general four points P' 
which make the two planes in e.piations (i) coincide, giving four 
'hderent planes; in the following .-pecial ca.se there are x ' points 
/ which make the planes (i) coincide with the .wimc plane; for 
when the coelHrients in ( 1 ) are such that two points P' can be 
I'wtrid, uhn-h identify the two planes (i) with the .sY,«,e pU,ne a., 
f leii any p.nnt on the line joining these two points P' will make 
two pknn s ( 1 ) identieal with a; for take this stipposed jiair 
"I |'"iiits /"as the vertices ((),(), 1,0), ((),(),(), I ) of the tetrahetiron 

of U'foiriicc (or ^ . till'll the* 

+ .r:(, = 0, 

givT' ri.sr to a roniK-xioii of the Mijiposrd kind, since it is clear that 

<iM\ [loiiit 7 Oh the line./', =0,./-^, =ip makes the iirrcediii^ planes 
iileuticnl witli ./j = o_ 

hvery hue p meets the conic .r, = 0, - .r.f, = 0, licncc the 

complex in 1 consists of the lines which meet this conic c\ 

To Hnd the compic.v fomied by the lines p', we may for 
Convenience write 

fs = a’j . fi = aj;/*i 4- a._,r._, -f a-.r, 4- ; 

then the conijilex is obtained from the e(|iiation 

j 4" ct,a’., ,7', 4" Qj.r., 

}h +yh Ih + S':!//..' a4/// 

fi a-/ 

y-! 0 ,// 

i.e. )■.' (y>;(i 4- a,y; 2 , 4- a7> 5.J 4- ao;> 4- = 0 ; and consists, there- 
fore, of two linear complexes. 

Hence, to the points of c- correspond in S' the lines which 

meet -rlj-cl, , to each of the other points of S corresponds a line 
of the complex 

- o-xP n 4- a.,pn - + aip\.j - p\, = 0. 


= 0 ; 


100-102] a 

aie taken to bo identical, ie. when a, = a, = a = 0 we , ^ 

take a, = - 1 ; in which case has as its cjnatioiis ' 

'*‘i = 0, + .Tj- = 0, 

and the complex in S' reduces to // a. ./ n .l 

between noH v- • ,, f + Pn^O:, the relationship 

oetneen . and ^ then determined by the e.jnations 

+ XjU-.j — A'o'a-j = (J, 

= 0, 

and IS such that to each point of S, except those of 

= 0, + a'j- = 0, (or C‘), 


there corresponds a line of the complex 
point of S' corresponds a line which meets k 
Finally, writing 


0 ; to each 


x.j — X — yi^ 
= a; + yi, 





x^ = z, 


X,=y 


the spaces S and S' are each referred to Cartesian coordinates, 
ana the bilinear equations become 


+ iy + zx-^ z= 0 *, 

x{x-iy)-z-y‘:^0-^ 

while, with reference to the new coordinates, the S complex is 

that formed by lines which meet the trace on the plane at infinitv 

of x-+7f-^z‘ = Q, or the sphere-circle-, the S' complex is that 

formed by the lines of the complex p\, = p’,„. So that to each 

point of S' correspond.s a line which meets the sphere-circle, ie. 

a minimal line ; to each point of S corresponds a line of the 

complex Pi-,-p' 3 t = 0 ; the only exception being that to the 

points of the sphere-circle of S correspond all the lines of a plane 
parallel to the plane .'r' = 0. ^ 


102. Reye’s Complex of Axes. Reyef denotes by an 
axis of a quadric, a line which is perpendicular to its polar line 
for the quadric ; such a line is an axis of a plane section of the 
quadric ; for if p and p' are a pair of such lines, and tt' the plane 
through p which is parallel to p, the pole of the section of the 
quadric by tt' is the point at infinity on p hence, since the pole 

* See Lie and Scheflfers, BeriihTungetr. Bd. i. S. 445. 
t See Beye, Geometric der Lage^ ii. 
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of /> for tins section is at infinity in a direction perpendicular to p, 
it foih)\vs that p is an axis of the section. 


.7 


y 




Taking ^ ^ = 1 tlie efpiation of the quadric, if the 

direction cosines of p are I, m, //, and any point on it is {jpz)^ then 
I'm'n being the direction cosines of//, we have, 

W + mm' + uu' = 0 ; 

also the- polar i)lanos of (xyz), and of tlie point at infinity on p. 
being respectively 

(I h c 

fiiT} nt 

^ ^ = 0 ; 

(the 

therefore /' : m' : n = a (i/u ~ zm) : b{zl-ju) : c(™ -y). 

hence til (//a - zm ) + hm (zl - ./ a ) + cu {u m - pi) = 0 ; 

while for a tetrahedron of reference of which one face is the plane 
at infinity wo have I = pn &.c., pn — zm=: p^ &c.; hence the axes 
form the complex 

apuPzi + l>Pi,Pii + c/j,,/) ^ = 0. 

lo this complex also belong the normals of the quadrics 
confocal to the given quadric, and of those similar, similarly 
situated and concentric to it: for if the line through the point 
{iJ'pz) having /, m, n for its direction cosines, is normal at i^z) 

O'" Ip Z’ 

r "f* - 
a b c 

a If c 


to the (pjadric *' + = 1 , we must have 


whence 


I z 
I m H 

\n U \l m 


T he quadric being one of a series of similar, similarly situated 
and concentric quadrics, the oc ^ normals of the quadrics form a 
complex, which, from the last equation, is seen to be tetrahodnil. 
Again it u = A-* + \, 6 q. X, c = C-* + X, {,e. if the quadric is one 
of a senes of confocal quadrics, the normals again form a complex 
which is seen to be the same tetrahedral complex*. 

iTom Ibis property the complex is sometimes called the Normal Complex. 

^^e easily find tliat auy lino of this complex meets the quadric ^ + — + — = 1 

a b c 

iu points at which tlie normals to this quadric intersect each other. 


102^10*] ,,,, ^ 
liedi?ro,n”l«”fbS,f °' ”‘' ®''“P>'“‘- ’V u tm- 

P ‘ eii been to possess an equation of the form 

oPups + l)p,ip,., + cp,.,p.^ = 0. 

-A-uy projective transformation will chanao fho • 

complex 7= into another such cLpie," sitc'bv" 
transformation, the double ratio of f ’ ’ “ P'’'^J®ctive . 

?• r;r ' ‘r 

frot ZTru'V'"’'^ be ^bJerved 

-iven the proiet“ ‘fr collmeation are> 

xiv^bv co^^e t bs determined (Introduction, 

Planl^ Tt LVn'f transformed into a complex which has the 
plane at infinity as one face of its fundamental tetrahedron, since 

of the''L"rL^*'7'^'^'^~^'^^” equation 

tne new complex is 

adic (yds - zdy) + hdy (zdx - xdz) + cdz (xdy ~ ydx) = (). 

Anicleris''lb''T''"',''' ‘he last 

Article), IS therefore the projection of any T\ one of whojse 

double ratios is ; its complex curves are parabolas (sitjee 

they touch the plane at infinity). If P, Q, R be the points I in 
Which any complex line meets the coordinate plane, s of x, yj, z 

respectively, since (RQRao ) = constant, we have = constajit. 

104. The line element. If with any given point of space 

a definite direction be associated, we obtain the idea, duej to 

Sophus Lie, of a line element. Connected with any point there 

are oo ^ hne elements (corresponding to the different directions 

through the point), and in space there are altogether oo'^lline 
elements. ' 


By any differential equation of Monge, of the form 

/ (a-, y, dr, dy, dz) = 0, j 

homogeneous in dev, dy, dz, cc * line elements are selected from the 
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X ■' line elements of space. It was seen (Art. G), that an e(|uation 
of the form 

- Zihf. z<l.r - -ffh, J.(hj ~ i/d.v, dr, (hj, dz) = 0 

represents a line comple.x ; a line element 

(.c, z : d.r : (/// : dz) 

which sati.'^ties the e-piation /'= 0, will be said to belong to the 
complex represented bv' / = 0. In Chapter X\III. Lies in\esti- 
l^oitions of this ditfereiitial equation will be considered. 

105. Curves of the Tetrahedral Complex. Any point 
P of a curve and the tan^^eiit p at P determine a line element of 
the enrre, the number of such line elements being x A curve 
of (I couijtle.r is one whose line elements belong to the complex. 
Along any given curve of a tetrahedral complex T- the coordinates 
of its |)oints are functions of a single variable /,and this parameter 
t mav clearlv be chosen so that 


1 


1 


il.r djf ^ 

j ' g it t b + t 

and since the equation of 7'- may be written 

, f/y dz , ^ ^dz d.r . d.r dg 

(6-C) ■ . . +(0-6) . --(1. 

g z „ .L •*' y 

it is easily seen that tor a curve of T- we have 

dr d if dz \ 1 1 

.r if Z it 1 b + t C + ^ 

wlience the curvo.s of T- arc seen to be 

th(| form of F being arbitrary and \.g. v being arbitrary coirstants. 
The following cases are of special interest : 
l(i) /’(/) = !, .r = X(n+f), g = fi{b-Vtl 2 = p(c + 0; 


this! gives the cnm|)lex lines ; 

|ii) F(7)=2, x = \{a^-t)\ y = /i(6 + 0^ z = v(c-¥tf\ 
thisigives the (parabolic) complex conics; 


('iii) F(t)^-\, ^ = ^ 


V 


6 + r " c + r 


(Is dif d: 1 1 . t 

• {See Lie. Deriihrmujstr. S. 327. An exception occurs \i ^ = = 


where* a, (S and y are constants. In that case : z' — A : II : C. 
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this gives the twisted cubics through the vertices of the 
fundamental tetrahedron the chords of which form 

106. Non-Projective Transformations of the Complex. 

Any transformation of the form = Xa;"*, y, = applied 

to a hue element of transforms it into a line element which 
also belongs to since here 


dx dx-i 
m, — = 

X X, 


d\i dll. 

m.~^ = ~y 


dz dzj 
m. — = — 
z z. 


x^ y Vi z z^ 

and substituting in the differential equation of the complex the 
form of the equation is not changed. Complex curves are there- 
fore by this transformation changed into complex curves ; the 

cases m = 2, m = -l are of special importance. For m = 2, any 
line 

Ax, + Btj, + (7^. -f- i) = 0, A’x, + Fy, + Fz, + Z)' = 0, 
becomes, for X = /x = z/ = 1, the twisted quartic 


Ax‘^+By'^-\-Cz‘^^D==Q, A'x‘^ + Fif-^Cz^+ D' = 0. 

Hence the line elements of this twisted quartic belong to the 
same T\ and by projection it follows that any tangent to the 
curve of intersection of two quadrics meets their common self- 
conjugate tetrahedron in four points of constant double ratio. 


To a line in the space (xyz), e.g.y 


a;=a + Zr, y = /3 + mr, z=y-\-nr, 
there corresponds 

= X (a + lr)\ yi = (y9 + mr)'y z, = v(y + nry : 

i.e., a complex conic. 

For m = — 1 the transformation is Involutory ; the complex 

line 

x = <x-\-lry ?/ = yi3 + w?*, z = <y + nr 
becomes the twisted cubic 



X _ 

a -p Zr ' yS + mr ’ 


V 

y + m'' 


The proposition ralrcady established (Art. 95), that the chords of these oc ^ 

cubics form T'^y is shown by Lie in the following manner: — the tivansfonna- 
. « X ^ i/ , 

tion Xi= , 2/i—^y = “ such that by suitably chousing X, and u any 

^ y z 

two points of space may be interchanged, i.e. so that to P and Q of the space 
{xyz) there correspond § and P of the spjice {x,y,z^\ now take any two 
points P and on one of these twisted cubics, then to the cubic will 
correspond a complex line which passes through P and Q, i.e. the chord P(^ is 
a complex line. 


J. 


9 
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107. The Special Quadratic Complex. One species of 
(juadratic complex consists of tlie tangents to a quadric surface. 
This complex is said to be special. On each line of the complex 
there is one point for which the complex cone becomes two 
(coincident) planes through it, viz., its point of contact with 
the quadric. Hence every line of the complex is singular, so that 
for every lino of the complex F{x) = 0 we must have 



where a and are constants. 

If in place of f’(.r) = 0, the equation 

/(,/■) = = 


which represents the same conqilex, be taken, we have 

2“"dxri() 

= aF (j) + — oF' (x) + Sr,' 


a- 


'rhus the e(iuation of a special quadratic complex being given 
in the form F(j:) = 0, by the addition of a determinate multiple of 
(.r^), this equation may be replaced by/(./) = 0, where 


-d)’ 


The e(|uation of the complex being expressed in the form 

f (j;) = + ■ • • + ^UikXiXk 4- . . . =0, 

the result last obtained requires that 

1 Uii? = A, - Uy fla- = 0, 

4 

i < 

A beintr the same for all values of L It follows also that if the 

.a/ 

quantities .r, are the coordinates of a line so also are , more- 

over this line is the polar of .r with ret/ard to the qaadric; for the 
poliir line of x with regard to the complex is 

Xxi whence \ . ^ = 0, and therefore \ = 0, 

OXi 

(since a line coincides with its polar only wdien it is a complex 
line), and this polar line, being the locus of poles for .rote 
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sections of the quadric through is therefore the polar line of a: 
for the quadric. 

Taking as the equation of the quadric 

= 0, 

its complex equation is (Art. 46), 

^ = a,a..p]o- + a^a^p.J + + dit-hpu + = 0. 

On substituting for p,,, as usual, +«X>), &c., and multi- 
plying by two, we obtain for f(x) the form 

f=\[a^ a-2 Xy 4- ix^ + x^ — ix^-{- j = 0^ 

which gives 


l¥\^ . 


showing that A is equal to the discriminant of the given quadric. 

The determinant of the coefficients of f has the value for 
from the equation connecting the coefficients of / we see that 
I = A , and taking U], a 2 , ctj, a^ as being each equal to unity 

/ = xi^ + + x^ - x-i - x;- - x^^, 

whence it is seen that in this case |cE,-jt = — 1, therefore generally 

I a/jt I = - A=*. 

108 . System of two special complexes* If we have any second 
quadric, its complex equation may, as has been observed, be brought to the 
form 0 — 0, where 

Tlie discriminant (p) of f— p , 0 has only redpt'ocal roots ; for writing 

^ik~^rl^ir • ^kr-> (^= 1 ) 6 ), 

we have 

- ^ X- \ ^ik \ • X- \ - P ‘ A appearing only in the principal diagonal, 

= = A'l, A' „ „ 


M V » } 

showing that if r is a root of ;^ = 0, so also is r\ where r' — - . — ; thus we have 

r A 

three pairs of roots r, /, each pair being connected by the equation rr' = ~. 
If the quadrics have as equations in point-coordinates 

U = a, ^^2 + ^ q, 

r= 61 ^ ^ ^ ^2 = 0, 


* The following is an account of an investigation by Voss, “Die Liniengeometrie 
in ihrer Anwendung auf die Flachen zweiten Grades,” Math. Ann. x. 


9—2 
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then f and the ctunples equations of C ami V expressed in Plucker 
coordinates are, 

(^>= ... = 

If now We make the .suh?^titutions* 

I ' f • ^ “ ' 

N . yq.j — <7 . • /'iJ — ^ 13* ** ’ P\i~ ^ • P U' 

j . - tr . p s ''.’"i ■ Pi:~^ ■ P *^ ''^3 • Pj3~^ • Pzi * 

we obtain ./ ••• • 

* •> * o 

A — P > . P :a' , 

d> = H , + . . . , 

'*1 

where ~ ; ’ '* 1^1 ~ ’ 

f i I 0., ^ ^ 

and the di.-^criininant ecpiatimi ;^('^>)=0 )>ccoinos 

0/ V ' 

i.t\ fyy r,' t^c. are tlie three pairs of reciprocal roots of {p) = 0. 

Ketunhno to tlie general case for / and exin-e.ssiiig that x(p) = ^ ^ 

reciprocal eipiatioii, we obtain 

xOi)aA'-/;.I,A' + /;LLA-,>bl, + />bl,A'-pM,A'-!+/)«A'^ = 0 (I); 

wljere .1,, Jj, are mutual Invariants of / and <j). 

We shall now sliow the connexion of these Invariants with the Invariants 

P, 0\ A, A' of the two (pnulrics expresseil in point-coordinates. For this 

1 A 

]Mirp<»se introduce in (I) the quantity : defined by tlic c(piation + ; 

(I) then becomes 

A'^-i- J,A'V-' + :(A'.l.,- :fA'-A)-.l.t -1-2.1, AA' = 0 (II). 

The r<H>ts of tlie last equation aR* seen b> he -,’,"-1- &c., ami are 

therefore the (piantities 

X, X;, -t* X.,X^, X,Xj-t-X.jX^, + ^2^3» 

where the Xj aix* the roots of the disi-riminant of C'-hX T, *>. of the equation 

A■X^ + tf■XH<^XHPX-l-A = 0 (III). 

Put the e(piation who.se rcKits are the above functions of the roots of the 
capjation (III) is known to be 

A'-''r'*-A'-'l*;--l-:(AW-4AA'^)-(A'^‘-'-4AA'<I>-f-Ad'-)=0 (IV). 

Py comparison of (II) and (IN’) we obtain 

A , = ■!*, 

= AA', 

^l3 = ^'-'A-2-I>AA'-|-^-A'. 

109. Covariant tetrahedral complex. Tlie complex 

V = 0 

d.i'i 

* This is merely a cliange to a new sy.stein p'^ of line-coordinates, (Art. 81). 
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expi esses the condition that the polars of a line x with regard to 
L and to K should intersect. It is thus a covariant cotnple.x of 
f and <!>. If any line be taken in a face of the common self- 
conjugate tetrahedron of U and F, its polar lines pass through the 
opposite verte.x, and therefore necessarily intersect. Hence any 
line in any of the four faces of this tetrahedron belongs to 
the complex, Avhich is therefore tetrahedral. To it there belong 
the tangents to tlie curve of intersection of the two quadrics. 

Two other covariant complexes of the .system are 



which respectively express that the polar of a* with regard to U 

should touch V, and that the polar of x with regard to V should 
touch U. 


110. The Complex of Batta&lini or Harmonic Com- 
plex*. The locus of lines which meet two quadrics in points 
forming a harmonic range has been already investigated (Art. 8.9); 
it was seen that if the quadrics are f/ = 0, 7 = 0, where 

U = 7= 

the complex equation of U being ^1'' = 0, then the required complex 
has as its equation ^V = 0. This result may be obtained 

da/i 

otherwise in the following manner. 

If two conics have as equations in point-coordinates aS' = 0, 
S' = 0, and in line-coordinates S = 0, 1' = 0, the tangential 
equation of any one of the pencil of conics S + kS' = 0 is 
X + + =0. Each common tangent of S + kS' = 0, and 

S — kS' = Q, satisfies the equation = 0, which is also the 
condition that a line should be cut harmonically by S and (S''!. 

If U and 7 are two quadrics whose complex equations are 
respectively T = 0, T' = 0, the complex equation of U-\- kV=0 is 

^ + k% + = 0 ; 

this equation shows that there are two quadrics of the pencil of 
quadrics {U, 7) (i.e. those which pass through the curve of inter- 


* For an interesting investigation of the characteristics of this complex when 
the quadrics have special relative positions, see the memoir, Math. Ami. Bel. xxiii. 
by Segre and Loria, “Sur les di£f6reutes especes de complexes du 2® degr6 qui 
coupent harmoniquement deux surfaces du second ordre. ” 
t Salmon’s Conic Sections, 6th edition, pp. 307, 344. 
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ficction of U and which touch any given line. Any Hue of the 
complex 'P", = 0 touches both U /• r = 0 and U — kV=0; but <a line 
which touche.sthc‘ last two (piadrics cuts U ami V tn four harmonic 
points; f(tr if any plane tlirough such a line cuts the quadrics 
U, V in the conics whose eipnitioiis. referred to a triangle of 
reference in their plane, are *S*=0, = 0 , this line will touch 

*S’ + /.vS’' =0, N-/wS" = (), and hence c\its S and »S' harmonically, 
i.e. it cuts U and V harmonically. It loliows that 'Pi = 0 is the 
complex eipiatinii of lines which meet and Fin four harmonic 
]>oints. 

Taking as the eipiations of IJ and V 




it is seen that 




If the quadrics are referred to their common self-conjugate 
tetrahedron, their e(iuations are 

hence, .since 'P = ’lOtOk Pik\ = -Wt Pik‘> 

therefore 'Pi = - (o A + Pik’- 

By the ])rocess explainerl in Art. 81, the C(]uation ot this 
complex, which will be denoted by H\ may be brought into 
either of the forms 

(I {p\, + + b (//-,3 + p\i) + c (yj'n +/a) = 0 . 

or U (7r,.j + TT'm) + 6 (77-13+ TT^j) + C = 0. 

This dift'ers from the canonical form in Pliicker coordinates of 
the general complex by the absence of product terms, the equation 
of the latter complex being 

(\i - X-j) ( + pr^) + (X3 - X4) (P’i 3 +P^t) + (A - A) (p“i 4 +^*.3) 

+ 2 (Xj + X-j ) piiPjt + 2 (Xj + \i)piiPi2 + 2 (X 3 + Xfi) pup-zi “ 


The conditions therefore for a Harmonic complex are 


Xi + X.J = X3 + X4 — X5 + Xfi. 

If the equation of the complex be brought to its normal form 
(Art. 87), !1X, =0,and these conditions iuay be stated as follows: “the 
sums of two pairs of the quantities X should be separately zero. 
It is easily seen that these conditions are satisfied for the complex 
y (a:) = 0 in its normal form when A 3 = 0, = 0, where A, and Aj 
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are the coefficients of and /a respectively in the discriminant 


111. The Tetrahedroid. The singular surface of the Har- 
monic complex is derived from the general case by the conditions 
a^ = h, = c, which make £’ = 0 (Art. 82), and give as its equation 

A -I- 2B + 2C 


with the condition 


+ 2i) + y^y^) = 0 ; 


A{A--B-- 0- - £)■-) + 2BCn = 0. 


This surface is called the Tetrahedroid. On inserting the 
values of A, B, C and B given in Art. 82, it is seen that the 
equation of the surface may be written 







The form of the equation shows that the section of the surface by 
the plane of the tetrahedron of reference consists of the sections 
by oTj of C and C respectively, where 


C = ay.} 4- hy} + cy} = 0 
is the complex cone of a 1|, and 



is the cone through A-y and the complex conic of ; for the 
equation of this conic in plane-coordinates is seen to be 


an} -f hu} -f cu} = 0, 
and therefore in point-coordinates is 


Writing 

^=2/1“ + 



the equation of the singular surface ^ becomes 

CG'+y}T^0. 

This form of the equation shows that 0 contains two families 
of 00 ^ twisted quartics, viz., 

C+\y} = 0, T~\O' = 0; 

O'-f-XV = 0, T-X'C^O. 


and 
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Tlirougli Jiny point of O there passes one curve of eacli family. 
Any curve r of one species and any curve r' of the other species 
lie on a quadric, since 

f + X' y.=) - ( r - X'C). 

Theve ore two harmonic complcj'es which have a given tetra- 
hedroid on singular surface ; for when 

b c c a a b 

" + 1 > ' + , T + ■ 

c 0 a c 0 a 

are each given there are two sets of values (or a : b : c ', if one set 
h ot : l3 : y, the other is 

1 1 1 

so that tor the two coni])lexes T is the same, while C and C' arc 
interchanged. 

By reference to the equations of Art. 82, in which E is to be 
taken as zero, it is seen that the singular points of the surface 
lie by fours in the coordinate planes; the singular tangent planes 
of tlu‘ surface pass by fours through the vertices of the tetrahedron 
of reference ; thus the coordinates of the singular points ^ in the 
plane* 2 , are given by the eijuations 

/?./ : : /?;■ = a (c* — 6*) : b (u- - c-) : c (6- - a-), 

aiol the coordinates u of the four singular tangent planes through 
.^Ij are given by the same proportion. These four singular points 
an? seen to be the intersections of the conics {«,, C), (a,, O'), 


112. There are x ' pairs of quadrics such that for each 
pair the Harmonic complex is the same as the given 
complex. Jn the first place it is easy to see that the Harmonic 
complex for the quadrics 

O' K, ^7 — O' K is ^ — o-'M^' = 0, 

where and are the complex equations of U and 7 respectively; 
for if 

U = lii/i' + 

the complex for U-\-o-Vt U—aV is 

2: {li — (TniiJi: + o-»ijt + /, + a-nii.ljc — anik) p^ik = — 2o‘^^' . 

Again denoting by F the quadric C' + \yi- = 0, and by K 
the cone 


C + Xg{^-\(T-\C') = 0, 
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we find 


K = 


y" 


+ 


y: 




+ 


y' 


where 


X(Z — be Xb — ca Xc — ah 

p = ~ bc){Xb— ca) (Xc — ab) 

abc 

Fioni the preceding result, the Harmonic complex of 

F + <tI{, F- (tK, is O - o--p-/r, = 0 ; 


^ = Xap\, + Xbp\^ -f- Xcp\^ + bcp-.^ -f cap\, + abp%, 






+ 




P\2 


{Xc — ab p\^ + X6 — ca 


(Xa - he) (\b - ca) {\b - ca) (Xc - ab) ''' (Xc - ub) {Xa - be) ’ 

hence 

4> - <t=p^K, = Xap\, + Xbp\, + Xc/„ + bep^^ + ca p\, + ab p% 

__ 2 ~ ^c) {Xb - ca) (Xc — ab) 

{abef 

+ Xa - be p^^) = X.H\ if . 5 -^iabc)i 

(Xa — be) (Xb — ca) (Xc — ab) 

Any pair F—aK, F-j-erK intersect on a curve r which lies 
on 

If a line of the complex meets t in P it must meet one of 
these two quadrics in a point consecutive to P, ie. it must lie 
in the tangent plane at P to one of the pair; and the tangent 
planes to the quadrics at P form the two pencils of complex lines 
through P. 

In like manner, by interchanging C and C', we obtain x ’ pairs 
of quadrics such that for each pair the harmonic complex is 

The given Harmonic complex is also the locus of lines through 
which four harmonic tangent planes can be drawn to any one pair 
of pairs of quadrics. 

For, starting with the complex equation 

« + h (TT^ia + TT^^.,) + c (tt-h + ir.^) — 0, 

and repeating the previous analysis, using instead of j}oint 

coordinates, we arrive at the result just stated. 

Let F^+pL^y Fi — pLi be a pair of these quadrics, then any 
complex line which lies on a common tangent plane tt of the 
quadrics must lie in two consecutive tangent planes of one of 

* From the values of the coordinates recently obtained for the four singular 
tangent planes through it is seen that K touches each of these planes. 
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them, t.e. must pass through one of the points of contact P of tt with 
the (piadrics ; hence tt is a singular jilane of the com|)Iex, the 
centres of the jK'ncils in it being the points of contact of tt with 
the (jiiadrics. Now through P two of the preceding (piadrics 
F (tK, F~~ <tK will pass, and it was seen that tt was the tangent 
plane to one ot them at P, say to P+ aK, hence F-\'(jK, P, + /xPi, 
being referred to a common self-conjugate tetrahedron and having 
a common fangmit plane at a common point must coincide*. Thus 
the second set of quadrics is the same as the fii'st set but is 
differently jniired. 


113. Painvin’s Complex. If in the quadrics, referred to 
]ilane coordinates, = 16,//,- = 0. 

we make o, = u,_, = 03 = 1 . 0^ = 0 : 

= (i\ k = 6-, k = = . 

and suppos(‘ that //*=!, the harmoriic complex degenerates into 
the locus (»f intersection of |)airs of perpendicular tangent planes 
to an ellipsoi<l, 

Thi? equation (»f the harmonic complex 

i;7r-,t(u,/>t + (U.6,) = 0 

])ecomes in this case 



Ap\i + P/)Vj -P 

A = b' -p 


- p\-: - P'u - p\i = 0 , 

n = c- + ii\ C = (P-\-b\ 


Hence, by Art. or directly, by expressing that the section 
of the complex cone of the point (a*, y, z) by a coordinate plane 
breaks up into two lines, we obtain iis the etiuation of the singular 
su rface 


(.r + -f- z^) {A.r- + By- + Cz^) - [A (B + C) 

+ B{C-\-A)y^-\-C{A-\^B)z^]+ABC=0, 

which is seen to be the Wave Surface for the ellipsoid 


a'^ B^ a 



Tile .singular lines of a harmonic complex 2(/ji.p-a. = 0 belong to the 
tetraliedral complex 

In the eiuse of Painvin’s complex the bust e<}uati<m bikc.s the form 

which may he written in the form 

^"^PuPu + ^'Vi3/>42 + « Vn Pa = 

and i.s therefore tlie complex of normals for the given ellipsoid. 


• See Sturm, Lin, Gcom. Bd. iii. S. 344. 
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114 . It has been seen that there is a singly infinite set of 
quadratic complexes which have a given Kummer surface as 
singular surface (Art. 84). This will now be shown independently, 
as follows: — using the coordinates of Klein, let be any 

given quadratic complex G'\ the complex 



where p has any definite value, has the same sinyidar surface as C-, 
For, denoting this complex by Cf, if y,- is a singular line of Of, 

V' 

then ^’_j^ a line, (Art. 76), and intersects in a point of the 
singular surface of Cf, the pencil of tangents thereat being 


Now if we write 


it follows that 








0, 




hence a; is a singular line of (Art. 76), and touches the singular 
surface of C- at a point for which the pencil of tangents is 

{'ki-¥ pxi, but this is identical with the pencil (yu ^ ; 

\ + /X/ 

hence, the singular surfaces of Of and 0^, having the same 
pencils of tangent lines, must be identical. The complexes Cf 
are said to be cosingular. 


116 . It appears that if y is the singular line of Cf, at a point 
P of at which the singular line in (7^ is x\ then 

Vi = {\ + h) ; 
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by varyiiv^ ^ we ubtain llie pencil of tangents to <I> at P, hence 
each tangi-nt to ft> at P is a singular line for one of the cosingular 
complexes C^-'. 

/ If /i be eliminated between the eijuations 


//. 


//■ 


4> 


s =0. . = 0, 

\, + M (X, + /i)- 

we obtain the complex eijuatioii of i.e. the complex formed by 
\ its tangent>. 

Since 

1 


V //'* _ ■ V 

/i “ 


7,- 1 1 

^ - “ -X.y.- + . . . 

= - V + ... ; 

t is seen that (■• is included in the series of complexes and 
■'irh-spomts to the value ^ — The complexes C'/ also include 
•ach tundaniriital comj>lex taken donhli/; as we see by taking 
f^ueeessively -f X, = (), ... + X,. = 0. 

Through anij line I there pass four rantplej.es (Art. S4), viz. 

tliose determinetl bv the eiiuation ^ ‘ = U. If two of these 

1 • ‘ 

\ldue.s of say and p.., c<uneide. then since in that case 

/■* 

(X,' + pi)- 

it follows that / is a singular line of the complex C^^'^,\\cncc,the 
siiiffiilar lines of a complex C/ are its lines of intersection with a 
consecutive complex of the system. 

If a plane be drawn thiough / to touch <b in 0, the four 
singular lines correspomling to the above four complexes are the 
join.s of 0 to the points of intersection of / and <I> (Art. 84). 

It should be noticeil that if two complexes 

IS/r,-.!-,' = 0, iX,-./V'= 0, 

are cosingular, wa have 


ki = 


a 




oX, 

7X,- + S ’ 

a8 


since 


ki = 


txTTo 


7 _ a /3y — aS 1 



X. + - 

7 
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116. Correspondence between lines of cosingnlar com- 
plexes*. If between the coordinates of two lines x and y, the 
following six equations exist, 


' V(x.- + m) ’ 

it follows that x belongs to the complex 2X/^V““0, or C-, and y 

(5 ?/2 

belongs to the cosingular complex S =0, or 

1 Aj + /A 


Thus the above equations establish between the lines of (7^ 
and (7^- a (1, 1) correspondence, by aid of which many important 
properties of the quadratic complex can easily be demonstrated. 
A fundamental fact of the correspondence is the following: — if x 
and X are two lines of and y, Y their corresponding lines in 
it is clear that F,- = 2y,-X(*; hence, if x intersecU Y, then y 
intersects X. 


vY- 

If '2.XiXi = 0y then =0, but y, Y will not, in general 

A,- + y. 

intersect ; if y and Y do intersect, ie. if Sy* = 0, then since 

^ v Y- - F-" 

2 ?^-= 0 , = 0 . 2 /; = 0 , 

Xi + /X \v • + /i \i + yx 


it follows that 



= 0 for all values of p, or y and F 


belong to the same pencil of lines of Cf ; and since 

lyi Yi = S (X; + yx) XiXi = tXiXiXiy 

it follows similarly that x and X belong to the same pencil of 
lines of C‘^; i.e. if a pair of lines of C'^ intersect, and also the 
corresponding pair of Cf, each pair belongs to a pencil of lines of 
its own complex: to a pencil of either complex corresponds a pencil 
of the other. 

Any point F is the vertex of a complex cone of C~ and of Cf; 
the two loci of corresponding lines of Cf and respectively will 
not be cones (or conics), as just seen, and are such that any line 
of one locus meets all the lines of the other locus ; the loci are 
therefore the two sets of generators of the same quadric, hence, to 
any complex cone (or complex conic) of C~ corresponds a regidus of 
Gf and conversely. There thus arise reguli of the ‘images 
of the complex cones and of the complex conics of Cf ; they will 
be said to form a ‘ triplex ’ of reguli of and will be denoted by 


* See a paper by the author thus entitled, Quarterly Journal (1903). 
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-M- where consiists of the images of the complex cones of 
Cy- ami ’1^' of the images of the cofn])lex conics of C/. 

Take anv two non-intei'sectini: lines A'^ of C'\ and take the 

^ O'' 

({uantity fi determined from the ecjuatiou 




// = - V + = 


as that which determines a cosingular complex (7/; then to x and 
A" will correspond two intersecting lines y and 1^; these latter 
lines belong to one complex Ci)ne and one complex conic of 
hence, oa// two lines .i\ X of C- which do not intersect, determine 
one cosiuiittlor complex Cf in which the two corresponding lines \j, 
r intersect ; and there are two regnli of C" through x, X, viz. the 
iniofies of the complex cone and complex conic of Cf determined by 

y, 

It has been seen that the complex cones and conics of any 
cosingular complex Cf have for images x reguli of (P forming a 
triplex, and since there is a singly intinite number of complexes 
C'/ there is a quad ru ply infinite number of reguli of C- (Caporali, 
(jeometria ). 

The directrices of tlie reguli of a given form x reguli, 
which are the images of complex cones of C-, and therefore reguli 
of Cf. It is known that the polar line with regard to a funda- 
mental complex, of any line of a (juadratic complex C\ belongs to 
C-, (Art. 78); hence, the polars of the lines of a complex cone of 
Cf form a complex conic of ('f, and from the ei|uations of 
correspondence it is seen at once that the polar line of y corre- 
sponds to the polar line of x\ hence, if a regulus of is polarized 
with regard to a fundamental complex, we obtain a regulus of If. 

Through the vertex of a complex cone of Cf there pass 20 ^ 
planes, each of which contains a complex conic of Cf, each conic 
having two lines in common with the cone; we have, in correspon- 
dence, x“ reguli of C'^ belonging to a 'S.f, which have two lines in 
common with one regulus p of these reguli arc said to 
form the 'field' of p. 

117. The complexes RA R*'^ If u complex So,;r,- = 0 
contains a regulus p of which belongs to the complex 

^ = 0 contains the cone of Of which corresponds to p, 
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hence the last complex must be special, i.e. 

X/ + p 

The complexes So,-.r, = 0 wliich satisfy the last conditioD, p 
having a given value, form a quadruply infinite system, which 
will be denoted by i?/; the system passes through all the reguli 
of a triplex, and two members of the system are contained in any 
‘pencil of linear complexes,’ ie. a set of complexes of the form 

{ax)-\-(j{px) = 0, 

where p is variable. 

In any one complex (a^) = 0, of a given are contained two 
singly infinite systems of reguli of 2^, S/, viz. those which 
correspond to the complex cones and complex conics, whose 
vertices and planes respectively are united to the line 


V(^i + pd 

Similarly, if a complex = 0 passes through the directrices 
of a regulus p of 2^ forming a regulus of 6’^^ the complex 
Sctf V(^i + p)(€i = 0 contains a cone of !£ and is therefore special, 
hence 

2a/ (Xi p') = 0. 

This quadruply infinite system will be denoted by if a 
linear complex belongs to an jR/ and to an R\- for the same value 

Cl* 

of p, both — - and ai^J(Xi-\- p) are lines; denoting them by 

^J{Xi + p) I 

I and l\ it follows that // = Zj (Xi + /x), hence V is the polar line of Z ' 
with regard to C'\ and the lines Z, V belong respectively to the ! 
quadratic complexes j 

2(x, + ,)'V-0. i 

118. The congruence [2, 2]. The lines common to C'^ ancl 
any given linear complex A, form a congruence which is of thip 
second order and second class; for the lines of this congruencje 
through any point P are the two intersections of the polar plane 
of P for A with the complex cone of P for C~ ; in any plane t^, 
the lines of the congruence are the tangents from the pole of V 
for A to the complex conic of tt. 

Q ^ I 

If the complex = 0 is given, the equation 2 — 


1 
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gnos five values for fi, so that if. for instance, be one of them, 
tlie i-otii].lex cones of C\^ whose vertices are on the lin 


1 + 
correspond to x ' re^fnli of C‘ which belong to :t«,av = 0, similarly 

or the comj.lex conics of C\ whose planes pass through this line; 

from the five lines we thus derive 10 systems of x • reqidi of the 

congruence A). '' 

This niethoil of correspondence thus enables us to investigate 

the congruence (C\ A ), by consideration of the simpler congruence 

consisting of the lines which belong to a ipiadratic complex and 
meet a given line. 

'Ihe two systems which correspond to the complex cones and 

to the complex conics connected with the same line - 

1 1. u v'(X.+/rr 

nia.\ he said to be associated: since each of these complex cones 

has two lines in common with each complex conic, it follows that 

any two regnli belonging respectively to two associated systems 

have always two generators in coininon. Conversely, if two regiili 

of diflerent systems have two generatoi-s in common, those systems 

iiiiist be associated, for if the regnli p, and p, belong to two non- 

associated systems, say tho.se connected with /x, and p.,, the 

transformation u', = turns p. into a cone, and p, into a 

regulusof' which cannot have two generators in common with 
a cone. At the same time it is seen that, if p, and p, belong to 
two ditleient and non-a.ssociated systems, they have o/ie generator 
in common, for p, is transformed iis above into a regulus of C*,., of 

which the line j o. directrix, and this regulus will have 

one genei-ator in common with each cone of 6”*^ , whose vertex lies 
on this line. 

Fhe congruence .^*1) contains lU pencils of lines \ for, taking 

ll ^ 

one of the root.s /x, of the equation S ^ ' =0, to each line of 

A,- 4 p 

( which meets the line — ' — there corresponds one line 

of (C\ A), and vice versd\ but the congruence (c\, — - ] 

' Va,- 4- pj 

contains 16 pencils, viz. the eight pencils of at the four 
points in which _ meets the singular surface, and the eight 

VA, + /^i ® 
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(fi 


hence, 


pencils in the four tangent planes through 

• + /A] 

since a pencil of lines tj corresponds to a pencil of lines x 
(Art. 116), there are 16 pencils in the congruence (C^, A). 

Though, in general, there pass through any point only two 
lines of a congruence (2, 2), it is now seen that there are 
16 exceptional points, through each of which there pass lines 
of the congruence; such a point is called a sin^ulai' point of the 
congruence. Hence there are 16 singular points in a congruence 
(2, 2); also there are IQ singuUn' planes, each of which contains 
00 ^ lines of the congruence which form a pencil. 


f 

In the congruence ( — 


«/ 


, if the centres of the pencils 


VX,- + 

in are Bi, the pencil (B,-, p;) has a line in common with five 
other pencils, viz. {Bi, Bd find four pencils who.'^e centres lie on 

Cf • 

J—' ) (Art. 77); hence the corresponding pencil in {0'\ A) has 

V A./ + /Xj 

a line in common with each of five other pencils, i.e., jxisses through 
the centres of these five pencils, hence, each singular plane contains 
six singular points^ and, similarly, through each singular point pass 
SIX singular planes. 

Each complex cone of 6'^^^ Avhose vertex is on — 

Vx,- + /xi 1 

contains one line of each of the eight pencils in the planes 
hence, each regulus, of the corresponding system of reguli in (C'\ A), 
passes through eight singular points of the congruence] and the 
sixteen singular points are divided into ten sets of eight points 
by the ten systems of reguli. 


119. Focal surface of the congruence. The lines of a 
congruence (2, 2), or (6'^ A), which meet any line p form a ruled 
cjuartic of class I, having another directrix p\ the polar line of p 
for A, and upon p and p the lines of the congruence determine a 
(2, 2) correspondence of points; of this correspondence there are 
four branch points on both p and p (Introd. xvii.), hence it occurs 
four times that two consecutive lines of the congi'uence intersect 
on p. The locus of the x - points of intersection of consecutive 
lines of the congruence is therefore a surface of the fourth degree ; 
this surface is called the Focal Surface of the congruence. j 

If p belongs to the congruence (but does not pass through a 
singular point), the quartic surface formed by lines of the co^- 

J. 10 j 


3 


r 
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gnio.ie.' which intersect p. is ,.f a different character: for, any line 
>j, which meets p, meets only one other c,mnerator of this surface, 
since in tlm jilane {p. y) there is only one other line of the 
conoi nonce, hence p is a triple line of the surface, which is of 
class XII, possessing a sim|)le directrix and a double generator; 
so that p is met by two consecutive lines of the congruence in 
points l\ 1“ respectively; and there is no other point of the focal 
surface upon p except P and P', f,r if Q were such a point, then 
through Would pass three lines of the congruence, viz. p and the 
two (conseentive) lines through Q: hence p loaches the focal 

suilace at I and P , thus the lines oj the com/rnence ore bituiojents 
of the foctd fill) face. 

Lasfly, taking any lint* p through a singular jioint of the 
eongi-iuaice, the lines a\' the congruence whicli meet p consist of 
tin- iieiicil through .S' logrther with a ruled culiic of which p is the 
(loiihle directrix. The two geiieratoi-s through each point of p 
meet the single directrix of the ruled ctihic in points Q, (/, so 
that there is determined ui)on tile two diioctrices. a [1 . 2] corre- 
siKiiidence, which is therefore given by an eiiuation of the form 

•'■'' + *^=0 ( i ), 

wh(*re // and v are quadratic expre.ssions in y, the coordinate of a 
j)oint (J, j' being tiie coordinate t)f a point P upon p. 

for ])i)ints }* in which p meets the focal surface, the points 
ip q coincide, i>. the .piadratic e.piation (i) has e.pial roots, this 
gives two such points F upon p\ from which we learn that, 
exclusive of .V, p meets the focal surlace in two points only, hence 
*V i.s a <loul)le point of the focal surface. 

The focal surface, being therefore of the fourth dem-ee. and 
.possessing l(j double points, is a Kammer surface. 


now investigate 


(I). 


! 120. Confocal congruences. We shall 

l, he complex represented by the eipiation 

\ + (\h-) {axy - 2 (o.r) (Xo.r) = 0 

I This complex meets the linear complex A, or(aa) = 0, in the 

c^jiigiuence {C-, ^4): it may be brought into its canonical form in 
tllie following manner. 

Consider the sy.stem of complexes A, B,, B,, B„ B„ where 

~ B^=s ; 
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we take these six complexes as being in involution in pairs and 
choose their constants so that 

lar = l, IV = 1, 2V = 1. 

Then, (Art. 28), we have 

.r, = aiA + b,iB, + b,iB, + h,iB, + b.^B, + b.^B,. 


We shall now suppose that bki — pj, — , where ai. is a root 

4- Uk 


of the equation 2 




Xi + a 


= 0 ; this ensures the involution between 


each pair of complexes, since 2 


ar 


= 0 . 


<■ {Xi A ftk) (Xi + 

laking the six complexes A, B^ as coordinate complexes and 
substituting for the Xi in (I), this equation assumes the form 

lAf {uiA + IbkiBk]- + {\a-)A-- 2A2X,-ai luiA + I,bkiBk\ = 0. 

1 Ir • m ' 


Now since 

XXibiib.,i = 2 (X; + /i,) biibii - fjL^ 'Ib^ib.y, 


o 


o.r 


X, -f'/i.j {Xi- + /ii)(X, + yLt.) 


= 0 , 


the term B^B^ disappears, similarly for all the product terms; 
hence the equation (I) becomes 

B,^Tki b,e + B.^l.Xih,c + B.f lXib.J + B.^lXibJ 4- V tXib,i^ = 0 ; 
while since 

'^Xibu' = S (X( + fii) bu- - /^i Ibu- = - /ii , &c., 
the final form of the equation is 


IfikBi? = 0. 
1 


The complex represented by this equation has been seen to 
intersect A in the congruence ((7-, A). 

Now, (Art. 83), the singular surface of the complex 


<> 


2(X.-X,)^V = 0, 
2 


is the focal surface for the six congruences 


«] 


Xi- 


^ X; - X, ^ ^ 




X^ = 0, 2 


Xi^ 


Xi Xg 


= 0, (^ + 6). 


10--2 


- 




► f ^ ? 


V! H 


! 

rX/ 


✓ % 
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We conclude therefore, in the Hrst place, that the singular 
surface of the co/nple.r 

^ Hr 

^ '=0 (II), 

1 H-k ^ 

is the Jocal surface for the congruence 

A =0, = 

1 

'i.e.for the congruence (f'-, A). 

Next, substituting in the e(|iiation of the complex (II) from the 
identical relation 

we obtain as an e(jui valent form of (II) 

P, - fX, ' 

B ‘ 

therefore the singular surface of =0 is the focal surface of 

, 

the congruence 

7^1 = 0, + - .Bi:‘ = 0 , (A-=|= 1), &c. : 

Mi - Mi- ^ -r /- 

the fve congruences confocal with {(f A) are therefore seen to be 

7 ^,- 0 . -A--\-l . 77 r = 0 . (/r+1), 

Ml “Mi 


77 , = 0 . + ( 7 - + 5 ); 

Ms -Mi V T /) 

I > • 

their focal surface being the singular surface of S — ^ =0, where 

A Bt; = ^bi.f.r^^ bi;i — pi.. 


(li 


Mi 

1 


\i + Uk 


pk^ i (\ + Mi)’ 
provided that the pk are the solutions of the eipiation 

V 


X.+M 


Again consider tlie complex 


X. 


. l- + i?.“2 ^ '"f - 2B, S - = 0 


(III). 


This complex clearly contains the congruence ( 7 ^,. on 

substitution for the x,- in terms of A, B^ ... ^5, the equation 
assumes the form 
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^ X,- +7, + • • • + 

Now since we have 


= 0 


(IV). 


V 


a.- 


-^ = 0, 2 


«/ 


(X.,- 4- /t.) (^,' + /it) ' ^ (X-i + /i, ) ( X,- + /6,) 

therefore T 


= 0 , 


provided that 


(^i + /ii) (X( + fX)^) {\- -f 

+ + 


Hence it is easily seen that all the terms of the equation (I\’) 
disappear except those involving the squares of B.,, B^ B. 
and the equation takes the form '* ’ 




(ii 


= 0 . 


(A-t +/ii)(\/ + Zi5) 

The complex represented by the latter equation, therefore, 
contains the congruence {B,, \ but since 




a: 


(X; + /i.) (Xi + /X,) “(X;+/X,)^ (Xi+/X.)~(>W + /i2)‘‘’ 


it is seen that 




«i 


.. , &c. 


H'l — H-i ■' (^i + Mi)(\i + /X2l 

The equation of the last complex therefore becomes 




and the congruence 


2 — Mi 




- = 0 ; 


5, = 0, 5,^ + 2 


Ml 


2 Mj - Mi- 

is identical with tbe congruence {B^, 


^i“ = 0, 


But 




Ml 


5 


2 Ml “Mi 






2 Ml “ Mi 


therefore by the preceding it follows that the five congruences 
confocal with {A, C^) are the congruences (Bi, C^'^) ... (^5, Cy/). j 


.1 

s 


It should be observed that since the congruence {A, (7*) L 
identical with ^4 = 0, (P-{'AA' = 0, where A' is any linear 
complex, it follows that any congruence (2, 2) is contained in og ° 
quadratic complexes. 
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Ihe lines ot a congruence (2, 2) which meet any given line I 
form a ruled (|uartic of clns-^ I; sixteen of these lines meet any 
given (juartic curve c*; ht tice the lines of the congruence which 
meet c‘ form a ruled surface who<e degree is sixteen. If c* is a 
.section of <1>. the focal surface of the congruence, bv any plane 77 , 
the two generators of this ruled sutfice through each point of c* 
cou/cu/c, and the surface degenerates into two coincident surfaces 
of degree eti/ht. Denoting hy S tliis surface of the eighth degree, 
it i^ clear that N touches ahmg c\ the other curve of inter- 
section ot N and <I> hiung fumed hy the secoiul focal points on the 
geiieratiirs ef S. wliile S and touch also along this latter curve. 
Since these two curves of contact futn the sole intersection of 
»S and <I> it follows that tlie order of the latter curve must be 
twelve, llie jMuuts of iuterseetion of this curve and tt consist 
partly ot the four points (»f contact with <I> of the lines of the 
congruence in tt, and partly of points of contact of such lines as 
meet <I> in fair consecutive points. 

Hence, titere /.s n curve t\f order S on <I> ut each of whose points 
there is a Uuojent of u'ltich ho,s Joar-point citntnct with 

►Since a Kiimmer surface is the focal surface for six congruences 

(2. 2) it follows tliat on this surface there are six curves of four- 
point contact. 

121. The quartic surface (C^, A, A ). The lines common 
to a quadratic complex and two linear coinplexo.s .►I and A\ 
wheie ..1 and ..I are (o./’) = 0, = respectively, will in general 

: foim a luled quartic of class I, whose doiihle directrices are the 
. common polar lines of A and A\ If Miis (piartic surface splits up 
into two reguli, since they have two common directrices, they 
must have also two common generators, (Art. 5S); ie., each 
belonr/s to jhe field of the other; hence, there is some cosingnlar 
complex CV ill which these reguli correspond to a complex cone 
and complex conic having two lines in common. It follows that 

the hues - - ^ 7nust intersect. 

VA,+/i V\,-+yx 

, conditions recpiired, therefore, in order that the surface 

ij'C ,A,A') should consist of two reguli, are 

It V r. ^ U:q/ ^ 




= 0, s 


X. + M 


X, + a 


= 0 ; 


See Sturm, LLjiiengeom. Bd. 11 . S. 4‘2. 
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»' /■. «, ..he evs.e,„ Of 

“ '• by A .n<l .h. belons, cotirolj. to 

Ihe foregoing condition may also be expressed as followos:— 

the equation ^ = 0 is satisfied for the two values of 

P which make ^ + pA' a special complex, ie. by the common 

polai lines of A and A' ; hence, the common polar lines of A and 

A must belong to the same cosingular complex C/ and he directrices 
oj some regulns ofl^. 

122. Projective formation of C^. If three linear com- 
plexes A, A', A" give a regulus p of Cf we have the six eciuation.s 

/2 


^ n r 

o.a/ 


V i _ Q 

+ ' x,- + ^ 


=0 S = 0 ^ - 0 

Xi + /i- ’ X,- + /i ’ “ X,- + 


, ( 1 ) ? 


they state that the three lines 


((! 


a: 


a 


// 


\/(X, ■ + /*)’ + 

meet in a point or lie in a plane, thus the complex cone of this 
point or complex conic of this plane, for corresponds to p. 

If the first two lines pass through a given point P, then in 
any given plane tt which does not pass through P. there is one 
line satisfying the conditions, viz. the intersection with tt of the 
plane through the two lines. Let p be the regulus of 0^ which 
corresponds to the complex cone of P for and p' that which 
corresponds to the complex conic of tt for C,,-, our result states 
that any two complexes A, A' through p, and any third complex 
A" through p, intersect in a new regulus of C-, provided that the 
preceding equations are satisfied. 

Let now the equations of A, A', A" be 

XaiXi = aZ + =0 

la/xi = a'L +yN = 0 } (2), 

la/'xi = a"r+ + y'N' = 0 

where 

L==0, N —0 are three given linear complexes through p, 

Z'= 0, Jf'- 0, 0 


i 
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'i'lii/ii since p and p' are regidi of 1 ; respectively, the fii-st 
tour above conditions (1) are satisfied independently of the values 

of s, / 3 , &c. : and if A and A' are given, the ratios a" : /3" ; 7" are 
dcterminetl by the equations 


=0. S "'^'''--=0; 


hence, p being a given regnlus of and p' of S;, any two com- 
plexes ^1, A' through p, determine a third complex A" through p, 
such that the complexes .1, A', ^"intersect in a regnlus of C-\ 
(which belongs to the field of this is called the pi'ojective jot'tud- 


twn of 6’*. 


Each of three cmplexes L, M, X through the given regulus 
p contains two undetermined constants; similaiiy tbr the complexes 
L , M , jS . taking L as , &c., we are therefore at liberty to 
suppose the following eipiations to exist between the constants 

V /'"'i' _ S' ^1"' _ V 


_ _ V 

\' + /i A., + ^ A.,' + /A A., ^ 

H,// 




'Fhe two O(juatioiis 


_ V _ V 


= 0 


in 




(li Ui 


- 2 ‘ ' = 0 
A., + fi X, + /A 


aa" 2 - 


= 0 


now jissunie thu form 

1,1; 

+ 0/:r' 2. 

X, + /i " X, -f- /A 

, / ./V ' 

^ ^ ^ i - 

X,- + /* X,- + yLi 

Eliminating the variable quantities a, 7, &c. between ( 2 ) and 
( 4 ), we obtain the equation of 6'=* in the form 


aa 2 


II- 


- ...( 4 ). 


x,-p;. + ^V3"S;:7^+7V's,"--' =0 


LU 


X,-|-/i 


, MM‘ ^ NN' ^ 

V 


^ III {in i 


X,- + /i X, + /A 
From the foregoing process we observe tliat the equation of 
any quadratic complex may be brought to the form just given, 
if />, J/, iV are three complexes through a regnlus p of 0 \ and 
//, M\ iV' are three complexes through a regulus p of 0 \ where 
p and p belong respectively to a 2^ and the corresponding 2^', 
provided that the e(jttatwus ( 3 ) are satisfied. The geometrical 
significance of these latter equations is that the six lines 

li 


IHi 


V(x,*f/i) ’ V(x,-i-^j 


— » &c. 
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form a tetrahedron. Hence, to get tlie e(ination of in the form 
now obtained for it, a-e take any tetrahedron and multiply the 
coordinates of its edges by the quantities V(X,- + ^); thus each ed^re 
gives rise to one of the six linear complexes L, M, N, L\ M\ N'. 
Hence the equation of 0- may be brought to this form in x ways. 

The x - reguli of 2^ and 2^' respectively, are now seen to be 
given by tlie equations 


L = pM’--aN\ 

a 

M=rN'~^pL\ 

.V =aL'-^ TlW. 


L' = P,M~ ~ auY, 


a 




and ^ jr=T.iY-^p,Z, 


/ 


c 


M’here 


1 . 1 . 1 = V Jli . V . S' iidlL . 

^ b c \i p, X,- p \i p ' 
by giving all values to p, <t, t, p,, 


123. Caporali’s Theorem. It has been seen that the 
equation of any general quadratic complex can be formed by aid 
of a tetrahedron in the manner described. An application of this 
method will now be given to prove the theorem of Caporali, that 
any congruence (2, 2) is contained in 40 tetrahedral complexes*. 

Taking L, or 'LUxi, as any given linear complex, the e([uation 
S = 0 gives five values of p, which correspond to the five 

pairs of associated reguli of the congruence {C-, L). Take one of 
these values of p, say p^, this determines a line , with 

v(^t + /^i) 

which are connected the vertices of the complex cones, (and the 
planes of the complex conics) connected with this pair of sy.stcms 
of reguli of {C'\ L). 

I 

Through the line ^ there pass four tangent 

A, A) A) A to the singular surface; let Bi and ii/ be 
centres of pencils of 0^ in B.! in &c. (Art. 77), and 

the line joining B^ and B.^ be , this determines L'\ 

v(Ai + /^i) 

of the eight pencils of through the points A^, A.^y A-^y 

* This theorem is due to Caporali, Sui complesai e mile congruenze di 2" 

Atti dei Lyncei, (1877-1878). 
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\^{X, +/z,) ^'ingular siirfaco, each such pencil passes 

thioii^^h one of the points B,. B,'; B„ B./. and so on, t.e. two of 
these pencils whose centres may bo denoted by A, and A. pass 
thnni^d, both B, and B, (see Table, Art. 77). Hence the’ lines 

AJi,, A,B.,. B.Ay form a twisted (piadrilateral fonned of 

lines ot ( -. in which any two which intersect belong to the same 
jjencil of C-. 

laking these lines respectively as 

the (|Mantities /»,. »;/, must be mordinntes of their corre- 

spondinr, lines of <\, therefore these latter lines' mast form a 
twisted ijnadrilateral. in which an,, two lines which meet form 
part oj a pencil of (.\ (Art. lUJ). 

Hence the form of eipiation of derived from the ipiadri- 
lateral A JiiA.Ji.j being 


LL' 


MM' 



iViV' 


S oo y ii-u- 

X,- + fil X, -f- fXi + Uj 


?- = 0, 


the intei-section of with L = 0 gives the tetrahedral complex 



yN' 




7 -= 0 . 


X, + ;x, ~ X, + u, 


li 


Now the line may be determined in five ways, and 

for each such line there are 24 linos - since the centres of 
the eight pencils (77, , {Bj, may be joined in 24 ways. 

Hence the equation of C- may be written in 5 x 24, or 120 

ways, in each of which the result of putting Z = 0 gives a tetra- 
hedral cornjilex. 

Moreover any form of equation of 

aLUJt-hMM' + cNy' = ^^ 

which complies with this condition, must be derived from one of 
tliese 120 tetrahedra; for if m.-, are two pairs of opposite 

edges of the tetrahedron of such a tetraliedral comple.v. 
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(tM + xV= 0 (i) 
c 


(ii) 

z = o 


I 

\ 


and - 


tM N' — 0 (ill) 

(iv) 

Z = 0 

give two systems of reguii of {C-\ L), and since (i), (ii), (iii), and 
(iv) taken simultaneously are equivalent to only three e.juations, 
giving a regulus p, it follows that any regulus of one system has 
two lines in common with any regulus of the other, viz. the inter- 
section of p and L. Hence these two systems are associated, 
(Art. 118), and correspond to the same value of say pi. 

The complex <ril/+iY=0 is special, having for directrix a line 
of the pencil (wi,-, ??,-); the lines of this pencil, therefore, being 

directrices of reguii of {C\ L) belong to and meet - ; 

similarly for the pencils * 

(/a/, »/'), (m/. »/)> »,)• 

Hence, as before, the lines 


'III- »/ 

v'(X,-'fpi)’ \/(X/ + pi)’ v'(X/ + p,)' Y(X, -l-p,) 

form a twisted quadrilateral in which any two lines \vhich inter- 
sect belong to a pencil of C-, while these four lines all meet the 
line whose coordinates are 

- 

VXi- + Pi 

Again, if aLU -f hMM' + cNN' = 0 

is an e(|uation of the required form, and K, K' are the special 
complexes whose directrices are the remaining pair of opposite 
edges of the tetrahedron formed by the lines m,-, a,-, m- , h/, there 
exists an identical relation of the form 


aKJC + mM' + yAiY' = 0 ; 

so that by eliminating in turn MM' and NN' between the last two 
equations, we derive two other forms of the equation of C- of 
the required type, thus each tetrahedral complex which contains 
(C^ L) gives rise to three of the 120 stated forms of the equation 1 
of i.e. there are 40 tetrahedral complexes which contain {C'\ Z). i 
124^ Condition for (1, 1) correspondence in any coordi- 
nate system. We will now consider the analytical conditions! 
to be satisfied, in order that the equations y,- = 2 may give 

A- 1 

a (1, 1) correspondence between cosingular complexes, for any 
coordinate system. 
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TIu- cNjiiations 


( 2^^ 

"Ih'io r, a,.,! y aix- l.oti, coonli.uUes of lines, ;,^ive rise to two 
■I - - .0 cnnplexes }■= when we snbstitnte fro.n (1) in 

n. '1 (~ ) '‘""'''''''y -'V 

, ■' ' ‘"O' >"<J poirs of corresprniding linos then 

>' intersect, and also y and y', y, + Xy,' is a line for all 

^al„es o| ,.c. .r, + \a-; ,s a l.ne of A= for all values of hence 

■' to the satne i.encil of A'^ and y, ;/ to the sitne pencil 

’’ ' '>*’ -V- which intersect and do not 

‘"■long to the same pencil, the corresponding lines of P do not 

mtcwsect ; Whtle to a pencti of there correspon.Js a pencil 
It will iM)\v hr shown that it' 

“•'I z* '^1 /V) 

f’.'A cy,- ^■■'' 

1C. If, whenever .r meets y', y meets the couiplejes A'^ F' are 
a,s-in,)alar. For if l> is any point on the singular surface of A'-i, 
to the two pencils of A'^' through P will correspond two pencils of 

comple.v cone of P 

through J wdl convspond a reguhts of A"^ such that each line 

of It meets the above two pencils of J'--’; hence this regulns 
must l.reak ,,,, into a pair of pencils, and therefore the coniple.v 
eone of 1 - through P will consist of tw,. pencils, that is, P is a 
point in the singular surface of both A'- and )'•», 

If <« (.'■)= ^^3, y, by cpiating the coefficients ofw,.a.' on each 
Side ol (2). we obtain as the necessary conditions 

•" r 

for all values of / and L 

Denoting these e.vpressions by A a, A,,-, we have, Ait = A^i. 
1U..1 on multiplying the equations (1) by a, we obtain 

l _ V I 

-ay, 

and the equations (1) are equivalent to the following 

?u) 

iyrii^P 

Hence any quadratic e.xpression <I> in the si.x variables a-.-. 
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gives rise to a ( 1 , 1 ) correspondence between the lines of two 
cosingular quadratic complexes* 

125. Equation of the complex referred to a special 
tetrahedron. In any singular tangent plane tt of the singular 
suiface of C~ let the poles of the fundamental complexes Ca, 

Cy be A, B, C respectively. Then through BC, CA, AB there pass 
singular tangent planes , Trjf, ttc whose intersection D is also a 
point of the closed system determined by the three complexes 

C!^, Cy, (Arts. 26, 01). This point Z) is therefore a double 
point of the surflice (Art. 82), and the tetrahedron ABCD is such 
that each vertex is a double point and each face a singular 
tangent plane of the singular surhice. 

Taking this tetrahedron as the one of reference, tiie equation 
of the complex assumes the form 

A2 + 2Lp,,p.^ + 2iMpi^p,, + 2Np,,p.^ = 0. 

For, since all the lines of the complex in a .singular plane of 
the Kummer surface form one pencil, (Art. 80), and similarly all 
those through a double point of the surface, hence, if the equation 
of the complex be 

y {Pl2t Pi3j Pli} P-J-Ji Pz\} /hi') ~ 6, 

these eight conditions reduce / to a perfect square, save as to 
terms 

LpuP-n + ^^PvAh-i + Npup^ii ; 

for, let the centres of the pencils in the coordinate planes be Po, 
Pj and respectively, and the planes of the pencils through 
the vertices tt,, tt.,, ttj and ttj, then, since the points A.,, P^, P., P^ 
lie in tts, the line A-P^ meets PP^; hence the four lines 
A 3 A 4 , PiP», Z-* 3 Z ^4 are intersected by A.Pj, similarly they are 
intersected by AjZ^^, A 4 P 3 , A 3 P 4 ; hence they belong to the same 
regulus. There is therefore one linear complex A in which AjA.^, 
P'ipA A 3 A 4 , PiP-i are two pairs of polar lines ; each of the 
foregoing eight pencils of/ belongs to A. 

By identifying the polar plane for A of each vertex Ai with 
the two (coincident) planes which form the complex cone of A^ 
for /, and proceeding similarly for the coordinate planes, it easily/ 
follows that 

/= A^ + 2LpnP3X + 2iI/^,3^42 + 2iV/)i4p23. 

* It is easily seen that no (1, 1) correspondence which is not thus formed cari 
lead to two cosingular complexes. 
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126. The complex A is of the form 

(/, ( - yiA + a, ( /),3 - l3jh,) + (U {pu - yPzd = 0 . 

but we may take such multiples of the poiiit-cooniinates as will 
make a = l3 = y= 1. (Art. SI), this will not affect the form of the 
invariable relation pi-.pM + p^yU:-^ PnPzi = 0- 

The e(|uation of the complex now assumes the form 

yV') E - ((/.-r. + + (/„/■,.)■ 

+ L{j\^ + J’./ ) + M + .r/) + A (J's" + = 0. ..(I.), 

where, as usual, ./■, = y>,.. + ix.,=: py,— p^, kc., with reference to 

the coordinate .system now adopted. 

The ec|uations which connect a line x of this complex with 
a line y of a cosingular complex are the following: — 

y.. = (/./■.. +y>^ -f er,., Pi = Xi v(/> + p) 

+ y3 = j-j \'(jl/+p) (1), 

y,i = ex, + (ir, + tVfi , p, = ./'a V ( N + p) 

where 

L + p- fi,- = (>■ + /* + €\ — + ed, ' 

+ p -(lia^^ef+bd + cd, [ ...(2). 
iV + p - f/y = + d- + r, - (/„«. = (le + fd + ce. 

For this transformation (1) gives, as hits been seen, (Art. 124), 
two cosingular complexes: also (/;,•-) = /(./■) + /3S(.r,"), while 

!£ (xi^) = {K,p.i + + A pjA' + ^ ’]/“+ y ’ 

provided that values can be found for K,, K^, which make 
coexistent the ei|uations 

f ](,? + p. '] = ..1= + + E\ = AF+ FB + ED, 

L + p 


A'-’ /C' + 


M'+ p) 


= F'^ + B= + D=, A-KJu = EF +BD + CD, 


A* ( IQ + = + A'KJ{, =AE + FD + CE,, 

V A + p/ 


( 3 ); 


+ p 

a f e 

f h d 

e d c 

Now it is easily found from (2) that 


where A is 


and A, B, &c., its fii-st minors. 


__E_F + BD-\‘CD 
ef+bd-\-cd ’ 
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and from the last ec] nations, that 

(e>/+ hd + cd) 

EF+BDjtCD' 

hence the equations (3) are coexistent. 

To determine the manner in which p enters into the coeffi- 
cients K. 2 , K^, we notice that (II) becomes, for six values 
of p, the square of a linear function of the y,-, since the six 
fundamental complexes taken doubly form part of a cosingular 
system ; this can only happen if K., become infinite together 

or if is infinite for p -f Z = 0, K, for p + J/= 0, K, for p -h = 0 ; 
also p = x gives the given complex (I). 

All tliese conditions are satisfied by the form 

, (-U 


where 


{P - pMp- P,) (p - p,)_ ^ y:- + y;^ + y. 

P + M '^^p + N 


A ■ — ■ - , ' - r I'e j.c'- ,/4 , 

(p + Z)(p + z]/){p + iY) I p + Z ^ ■. Ar S--0, 


,_{L + p,){L + p,){L + p,) (M+p,){M+p„)(M4-n..\ 

- ^M-L)(N-L) - ■ ' 

2 _ (iV+pi)(iY-)-p.J (iY A- p:t) 


a.r = 


(A-iY)(i/- iY) 

This is the form of the equation of the cosingular complexes 
referred to the stated tetrahedron. 


127. Involution of tangent linear complexes. The 

tangent linear comjdexes of any line i, with regard to the four 
cosingular complexes through it, are mutually in involution; e.g. 
for the complexes corresponding to and p., the tangent linear 
complexes are 





j • ^ li^ 

and since 2 — ^ — 0, 

\ 

we have by subtraction 



(Xj- -f pi) {Xi + pi) 

hence the two complexes are in involution. 

Moreover the involution determined on I by one pair of these j 
complexes, e.g. and is the same as that determined by I 
the other pair, and for the double points of the first ' 
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inv(tliitioii are the points in which the two Hues k - 

meet /. uhile the (lonl)le points of t)ie second involution are the 

iiitcrs«-ti(.iis „(■ Mie two line.« ^ + // with I : and, since 

eacli ot the first two lines meets each of the second, it follows that 
the double points of each involution are the vertices of this 
twisted (piadnlateral which lie on /. 

A tangent plane through / to <!> will contain a pencil, to wliich 
/ belongs, (.1 each oi these four cosingular complexes; denoting 
them b\ ( f .j-, and (\- and the tangent linear complexes of 
/ tor them In 7... 7;i, I ^ respectively, the pencil which behuigs 
to ( j- also belongs to 7,, and so on ; if the four p<»ints in which / 
meets (f) are At, A... .1.,, A^, and the four- tangent planes througli 

it to <I> ai‘e f3_t and tile notation of tlic piunts A may be 

so arranged that 

('ll. /^j) helongs t() 7', and C,', 

(A,, fiA T, and 

(A.i. /3i) 7j and C',-. 

(Ao/^i) 7’ and 

Now let jS., l)e that plane whose pole for 1\ is A.,, then will A, 

be its pole in T,. (since 'i\ and 7'., are in involution), also is its 
pole for 7;, and A, for 7’,; similarly for yS;, and and we have 
tlie following scheme ()f pencils which belong respectively to the 
four complexes 



i (A.. 

B,) 

fA;., g?.,) 

( .1 . B, ) 


( V- 

1 

( A , 

1 

B,) 

iAt.0,) 


(A 3 , ^ 4 ). 

P 2 ! 

^ j 

(-r„ 

B,) 

( '1 J. fS-A 


(As, f3A, 



BB 



(A,, I3ii 


128. I he lines common to three of the cosingiilar complexes 
which pass through /. form a ridefl surface of the IGth 
degree which passes through for the lines of this surface 
which meet any line b are given by the equations 


<1 




= 0, s 


n 


= 0, s 


ar 


■ -x,+^r0- (-•)=o. (M=o, 

and are therefore IG in number. 
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Corresponding tangent linear complexes are 




'^' 2 ' =0, s =0 V 


(i); 

if these equations are taken simnltaueouslv, they determine a 
regulus which contains I and the line consecutive to I in R ... i.e. 
tie regulus touches J?,,,, along /; now the tangent planes of this 
regulus along I are determined by I itself ami the directrices of 
the special complexes of the ‘ system of three terms ’ determined 

by (i); but the complex =i) is in involution with this 

systein, hence these directrices belong to the latter complex 

(Art o8), therefore, the surface of intersection of three cosinnular 

complexes C.?, C/ which contain a given line I is touched along 
t by the complex cones of the points of I for 

129. Conics determined in a plane by cosingular 

complexes. The cosingular complexes determine in any given 

plane a system of conics; four of these conics can be drawn to 

touch any line in the plane, since four complexes pass through 
the line. ® 


If in the equation S ^ ''j ^ = 0, we write j - = «, + kb!, we obtain 

2 “f +2*2 =0 

If, now, (a, b) is a point on the complex conic corresponding to 
/*, the roots of this equation in k must be eciual, i.e. 

V, I A" _/^V 

Xi+M- + V Xf + ;i/ 

Let Pik = {(iibk~(ikhi)', then we easily see that = since 

k 

'^dkbk = 0, and the equation to determine fi may be written 

2 - =0. 

(Xi + /i)(Afc + /A) 

In this equation tlie coefficient of fi* is which is zero, 

/ k 

and the coefficient of fj;' is {SX — (X(- + Xid), which is also 

i k 

zero; thus the equation for /a reduces to a quadratic; hence, 
through any point of the given plane there pass two conics of the 
system. 


j. 


II 
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t l i 1 The parameters a of 

tiH* i-*ur cosmgular eomplexes of winch pass through a line y 

may hr taken as the cnoolinates of this line*, and if 

/ (/i) — t ^ ) . . . ^ 

we have 

p , ^ 4- /i, M V + (X, + p,) (X, -f //,) 

tor since 

1 A. 


(i): 


= v _v 

j i-K) /(-X,) “/(-xj ~r{^k]) 


= - ' =0 


(ii). 


it is (_asil\ vetifini that y la-longs to the comjilexes corresponding 
Ml. Mj. M-' ''H*! Mo where the latter (piantifies are the roots of 

V //-* 


X,- 4- u 


= 0 ; 


we shall denote these comploxes hv f',-, fV, CV*. C;- 

Ilit- (]naiitities an- cooMlinatos of the siiiLMiIar lim-s of C- which 

V/ 1-A,» 

sati.Nfv the e-iuatioiis ,A4r-'j=n; (A'a-'j^O. (Art. S(),i. the singular lines of 
the third onh-r. 

laking one of tlie tour complexes as C\ which corresponds to 
M = ^ . (Art. 1 lo), the lines ./• of C- are given hy the etpiations 

„ .,.3_(X,-4-/i,)(X,+/i,)(X;4-//,) 

/'(-X,) 

and tile singuktr lines off'- by tlie eijiiations 

(A,-4-/i,)(X,+^.,) 

/'(-x;) 

for the lines determined thereby satisfy the e<|uations (X.r) = 0, 
(X-./-^) = 0, for all values of /a, and /x... 

The lines P ■ -'i' = ^ satisfy also the equation (V..-) = 0, 

and hence are the tangents to the ])iincipal tangent curve deter- 
mined by V- on <1>, (Art. >S0), i.e. the singular lines of the second 
order. 

If in equations (i). and p., have (jiven values, and Ma = Mx = M' 
we obtain the d2 pencils of lines 


p • = 


(iii); 



♦ 'I' 


' / (“ X,) 

Tins method is due to Klein, .see Math. Ann. ir 


(iv); 
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these pencils ave the tangent lines of cl> at the points of contact of 
the 32 singular lines 


+ 



(X,- + 


of 


%.e. a tangent of <|) is + where av is a singular line of C-. 
Ihe quantities and fi., may be regarded as determining a point 


on O. 


It in (iv) /ij be taken as constant and fju, vary, the pencils of 
lines y belong to and touch but are not singular lines 

of^ Cf-, hence they are the tangents to O at the points of the 
principal tangent curve whose tangents are singular lines of 
of the second order; these latter tangents are obtained by putting 
= hence, the tangents to the principal tangent curve of O 
related to the complex are obtained by putting = = and 
varying fx.,-. taking = constant^ and = /i:t = /Aj , gives the other 
principal tangents of <1^ at the points of this curve. 


If X and X are the singular lines of (7- at the points of contact 
P and P of a bitangent line of <t>, xic = x\ except for one value 
of k, say i, for which Xi = ~Xi\ (Art. 83); hence aV-= a-’V, and the 


values of and in (iii) are the same for each singular line ; but 
the tangents yi at P being given by the equations 


P • - (X,- + pf (\i + Pi) (A./ -i- p.,)lf'(- x-), 

we see that P lies on the principal tangent curve of 6V' and also 
on that of C.i\ and the same holds for P', so that these points P 
and P' lie on the same two principal tangent curves. 

When two pairs of values of p in (i) are equal, e.g. Pi = Pi, 
Px^Pi, X IS -a. singular line of both the complexes 6’,- and CV-, and 
would therefore seem to be a bitangent line of <I>, but in this 
case 


p.Xi 


(^+/Ai)(Xi- + /i2) 


whence x meets the three lines 


I X.- 

V/'(-x,.)’ V/'(-x..)’ 

which themselves belong either to a sheaf or to a plane pencil ; 
hence x is any line in a singular tangent plane or through a 
double point of <P. 


11—2 
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The ecjuatiun (J//-) = 0. when expressed in terms of the 
coordinates /i,- of the line y, becomes 

(iLir . +(lur 

/<M.) /(/^4) 

If ;z. and /Xi are constant, we have ns the differential equation 
of the curves of tlie congruence {V/, CV) 


f//X, 



(^, -/X,) t/i, -/xj /(Mj- /id (M:-/i4). 

./(Ml) V yt/x,) 

if ^i = /x 4 , the <liffereiitial C(|uation of the curves whose tangents 
are singidnr lines of C/, is seen to be 

(/X, - ^ f//x, (/X, -;xd 

\/(/id 

131. Bitangent linear complexes. Of the x ' tangent 

linear conii)Iexes (X; + /x )./’,-//,■ = 0, of C'-, which have in common 

with O' not onlv <•' but all lines of ('* consecutive to .c. there are 

« * 

six which are b/fonyent, viz. those obtained by writing successively 
Xj + /i = 0, X„ + = U. For the complex 

Xj ~ Xi j'-sy.i \i ~~ ■'’;iy;i ^4 “ ^1 ‘^4.y4 Vi “ Xj x^y^, + Vj — Vj x^yf — 0 

“touches” both in x and in the line all of whose coordinates 
are the same as x exci'pt i.e. the polar of for the complex 
X, = 0: denote these six complexes by 1\, T.,, 2\, '1\, 7^. 

If A be any linear complex, (f/j) = (), it will have a .pair of 
polar lines : in common with J\, of which the coordinates are 
given by the equations 

<J .Z^ = /X4G, 

(T . ft — ( Xo Xj ) ilZ .j /^^^2 > 

(7 . = (X3 X, ) ./’a + 

<T X,) -f ;xn^, [ 

0- . = (Xs — Xd -n + /i(/5, 

<7 . = (Vj — Xi) 

where /x has either of the values obtained by expressing that 
(5^)= 0. The locus of the lines c is a quadratic complex ^SV*; for, 
eliminating the .r,- from these equations we find 

IZM. - ^-.rtd" . . ^^d/4 - -4(/d- 


(i); 




5^4 -X, 

(5,(1. - 5s(/,)- _ - 

X. - X. X. - X, " 
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AVe obtain in this way six quadratic complexes Si\ which 
shall prove to be cosingular*, having the focal surface of (C'\ ^1) 
singular surface. 

For, from the equations (i) we deduce 


we 

as 


1 / • Cl o r\ 

\ (^ = 2, 3, ... 6), 


hence 


, dSf 2.a^^z^a; '* 

^a- j— =- o-ldi.- - = - 

OZi 2 *“ Ai 2 »; 

= a{-Xi, if ^n,-av = 0. 

1 


dSc . 


So that if X belongs to A, is a line, viz. x, and z is a singular 


line of Si^. 

Hence x is a tangent to the singular surface of /SV' at the point 
of contact of the singular line z. The same thing applies to the 
other line, associated with x by the equations (i). Therefore, 
any line x of the congruence (C-, A) in a. bitangent of the singular 
surface of 


This result holds, similarly, for the other five complexes 
S 2 ,9 2 

Hence these complexes have as their common singular surface 
the focal surface of the congruence (C'% A). 


132. Principal Surfacesf. The tangent linear complexes 
of a line x which belongs to a complex F=0 of degree n, being 

+ = (Art. 74) (i), 

dF 

where fi = — , the tangent complex corresponding to a consecutive 

O^i 

line X + dx is 

[y {df fidx xdfi)} + {y{f + f^)\ =0 (ii), 

where the dxi are connected by the equations 

(xdx) = 0, (fdx) = 0, (k'dx) = 0, 

in which (kx)^l, (the quantities being constant), is an equa- 
tion arbitrarily assumed between the coordinates xi of any line;J;. 

If the complexes (i) and (ii) are the same, we must have that 

dfi + gdxi -f- Xidfi = dt (f -P yuci) (iii). 


* This theorem was communicated to the author by Mr J. H. Grace, 
t These surfaces are of interest from their analogy with lines of curvature in 
four dimensions ; see Art. 228. 

J This method is due to Voss, see Math. Ann. ix. “Ueber Complexe und 
Gongruenzen.” 
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This gives nine e(|uations between (ir. dfi, dt: but since 

(.xd/) = 0, they are equivalent to eight equations. Eliminating 
the dififerontiiiis we obtain 

/ll+M /vt /u /jft U,‘i ! 

\ Jai A- ./.y .A /m A + M A + /^’6 

^ I ^ ^*5 0 0 1 

.rj u:, .f, 0 0 

Now innltiplying the last column by — 1 and subtracting 
from it the first six columns multiplied respectively by ... and 
the seventh by ^ (n - 2), we find 

J\1 /,J tu fit, y*i6 0 I 

; I 

A A A A A /m + m Xa 0 =0; 

I 0 — (kx) ' 

■ -Ti X., .rj ./•, J'j .r, 0 0 I 

or, finally, 

/ii+M Jvx Jn Ju Jxt /iB a\ 

= 0 . 

A+m -n 

X6 0 

This is an e<juation to determine /i which is of the third 
degree, since the coefiicient of /iMs ecpial to « (/i - 1) which is 
zero; hence, there are in general three finite and distinct values 
of fi, say fi.., ; each of them gives one set of values of 

hence fhere are three lines oj F consecutive to x for each of which 
one tamjent linear complex is the same as one of x. Thus starting 
from X we may proceed to the one of the three consecutive lines 
which corresponds to /x, and then from that lino to the one which 
corresponds to + and so on ; thus we have a singl}' infinite 
set of lines forming a ruled surface; such n surface is called a 
Principal Surface of the Complex; in each line x oi F three 
Principal Surfaces intersect. 

In the case of the (quadratic complex C\ or (X;i-) = 0, the 
determinant for p is 
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^ 0 0 0 0 0 
0 Xo + /A X., 


H" M 


Hence the values of ^ are those which give the three complexes 
through x cosingular to C'^: so that if dx/ are the increments of the 
Xi corresponding to /Ai, d.rf coirespcmding to p.,, dxf' corresponding 
to the equations (iii) become in this case 



dx/ + = dt . 

Xt + Pi 


(iv), 


hence 


•i. « 


S , 

\ P-2 {'^i + Pi) (X,- + P-d 


^dtl 


i* t 


\i + p.2 ’ 


therefore 1 = 0, similarly ^ = 0, 

Xf + ytto '^i^p-.i 


i.e. the line xi + dxl belongs to and hence the Principal 
Surfaces for C- are the ruled surfaces Ry^yR-^, i.e. the inter- 
sections of with two of the three quadratic complexes through x 
cosingular luith C‘\ 


133. Involutory position of two lines. It is to be noticed that from 
equations (iv) it follows that 

{d.v'dx") = 0, {dx''d:c'") = Oy {d:rd.v’)^0: 

we shall show that this holds for any complex. 

In equations (iii) let the line x be taken as the edge of the 

tetrahedron of reference, and let the equation {kdx)^0 be c/X(j = 0, then since 
has the coordinates (0, 0, 0, 0, 1, -i), the equation {.vd.v) = 0 becomes 
dx^-idx‘Q=0, hence dxr,=0. 

In the present cjise, therefore, the equations dii) take the form 
df^-\- fidx\ df^ + fidx\, = dt.f.^y df^+t^dx^=dt.f\y df^+ \idx^ -dt.f^y 

or, kfw d" p) ^'^*1 12 d" f\A ^•'^4 “ • /l ) i 


I 


/l4 dx^ d-/24 d.V.^ +/(4 dx^ + (/„ + m) dx^ = dt.f^y 
together with f\d.v^-\-f.i<Lv.^+f^dx^-\-f^dx^=i}. 

These equations show that are proportional to the 

coordinates of a point in which a quadric of the pencil 

/nli' + 2/i2lil.+ d-^(^i2 + ^2=‘ + ^3'd-^/) = 0, 

touches the plane 


fl d-/ 2 1-2 d-/i $3 d*/i $4 — 0. 
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It , V M-i.,, tl.e,-.. .■„e th.00 such (|u,ui,ics* aud that any two 

conjugate with legard to auv ,|ua,lric of the ueucii aud 
hcu e w,tl, tegatcl to + + lr = 0; the.efore ’ 

.V/.cV., ■”) = (), = f,/.,-,/,r') = n. 

I'd (IdternjiiK* tlie proi.cjtv l.v H... .. 

.,„v ti, 1 , / '‘'I'lations we notice that 

I-l-‘ K r. tln.nej, h.v.n;^ cnordinates (0. ,,, ,..,ets the line 

joining tlie points ;iti<( 4, ni the pf.int + wlit-ie 

and nicets the line joiuiuo to ,j,- i„ tl,e point where 

^ ^ • .» .5 , 

'■ot-o,, Aau,i,which ^ 

Tlie last ecpiation niav Ik* written 

{,i, + „,) (fi: + -iU..- „,) 

Now If the points ,,, an, I are conseeutivc to .1, and tlie iK.ints ,3, and dt' 
to .1,, then taking fo, . j, fs , -leaf that 

= =st,, &c., 

and the last etjuation I)ccoines 

d,y/., ' + = (I : 

this ecp.ation is ti.erofore the eoiulition tliat the planes throngl, the line .r 
shouhi n.eet the two lines .r + ,/,,-, .r + J,-' i„ ,,aiix of points fonni,,;, 

ou ,uro/„t,„„. I he two lines eonseeutive to arc the., .s.ai,l to have at, 
lnvolut(»i 7 jm.sition svitli regard to cacli otfier. 

• Since the sections „f the ies t' + XC=,) by any i,la.,e form a jauauV of 

cotucs hrougl, the four points in which tl,e curve (f, V) u.eets the plane; and 

t/-rcc of these cotucs consist of „ pair of linos. Moreover the dm.-onals of the 

complete ,p,„d,-,la.er«l formed hy the four points form a selfeonjugate triangle with 
rcfen-uce to any conic throuKh the four points. 
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134. Polar lines. The polar line I of a line I with reference 
to a complex cosiiigular to G'\ has coordinates l;-k 

+ u * 

(Art. 79), where 

/■- 

21 

k = ; 

V Ir ’ 

(K + f^)’ 

V coincides with I for values of fi wliich make k = 0, i.e. for the 
four values given by 

I- 

' =0. 

Regarding fx as variable, tlie lines V generate a ruled surface, 
on which I is therefore a fourfold line ; to find the degree of this 
surface, we determine the number of lines V which meet a given 
line a, i.e. for which {al') = 0, or, for wliich 

(aO - k1 = 0 ; 

Xi-hfx 

if I and a intersect this equation reduces to 

/.■2 = 0 . 

A,- + /X. 

Hence there are eight values of fi, viz. the four obtained from 

Cl’l ' 

the equation A:s=0, and the four from 2 ‘ * =0; the degree of 

A, • + /X. 

the surface is therefore eight. 

An exceptional case i.s that of a line which is common to four fundamental 
complexes, e.g. for either of the lines 
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the iK.lai* of o/ie of these lines, with regard to any complex included in tlie 
senes = is Me oMec ; these are the only lines, in the wise of the general 
complex, for which the polar relationshii) is reciprocal. 

There are nine lines I for which I' is the polar with regard to 
C , for since p/,- =/, (l — A*X,), where , the values of k 


are those given l>y the e<i nation 




and are nine in number. 


= 0 


'1 hcse lines form a closed system ; for any one of them being 
given, I is determined, and hence the otlier eight lines 1. 

135. Between the ten line.s consisting of I and the nine lines 
I for which V is the polar for a (piadratic complex the following 
remarkable relation exists*. 

• *2 

In iiny i|uiuliatic complex C' ^ or S , = 0, the lines x for 

A, + /i, 

which a given line /' is the polar for (\ ‘, are afforded by the 
efpiations 

or, if - A-, 

P • (^t + P\) = -r,- + /x). 

The ecpiation to determine /x is S = 0 which is of 

the tenth degree, and of whicli one root is /x, ; let the others be 
denoted by /Xj, ... /x,,,, then between and the nine lines 
r* ... of which is the polar for we have the equations 

p . // (Xf + /x.) = {\i + /X,) = /dii (X. ■ + ^) = ... = /.X (X. -p 

Again .stiirting with \ve find jus the nine lines of which 
is the polar for those given by the equations 

<7 . (X; + ^l.,) = .Pi (X,- + /i), 

where p, is one of the roots of the equation 

!/."(X, +m.)P_ 

" (X.. + /x)^ 

an equation of the tenth rlegree of which one root is p,. 

Inserting in this equation for /,■» (X,. + yx..), its vjilue 

p.li^ (X.-f/i,). 

we obtain, to determine /x, the same eqmiion as before. 

* This theorem is due to W. Stahl ; Crell^s Journal (1883). 
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Hence we conclude that there are 10 complexes 6'^-, 
cosingular with C- such that 

for the line is the polar of ... ; 

l\ 


.. > 


... Z^^ 


and so on; and having given any line Z and any quadratic 
complex, nine other lines, and nine other cosingulai* complexes 


are determined having these relations. 


136. Corresponding loci of polar lines. From the con- 
nexion between the coordinates of a line j’; and its polar x for it 
is clear that when x describes a complex of degree n, ./; desci-iijes a 
complex of degree 3a, since x/ is proportional to a cubic expression 
in the coordinates xi. 

If X belongs to the linear complex («y) = 0, the locus of x is 

(ax) — Jc (Xax) = 0, 

i.e. (ax) ( W) — 2 (Xn^) = 0, 

a cubic complex, to which the singular lines of belong. 


137. // X describes a plane pencil, its polar x describes a 

ruled cubic. 

For let xi = ai-\- phi, where a and b are the lines of 6'^ in the 
given pencil, then 

pxl = Ui + phi - Ic\i (a I -h pbi), 

hence writing 

= A, (V6-) = B, (X^ab) = C, (Xab) = D, 
we have 4^pD ~k(A-\- 2pC + p^B) = 0, 

therefore 

<T . xl = (ui -P pbi) (A 2pC + p-B) — ^pDXiai — ^p-DXihi ; 

from which it follows that any line meets three of the lines x\ 
hence the locus of x is a ruled cubic whose directrices are the 
lines common to the complexes 

(ax) = 0, (hx) = 0, (Xax) = 0, (Xbx) = 0. 

These lines* are the polar of the point (a, b) for the complex 


* The relation between two intersecting lines a, § which are connected by tlie 
equation (Xa/3) = 0 should be noticed; it states that the polar line of a for C* meets 
p, and vice versa] hence a and are conjugate lines both with regard to the complex 
conic of the plane (a, /9), and with regard to the complex cone of the point (a, /3). 

There are two lines x which satisfy the equations 

{xa)=0, {xp) = 0, (Xair) = 0. (X/3x)=0, (a^) = 0; 
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cohic ol the ])l;iiu.' ((/, b), and tlie polar hni* for the plane (a, b) of 
th (.* coiiij)l(?\' Cone of the point ( 0 , 6 ): sinca* the latter line meets 
the two lines a ami b (which are special positions of .r ), it is 
therehne tin- double directrix «»f the surface. 

If the (fivett pened coittatna a siiif/nlar line of C- the locus of 0 :' 
(s o reifnhts. For if A is a singular line, then B = 0 . 

Two ])olar lines / and /' determine a congruence (/./.■) = 0, 
(/'./') = (): it / describes a pencil a -h p.b, the>e congruences give 
rise tt> the cmnjilex 

{(t,r){\b.r) — {bj'){\nj-) = 0 . 

It / is tile polar of I and P any point on /, then if the lines .i* 
describe the pencil {P, I'), I is the double directrix of the locus 
of ; for here, since (./•/') = 0 , and also 

(.»'/') = !/■ 7, (1 - k\,) = - /c-(\/.r). 


thei'elore 




moreover (/./■' ) = ( I - pX,) = - p = 0 ; 

therefore all the lines j: meet /. But there are two lines x in 
the pi-ncil {P, I ), vu. the two lines of hence / is the double 
directrix of the locus of j-'. Tliiough each jioint P' of I there pass 
two lines to which there correspond two lines x of {P, /'); we 
deduce that if P a ml P' are anp two points on ainf line I, there 
are two planes thromjh i for whose complex conics P ami P' 
are conjiajate points. 


138. When X describes a sheaf of centre Py x will describe a 
congruence of order 2 and class 3. For the locus of x is clearly 
that which is formed by the polar lines of P with regard to the 
complex conics of the planes through P; and if P' beany point, 
there are two planes through PP' for which P and P' are 
conjugate with regard to their complex conic ; hence, through any 
point P' we can draw two lines of the locus of x. To find tlie 
class of the locus of x (or the number of lines x in any plane), we 
proceed as follows: — 

tlic one which lies in the plane (a. being conjugate botli to a aud p, is the polar 
of tlic point (a, /$) for the complex conic of the plane (a, p); similarly the hue 
X which passes througli the point (a, (i) is seen to be the polar line of the complex 
cone of the point (a, for the plane (a, fi). 

If in addition to (ap)=0, (\a/3) = 0, we have (\^ajS) = 0, the polar lines for C'- of 
a and ^ will intersect. 
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Consider the locus of x when x' meets two given lines a and b ; 
it is obtained from the equations 

(«x) = k (ha:) = k (bXrl k = ; 

they give a congruence whose lines are included in the congruence 

(ax) (bXx) — (bx) {(iXx) = 0 ] 

(ax) (X-x-) - 2 (Xi-) (nXx) = 0 J 

The congruence given by these e(]uations is of degree and 
class 6, and excluding the lines of the congruence («a') = 0, 
(aXr) = 0, we obtain as the required congruence, one of degree 
and class 5. Now suppose a and b to intersect, then we may 
divide the locus of x into two portions, viz. the sheaf {a, b) and 
the plane system (a, b). To tl)e former corresponds a congruence 
K of lines x, which i.s of order 2, from above, and to the latter 
corresponds another congruence K' of lines x, which must there- 
fore be of order 8. 


By duality we see that the order of K is equal to the class of 
K\ and conversely, hence K is a congruence (2, 8) and K' is a 
congruence (8, 2) ; so that, when x' describes a sheaf x describes a 
congruence (2, 8); when x describes a plane system, x describes a 
congruence (3, 2). 


Since the polar line of a line of C- coincides with it, the point 
(a, h) is singular” for the complex K, i.e. all the lines of the 
complex cone of this point belong to K ; similarly the tangents of 
the complex conic of the plane (a, b) belong to K'. 


Thus through any point Q we have two lines x, and corre- 
sponding to them their polars x' tlirough P\ taking another 
position of P, we have again two lines x corresponding to two 
other lines of the sheaf Q. 

Hence, the locus of lines x corresponding to a sheaf of lines x 
is a congruence of order 2, and similarly it is seen to be of 
class 3. Reciprocally, if x describe a plane system, x describes a 
congruence K/ of order 8 and class 2. 


139. If X describes a plane pencil, x will describe a ruled 
surface whose degree is 7. For it has been seen that the lines x, 
whose polars x' meet any line q, form a cubic complex Q\ to which 
the singular lines of belong. The intersection of this complex 
with the congruence given by the previous equations (i), 
(Art. 138), is a ruled surface of degree 2. 3. 2. 3 = 36; while the 
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intiTsection uf Q ami the congrucdce {a.r) = 0. {a\.r) = 0 is a ruled 
sextic. hence tlie lines ./; ot Q whose polais^ x meet the lines 
(/ and h turm a ruled surface of degree ‘^0. 

Init the singular lines ot f*'- which belong to the congruence (i), 
are given l)y the e(| nations 

(\,/-) = 0. (X-.n) = 0. (o./-) {hXr) - {b.r) (a\ 3 :) = 0, 

and hence form a ruled surface of degree 10. We conclude there- 

tore, that the Uues ./■ whi,se poiars x meet the three lines q, a and b, 

{thus for minff a reqnlnsy are the aenerntors of a rnled surface of 
decree 1+. 

If a and h inteis(-ct each other the regulus formed by .r' be- 
comes TWO pencil', and the locus of ./■ becomes two surfaces of 
degree 7. 

140. Polar planes and points of the complex. Denoting 
by //, c, w the four singular lines througli any point P, we have 
the series of identical e<|uations (Art. i:>), 

Ax; + Ihf, + (’z^ -t- J),r^ — 0 

the line a cinmon to the ])Ianes of xi/ and zw, has therefore the 
coordinates Aa- + /iy,. (or (^z. + Um,), (Art. l;!); similarly /S which 
is common to the planes and i/m, is Axi + Cz,-; and y which is 
common to the planes .rm and t/z, is J)Wi. 

From (i), the eiiuations 

(\a/^) = 0. (\Ay) = 0. {\ya) = 0. 

(V*a/3) = 0, {X-l3y) = 0, {X-yci) = 0 
at once follow, e.fj. 

{\af3) - -X, (..-I./v + Pf/i)(Axi -I- Czi) 

= JilfXpz) + (VI {\zx) -p An(Xrt/)* = 0. 

X.>\v it Wius seen, (Art. 1S7), that (P being the point (3,0)) 
the two solutions of the equations, 

(«a) = 0, (\5tM) = 0, (ir) = 0, 

{u/3) = 0, {\ldu) = il (a^) = 0. 

are the polar of P for the complex conic of the plane (a, ff), and 
the poiai line of the plane (a, for the complex cone of P ', in 
the present case the solutions are obviously 7,- and \,7,-|-/7,-, 
i.e. 7, and its polar line for C - ; hence it is seen that the polar line 

* Thin nrises from squariog each side of the equations - /Jif, = Jx,-+ %, + Cr,-, 
multiplying by X,, and adding. 


(ii). 
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for C- of any one of the lines a, 0, y is the polar line of F for the 
complex conic o* the plane of the other two; denoting these polar 
lines by a', y it is clear that they intersect each other ; e.q. 


(a ^ ) — S (Xor,- + fca;) -f- K^i) = 0 ; 

the plane of the polar lines of a, 7 is called the polar 
P for the comjilex 


plane of 


Again from (i) we derive the system of equations 
A (XjXi + /iA',.) + B {Xiiji + fiyi) -I- 0 {X-z; + fiZi) + D (X^^n- + = Q ; 

so that the four lines Xx + px, .Xiu + piv are seen to lie, for 

any given value of / a , on the same regulus p. Now the line a is 
Xi {Axi + Bpi) -yK{Axi-\- %) or A {Xa: + kx) + B {Xij + Ky) wliere 
{X^xy}+2K(Xxy) = 0, and, in consequence, Xr + K.r,Xy + Ky inter- 
sect in a point 0^; thus for p = k the regulus p becomes two plane 
pencils whicli have one common line, viz. ot , which therefore passes 
through Oi and 0 ,', the centres of these two pencils. 

The line POi is seen to be the intersection of the planes 
(X, X^) (y, Xy), i.e. the intersection of the tangent planes of O, at 
the points of contact of x and y respectively. The lines X. 7 ; + px, 
Xy -p py only meet for /a = x , or yu. = « ; they determine on PO^ an 
involution, of which P and 0, arc the double points. 

The lines Xx + px, Xy-\- py will meet on PO^ provided that 

(y- + p) {Xxy) + {X^xy) = 0, or p-\-p ^ 2 k. 

If such a point of intersection lies on and v is the singular line 
associated with the point, we have 


TVi = p {XiXi -f pXi) + a {XiPi -f* ppi) + Vi, 

where u is the line PO^ ; together with the condition that Ui, 
XiXi + pXi and Xipi + p'pi belong to the linear complex Xv ; (which 
involves that this linear complex should be special and tlierefore 
(XV) = 0 ) ; therefore we have for the determination of the lines v, 
i.e. the singular lines associated with the respective points in 
which POi meets 0 , the equations 

p + p = 2 k, 

p (X^xu) + a (X^yti) -p (Xm=*) = 0, 

p (XV) -p <r {(X^xy) 4* (m + p) (X"j?y) -P pp (Xxy)} + (X-am) = 0, 

p [(X^xy) -P (/A -P p) (X^xy) -P pp (Xxy)] -p a (Xy) -p (X-yu) = 0. 

Since these equations are symmetrical with regard to p and p, 
it follows that if X^-p^a;, Xy-\- py meet in a point A, of <P, then 
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Will \r + ^'.r, \// + M// meet in a pi,int A., of ((); the linos v for 
these jioints will have the same pair of values for p and c, and 
(lifter only through the interchange of p, and p. 

Xo\\ the lines + Xr-\-p\v^ x foi'iii a harmonic 

pencil, since p + p = '2k. therefore 

2 ^ 1 ^ 1 
P(K PA./ 

in a precisely siinilar manner \V{? obtain 


therefore 


4 

P() 


0 

PO. 

1 


1 1 
I' A, ^ PA, ’ 


1 


+ ' + ' + 

PA, PA, PA, PA,' 


oc-, tin* point 0^ lies on the third polar (jjolar plane) of P with 

rc'gard to <b; and this being true for each point 0. wc see that 

the palftr phitto of ]* /rtfh reptird to (*• Is the third polar of P with 
reipird to d>. 


141. I he tour singular lines which lie in any plane tt are 

an er|uation similar in form to (i), and in that cjvse 
the lines n, A, y are the diagonals o( the complete fpiadrilateral 
hnmed by them. The e.piations (ii), (Art. 140). again hold; the 
first three of them assert that a, A^y form a self-conjugate triangle 
with regard to the complex conic of their jilane, the latter three 
show that the polar lines for 0- of a, A> y are concurrent. The 
point in \\hich these polar lines meet is called the pole of tt with 
reflat'd to by duality, this point is seen to be the third polar, 
(polar point), of the jtlane tt with regard to <Iy considered as 
a surface of the fourth clas.s. 


I lie [Ktiiit /' fur wliicli IT is the [Mtlar plane is not the pole of n- ; cor- 
rcspoiHiin^ to any plane tt tiiore aix‘ 1 1 points for wliicIi tt is the polar plains 
vi/. the 27 intio'sections of the tirst pohu's witli regard to (I* of any three points 
of TT iliniinislied hy tlie nund»er of douhle |)oints of t.e. 27 - 1G=1 1. 

Jn the present case from consideration of the equations 

{aa) = 0, (\aa) = (), (»-) = 0, 

iaA) = il (^y3a) = 0. {aA)=0; 

if the vertices of the triangle formed by a. A, y be denoted by 
A , B and C , the polar line of tt with regard to the complex cone 
of A is the polar line of a for C\ and similarly for the complex 
cones of B and C. 
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^ diameters of the complex. The polais with 

) diameters, 

(Alt /9). If P IS any point on a line I, the polar plane it of / with 

regard to the complex cone of P passes through l\ the polar of 

tor C-; hence if I he in any plane r, the polar line a for e 

wuh regard to the complex cone of P lies in ,r, «. meets V. If 

6 IS the plane at infinity a is the axis of a complex cylinder, and 

we have, since I' becomes a diameter d, every diameter d is met hy 

the axes of all complex cylinders which meet the line B to ivhich d is 

polar, {i.e. which are parallel to the direction determined hy S). 

143. The Centre of the complex. It has been seen, 
(Art. 141), that in any plane tt there is one triangle, self-conjugate 
for the complex conic of C‘ in tt, and such that the polar lines 
for of its sides intersect in one point, the pole of nr for C-. 

Taking the tetrahedron thus formed as that of reference, the 
pole of TT being A,, it is easy to see that the conditions just stated 
cause the equation of C- to assume the form 

a,2p\2 + (tyjP'n + UuP^n -t- U-aP a -t- AmP's! + -f 2Lpyp.,^ 

+ iMp,,p,2 + 2iVp„p.^ -I- 2iip„p„ -f 2,S'p,.,p^ -I- 22'p.^p., = 0 ; 
for the method of Art. 79 shows that if p',* is the polar line of p,* 
for any quadratic complex /(p,t.) = 0,p',x- is given by the equations 

p - P 11 = Kp,2 + ^ ^ ) &c., 

dp^ 

and expressing that A,A, is the polar of A,A„, &c., we obtain the 
form stated. 

Hence, if /,-* is any line in the plane a^, since ^i 4 = /« = /^ = 0, 
its polar line is given by the equations 

P - I U — + lApiy P • ^ 13 “ ^^13 + -^^^13 > P - I'u = ^^23^3 

p • ^ -M ~ ^12^12 » P • ^ 42 — p • I' -a — ^^23 d" 

These equations do not involve the coefficients R, S, T\ hence 
the polar of any line of the plane system is the same for 
cc^ quadratic complexes. 

The equation = 0, 

is satisfied by the tangents of the complex conic c- of ct^; if the 
lines I, m are conjugate for c-, then, since I — p?/t, I + g,m are 
tangents of c^, we have 

^23^23^^^23 d" tEj3^j37?2j3 *f- apJ/pPHy^ = 0 (^0 J 

if, in addition, their polar lines T, ni intersect each other, we 
have from (i) that 

d" -p Ltaiiji^Uy^ = 0 




J. 


(iii), 

12 
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hence, there ns o/^e line m, conjugate tu I for c\ such that the polars 
of I nuil m inter^seet. 

From e(|uations (ii) uiid (iii) we (ierive 

{K + *V) + M ) + {k -f- L) aj,.,}n,. = 0, 

^ 54 + ^ i' + I '\in 14 = 0, 


but this is the condition, (Art. 4), that th(‘ plane through Ai and 
I should Contain tlu* point in which nf meets 24, hence, the plane 
(I, in') jxt.s.ses throiif/h A^. 

I he ])oI;irs for C - of the lines of the pencil (/, ?n) form a ruled 
cubic (Art. 1-17), whose simple directrix is n the polar line of 
tlie jioint (/, m) fir c- ; its doiilile directrix tl being the pi>lar line 
of the plane (/. w) for the complex cone of the point (/, in). Let 
..1 and Ii be the points in which n meets c'-’ ; then upon // two 
involutions are determined, one consisting of points P, Q which 
divide AJi harmonically, the other of the pairs of points P, P'\ 

in which the two geiieratoi's thnuigh the points of 
il meet n. Now A and Ii are the double points of the Hi’st 
involutiitn and they form a pair ot conjugate [toints in the second; 
lumce the involutions arc hannonic, (Introd. v.). It follows that 
P', il' divide AH harmonically; hence, if the plane of the gene- 
rators through P and P' meets d in Z, while the plane of the 
generators tlirough Q and (/ meets d in />', the points Z, L are 
Conjugate points of an involution upon d. 

If /i. Y are the generators of p' through P and the planes 
ip, »). ( 7 . ») therefore form a pair in an involution of planes; the 
double, planes of this involution are and the plane (A^, »); hence, 
the planes (ji, n), ( 7 . n) are harmonicalli/ divided by the planes 
Oj and (Aj, a). Iwo such polar lines p, 7 , will be called conjugate. 

If a 4 is taken as the plane at infinity, its pole for (”» is termed 
by Pliieker the Centre of the complex; and it follows from what 
has just i)een seen, that if p, 7 are tivo conjugate diameters, the 
planes through p parallel to 7 and through 7 parallel to p are 
eijuidtstanf from the centre of the complex ; and if p, 7 , r are three 
mutually conjugate diameters, {i.e., meeting the plane at infinity in 
points which form a self -conjugate triangle for its complex conic)^ 
the centre of the parallelepiped, which has p, 7 , /• for non-inter- 
secting edges, is the centre of the complex. 


CHAPTER X. 


REPRESENTATION" OF A COMPLEX BV THE POINTS 

OF three-dimensional space. 

144. A (1, 1) correspondence can be established between the 
lines of a quadratic complex and the points of space by aid of 
formulae due to Klein and Xdther*. For if the edges A,A^, 
AiA.j of the tetrahedron of reference be taken to be two lines of 
a pencil of lines of the equation of C- assumes the form 

where a and b are linear functions, and <f> a quadratic function, of 
the four other line coordinates. We may therefore write 

l'-Pu=((U'.j-bx.)Xj, 

*^•^514 = — bx.^) ^3, 

v.p.^^{ax.^-bx.Ax^, 

y.pn = (f>.x.^~axjX4, 

J^-Pi3--<l>^3 + bxiXi; 

where in a, h and tf) we suppose replaced by x^, by x.^, &c. 

The coordinates pik will then satisfy the identity 

Pnjyu + Pi^PA-i + puP^ = 0 , 

and the equation of the complex. It is seen that each line of the 
complex defines in general one point x;, and vice versa. 

To the lines of a congruence (Z, (P) will correspond the points 
of the cubic surface 

4 

{0X3 — hx^) S liXi A .x^ — ax^x^ + ^ 6 (“ ^ • ^3 + hxyX^ = 0 . 

« 

This cubic surface being denoted by and the quadric 

* Golt. Nach. 1869. Tho developments of this chapter are due to Caporali, see 
Oeometria. 
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— = 0 l)y p, it is clear that <t^ and p have in common the 

generator ot p given hy = /,// — IJ) = ()^ together with a 

(|uiiitic curve ; this curve (f will he called the fundamental 
curve ol the reju'eseiitation. All the cubic surfaces a' pass 
through 

It in the linear complex L we have /, = /^ = 0 , it will contain 
the lines ;>n = />i.. = =/r,, = K, ie. those which form the pencil 

(A|, Oj); this pened being calleti the fundinnental pencil, it is 
seen that to the points ot a jtlane there will correspond the lines 
ol a cong'ruence (f-, L). where /> contains the fundamental pencil. 

To atiy point of p, or — — I), corresponds a line belonging 

to the fundamental ]>encil, detei mined bv the e(|uation 

+ ‘.Pvx = 0 ; 

so that tf) all tlu‘ ])oinfs of the generator a ~ fib, j\, = p^v^ thei'e 
corresponds the same hne of the fundamental jieiicil. Denoting 
for convenience the region occupied by the lines hy A, and 
that occupieri by the points .r, by S, it is seen that while to a 
point of *S there corresponds in general one line of A, to a point 
of 7" there wilt corres})ond the singly infinite set of lines 

Pij ^ ^ Pm ^ Ps^ . 


u\ 










these lines li)iin the pencil {A,, together with another pencil 
wliich has one line in common with it; the latter pencil must 
therefore have its centre on the curve of intersection of with 
the singular surface, and its jiiarie passing through Ai. 

Any lino of (A,, a,) meets the singular surface in three points 
distinct from A,, and therefore belongs to three of the preceding 
pencils (wfiich -correspond to points of f), hence, each 0/ the 
generators oj p oj the si/stem a=p.h, = meets tf three times. 
Since any plane through a generatur of this system meets f rive 
times, it follows tliat each generator of the other system meets 7“ 
twice, such a pair of pfrints will be called conjugate. 

To a line of N corres[)oinls the ruled surface common to 6'=* and 
two linear complexes which contain the fundamental pencil, and 
therefore a ruled culiic; since the line meets p twice, the ruled 
cubic contains two lines of (A,, a^), i.e. its double directrix passes 
througli A, and its single directrix lies in 0L^. 

If the line of S meets tf in the point P, the pencil which 
corresponds to P breaks off from the ruled cubic, i.e. to a line of S 
which meets f once there corresponds a regains of 
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If the line meets cf twice there will correspond to it in A a 

pencil, hence, to a chord of cf there corresponds a pencil of To 

~ P...c,h 0/ C- „ „„„„„„ 

lie of S which mcete 5- lime. Since aiij line of C- belongs lo 

our pencils of C\ lone chords of f can be drawn thiongh^any 

u u • 


To any curve c in S there will correspond a ruled surface r in 

A, while to each intersection of r and any special linear complex 

L corresponds an intersection of c and the cubic surface 

connected with L, i.e., the degree of t is equal to the number of 

intersections of c and cr‘ diminished bg the number of intersections 

of c and q-, hence, to unij conic of S which meets q^ four times there 
corresponds a regulns of C\ 

There are cc ' such conics in any plane, or conics in all 
hence there are x ■* reguli of (Art. 110). 

The reguli which contain one line of tA„ af correspond in N to lines 
which inter-sect q^. 


Conversely, any regains p of being given by the equations 

^^ikPik = ^hif-Pik = 2C{f:Pi/c = 0 , 

we may eliminate p,.,, ami obtain a complex which contains p 
and the fundamental pencil; thus the curve c corresponding to p 
is plane; also it is a conic, for since any otlier complex = 0, 

foi which c/j 2 = = 0, has two lines in common with p, the 

corresponding plane has two points in common with c; thus c is a 
conic, which by the foregoing is seen to intersect f four times. 

If yi is a point of A on we have 


y-iP-M + y::p,. + = 0, (Art. 3 ), 

therefore + y^x^ = 0 ; 

so that the curve of S which corresponds to the complex cone of 
A whose vertex is y,-, is a conic which lies in the plane whose 
equation is that just given, i.e. to the complex cones of A corre- 
spond conics in planes through A^. 

Similarly if is a plane through pn^ we have 

liiPu + ihp,* + = 0 , 

hence to the complex conics of A correspond conics in planes which 
pass through A^. 


* This result was discovered by Caporali from the above considerations. 
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145. The reguli of a congruence [2, 2], T() the lines of 
u coiignience [L, C'-) correspond the points of a cubic surface <r‘; 
of the 27 lines ot this cubic surface, one, r, is the corninon geiierator 
of p and o'\ this line r is met by 10 t>theis y>,. ... each of these 
lines p,- meets p a second time and therefore meets (f once; every 
plane section ot o-' through one of these lines consists of the line 
and a conic which meets ry' four times: these 10 systems of x* 
conics are therefore the - images’ of the 10 systems of x‘ re<ndi 
of (L, C-). Each ot the remaining 10 lines meets p twice, in 
p<tints which do not He on /*, t.e. in points of </'; it therefore 
corresponds to one of the Ki pencils ot the congruence. 

I’he lines p, form five pairs of intersecting lines; if p, p are 
such a pair, since tlie point ( />. p) lies on <7^, the conics in any 



two planes througli p atid p resj)ectiveiv have two points in 

common, and therefore are the images of reguli of two associated 
systems of (Z, C‘), (Art. IIS). one system belonging to a and 
the other to tlie connected 


If P, P are the points outside r in which p and p' meet p, tlie 
line PP is a generator of p (since it contains three points of p\ 
hence P and P' are conjugate pi»iiits of 

Two reguli of the same triplex belong to the sjune linear 


complex A, viz. that which corresponds to the line — Joining 

the vertices of the cones (or planes of the conics) which correspond 
to the two reguli in (7^-, (Art. IIG); hence the two reguli belong 
to the same system of reguli of {A, C-): it follows that the images 
of the two reguli arc conics in planes through tlie same line />, 


* Salmon, 0 / Thret Dimemioiu, Srd Eil, p. 4G5. 
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the planes of these conics pass through the same point P of f ' 'iho 

the conics pianos through p', i.e. whose planes pass throu.4, P' 
iiie the linages of the associated system of reguli of (.1, O'). 

Ihus, in each ot the x- planes through any point P of o- the 
X conics through the other four points of p form the ima-es of 

the X ■' reguh of a triplex the conics arising siniilarlv 

trom the conjugate point P' are the images of the reguli of ' 

Since the singular lines are the complete intersection of f'-' 
Avith a quadratic complex, it follows that any pencil of contains 
tiuo, any regulns of C- four, and any ruled cubic surface of C- six 
suigular lines. Hence, of the locus in S corresponding to the 
singular lines, any line in 8 contains .six points, therefore this 
surface is of the sixth degree. The surface has <f as double 
curve, for to each point P of (f there correspond two singular 
lines, viz. those in the pencils which correspond to P. 

That the fundamental curve in S is of the fifth degree may Ije seen 
directly as follows : -a linear complc.v A, or through the funda- 

mental pencil, gives rise, t,y aid of the (1, 1) correspondence .;f cosingular 
complexes, to a special linear comple.x A' with directri.x a through the i^eucil 
(P, tt) corresponding to the fundamental pencil in a cosingular complex C 
and there are five pencils of the congruence </') which have one linc^in 
common with {P, tt), e.<j. if «' passes through P the pencils arc the other 
pencil of «') through P together with four pencils in tangent planes to 
the singular surface through a hence there are five pencils of (t'-', A) each of 
which has one line in common with the fundamental pencil ; ie. the plane 
IHiXi — O meets the fundamental curve in five points. 

When there u a double line* the curve f hoA a double jxnnt. For, to 
a doable line I of corresponds a double line /' in (for since C- contain.s 
a line which belongs to x ^ pencils so also must Cd^) and if A contains I then 
will A' contain l\ hence two of the four points of intersection of and the 
singular surface coincide, similarly for two tangent planes through «' ; there- 
fore any linear complex through the fundamental pencil and the double line 
contains only four distinct pencils of wliich po.ssess one lino of the 
fundamental pencil, tluis any plane through the point L wliich corresponds 
to I meets <f in only four distinct points, hence L i.s a double point of y'. 


146. Representation of the congruence [2, 2] by the 
points of a plane. Tlie analytical basis of the representation of 
the lines of a congruence (2, 2) by the points of a singular plane 
of the congruence, depends upon the theorem of Caporali that any 
congruence (2, 2) is contained in a tetrahedral complex. That 


* See Chapter XI. 
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there are 40 such tetrahedral complexes has already been shown, 
(Alt. 1 2d); Caporalis proof in a modified form will now be given. 

If (/- and A, or be the given quadratic and linear 

complexes which contain the congruence, it is clear that 

C- + A A' = 0 


is a quadratic complex which contains the congruence, whatever 
the complex A' may be. Let us take as the vertex A, and plane 
ct, of reference, a .singular point and singular j)]ane of the con- 
gruence, and choose the coefficients of yI'so that the squared terms 
disappear from the e<|uation r‘4-.^L-r = 0. 


The last expiation now beemnes 

Ihi d" Pi.i "h + Ihp.A 

4- Pv, + c,/>,j + c-^p-A + (iiPv,Pi> + d.,p^,p^, + (l,p,^p,, 

+ ^iP:*PM + e.:P^tPi2 + e:,p^..pu = 0. 

Moreover since is a singular plane of the congruence, the 
c<»nic of this complex in which is obtained by writing zero 
f<u' every in tin* e(|uation either of whose suffixes is 4. must 
break up into two pencils one of which is that of A fora,. But 

diPuPv: + d,p,,p., + (l^p.^py, cannot contain a,.,/),.. + a,;,yj ,3 + as a 
factor, uidess r/, = (/. = = 0. 


Similarly since A, is a singular point, e, = c, = e., = 0. Thus the 
complex C* 4- .id -L = 0 becomes 

P-zi ^*^ipu 4- + o^Pm) + y>i;, + b.p.,^ + h^pA 

4- Pvi + C^p A = b. 

Alsit the coefficients of yj.^, yj,„, p,,, equated to zero, give special 
linear complexes whose directrices lie in a,; since the edges 

AjA.j of the tetrahedron of reference have not yet 
been determined, they may be taken as these respective direc- 
trices, which involves that 


a.. = (/a = /j, = 63 = Cl = c.j = 0 ; 

and C- + A .1 ' = ihp.^p^, + Kp^-^^p.^ -i- = 0 

is a tetrahedral coniplex. 

Since ten singular points lie outside each singular plane, this 
gives If) X 10=100 tetrahedra, but each tetrahedron being thus 
taken four times we arrive at 40 as the number of tetrahedral 
complexes which contain any congruence (2, 2). 
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The coordinates yi,* of a line of the congruence thus satisfy the 
three equations 

PuP» +PaPn+PuPn = 0 (i)^ 

^PkPm + ^»y>uiy>4.. + cpup.^ = 0 (ii)^ 

, 2o,ty),t = 0 (iii). 

We may therefore write 

Pu = . p-^. = a-(b~ c ) , 

P-24 = px. 2 , ps: ^<t(c - a) ayr, I (iv), 

P34 = /JA’a, p,., = a(a-b) j'l.r,;) 
where pja- is determined from substitution in (iii), giving 

p {®14^] + ^24^2 + + <7 {a^.^ (b — c) 

+ a.si (c - a) x.^Xy -p aj 2 (a - b) x^x^}^ = 0. 

^ Hence denoting the coefficient ot p hy R and that of a by 
St we obtain 

• P'M • Pu * ^^23 ■ pu ■ Pl2 

= Sxi : Sx .2 : Sx.j : R (c — b) x. 2 X ^ : R(a — c) x^x.^ : R{b — a) . ,( v). 

Through each point P of a singular plane of a congruence 
(6 , A.) there pass two lines of the congruence oue of which passes 
through the pole of the plane for A, thus the point P determines 
one line of the congruence not in the plane, hence to the points 
of the plane correspond uniquely the lines of the congruence, 
thus (iv) establishes a (1, 1) correspondence between any line of 
the congruence and the point where it meets a^. The only excep- 
tions arise from the six singular points in which are the vertices 
-d], A.jt A-j, the pole of A for and the intersections of P = 0 and 

>S' = 0. 


The lines common to (C^, A) and any other linear complex 
A' =la'ikpii., form a ruled quartic of class 1, which will be denoted 
by p\ This quartic is represented, from (v), by the cubic curve 

S (a'liXi + a'2i.^^2 + « 34^3) + R {(c - h) a'.^..jX.^ 

+ (a — c) a.^^x^x^ + (b~ a) a'yjX^x.^] = 0. 

The directrices of p* are the common polar lines of A and A' . 
By aid of A the equation of A' can be deprived of one of its terms 
and hence by varying A' we obtain 00 * surfaces p*. Two such 
surfaces intersect in four lines, since this is the number of lines 
common to one quadratic and three linear complexes. Four lines 
of A) determine one surface p*. Through the lines common 
to two surfaces viz. ((7®, At A'), A, A"), there pass go ^ 
surfaces p*, viz. those given by C^ = 0, A=0, A' + pA" = 0. 
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Since every linear cuinplex contains one line of each pencil 
nf (('-..1 ) it is clear that each surface p" passes through the sixteen 
singular points and touches the sixteen singular planes. 

It one i>\ the Coninion polar lines of A and ^1' meets a pencil 
ot {t'-, ^1) so must the other, hence the plane of this pencil breaks 
oti troin p* and we have a ruled cubic p' of which the dfuible 
directrix pas>.-^ through a singular point of (6'% A) and the other 
lies in a singular plane: lln-ie are thus >: - such nded cuhics. 

I hi'^ method of representation may lie employed in connexion 
uith an\ singular jilane <t of the congruence. Let S be the centre 
(tf the pencil of (t A) in a and the other singular points 

in a, (Art. IIN), having as their respective planes. Since 

any line of cr meets four generators uf p* of which one belongs to 
(*S,cr>. the curve coriesponduig to p* in a must bo a cubic as h;vs 
already been setui from the analytical formulae; since p^ passes 
through so also must c\ 

It the d<puble <lirecfi-ix of a ruled ciihic p^ of A) passes 
through S its simple directrix lies in o. The trace of p" on a is 
theiefoie a line: to these x- rnleil ciibics there correspond the 
lines of <T. If the simple directrix passes through S, the double 
directrix must lie in (Tj, and the surface p'' breaks up into a regulus 
together with the pencil (Nj, (t,): hence, five systems of reguli are 
repre.senteil by the five pencils (.V,. a). 

If a surface p* breaks up into two regnli, one of them contains 
a line thuuigh S, hence its trace must he a line which must pass 
through one of the other singular points in <t. say ; the trace of 
the other regulus is therefore a conic tlinuigii 8,, S:,, S,; so 

that five s\stems ot regnli of (C'-, .*1) are represented by conics 
thruugli four of the points 

finally to the five pencils (iS',, (Tj) correspond their 

centres; while, since a surface p' and the pencil (.S’, a) constitute 
a surface p* whose representative locus of the third degree passes 
through jS,....S 3 , it follows that the pencil (6', a) is represented by 
the conic through the points 

Ihe traces of the 10 pencils whose centres do not lie in 
a being the lim*s joining in pairs the five points the latter 

10 lines will represent these pencils. 

147. Representation of the lines of a linear complex by 
points of space. If (./I, a), {A\ a’) be respectively any pencil 
of lines and their polar lines for a given linear complex, these 


V 
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pencils will have A A in common. Let (0), {()') be any two sheaves, 
then we may establish a collineation between the lines of (0) 
and the points of ct, and between the lines of (O') and the points 
of a , in such a way, fhat to each pair 'of coiTesponding lines p, p 
(^» (-4', a') there corresponds the same plane tt tlirongh 00'. 

Ihen to two points P, P' on j), p' respectively, will correspond 
two lines OQ, O'Q in tt. This point Q will then represent the 
line PP' of the linear complex. The correspondence is in general 
of the (1, 1) character, but AA\ being the join of any two of its 
points, will be represented by the intersection of any two lines of 
the pencils (0, e), (O', e), in the plane e which corresponds to AA'. 
Thus AA' is represented by any point of e. 

Moreover, ihe pencil of complex lines whose centre is any point 
S of A A’ is represented by the point of intersection of the lines 
OP, O'P which correspond to S in the two collineations ; the locus 
of P is therefore a conic in e. The x- complex lines which 
intersect any line p of a, are represented by the points of the 
plane through 0 which corresponds to p\ similarly for any line 
in o'. 

Let the complex be referred to a tetrahedron of which the 
vertices A^, A.^ are A and A' respectively, the planes are 
a and a respectively, and the edges A.A^, A:A 4 are any pair of 
polar lines ; the equation of the complex will then be of the form 


Pl2 "" Pm- 

In the region occupied by the representative points, let the 
plane which corresponds to A^A^ and A^A^ be taken to be a.’, = 0, 
the plane e as ;C 3 = 0, the plane, through 0 corresponding to 
A.^A^, as the plane, through 0' corresponding to AiA.^, as 

cCi = 0 . 

We may then write 


p • pl2 — P • pM — P ‘ PlZ — > P ‘ Pu ~~ > 


from which we derive 

+ x.pi\ 

P-Pzi - - 

hence 



Pl2 • PlZ ■ Pu - : Pu ■ P42 = ^1^3 - *^2^3 ■ ■ - (^l" + ^2^' A ' ^ 

To the lines of a pencil of the complex there correspond the 
points of a line, and since each such pencil contains one line which 
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meets A A', the former line meets the conic c" in e: the equation 
of c‘ is seen to be 

A*, = 0, arf + = 0. 

To a linear congruence corresponds a quadric which passes 
through c": to the two regnli of the q\iadric correspond the two 
systems of pencils of the congruence. 

To any congruence (2, 2) corresponds a (juartic surface having 
as double curve ; to the sixteen pencils of the congruence 
correspond sixteen lines of the (piartic which meet c-. Taking 
for the edge of the tetrahedron of reference a line of the 

quadratic complex, the term disappears from its equation and 
the (piartic surface becomes a cubic surface through The 
lines which meet c- and touch this surface correspond to pencils 
whose centn-s and jilanes are Focal points* and Focal planes of tlie 
congruence. The sixteen lines of the cubic Avhich meet corre- 
spond to the sixteen pencils of the congruence. 

If c- be taken as the sphere-circle, we obtain the method of 
representation due to Lie which is discussed in Chapter XII. 


• See Chapter XIV. 


CHAPTER XI. 


THE GENERAL EQUATION OF THE SECOND DEGREE. 

148. It. was stated in Chapter VI. that the ecjuation.s 

f{x) = l.aitXiXi; = 0 , CO {x) = XamXiXi: = 0 , 

of a quadratic complex, can in general be brought, by linear 
transformation, to the form 

(?u:0 = 0, (af^) = 0. 

This will now be shown, while it will be seen that other forms 
of the equation of the complex arise when the equation 

I ^ik + = 0 , 

i.e. the discriminant equation of/+ Xco, has equal roots. 

The method which has been followed is due to Darboux*. and 
was given by him in elucidation of the re.sults of Weier-strassf. 

and <p = XcXi^XiXk, be any two quadratic ex- 
pressions in n variables; we shall consider the quantity 

• •• 0'\n "I" 


Clnl ••• ^nn 

\ X, ... 0 

where the Xi are variables not yet defined, and A(X) is the 
determinant | avi; + | . 

bee “M6raoire sur la theorie algebrique des formes quadratiques,” G. Darboux, 
Liouville (1874). 

+ “ Zur Theorie der bilinearen und quadratisclien Formen,” Berliner MonaU- 
berichte (1868). For a sketch of some methods of reduction of quadratic forms due 
to Kronecker and Jordan see “The reduction of quadratic forms and of linear sub- 
stitution ” by Prof. T. J. I’A. Bromwich, Quarterly Journal (1901). A discussion 
of the concomitants of linear and quadratic complexes will be found in a memoir 
by Prof. Forsyth, “Systems of quaternariants that are algebraically coinjdete,” 
Catnb. Phil. Tram. vol. xiv. 
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We have, by use of partial fractions 


A(\) 


u,j 4* Xai, ... A*i 

1 ! 

0,1 + X,-3i] ... A, 

' 



+Xct„) . . • Xu 

1 

[ ' 
1 

' ^ ^ ti 

\ X 0 


A. ...A„ 0 


where the X,- are the roots of A(\) = (), supposed to be all 
ditfercnt. 

?F 


Now let , ''-here /-'=/+ X</>, 

then A”,- = - {tiik + Xa,t) ./'t ; 

hence, solving for th<; x; 

A (X) . = N A jt, 

A 

where An- i*^ the coetticimt of o/fc + Xa,/. in A(X): therefore 


thus 


hence 


A (X) . X./’.-V, = ^^la-Ai At ; 

M\),F=lAikX,X\, 


W(ii + Xct,ij A „ 

V V 0 

I • • « ^ i II \/ 




A’. 


Again the determinant 


(In + X,ct„, 


+ Xi®,n A„ 

V V 0 

I ... 


(U\ “ 0^1 


> 2 ^ 


U„i + X,'2„i, 

(f +uf, 

e.r| c.c, 


0.r„ dctn 


0 


since it arises from bordering a zero determinant, is a perfect 
square; by subtracting the first n rows multiplied respectively by 
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••• from the last row, and similarly the first n columns from 
the last column, the terms ot the last row and column become 

II a| 

together with a term whose coefficient is zero; hence the de- 
terminant has the value (X-\,-)= Ur, where Ur which is a linear 
function of the variables^’, does not involve It follows that 




or 


Ur 


whence 


f=-l A = V 


149. To deal with the case in which A(\) = 0 has equal 
roots, we investigate in the first place the properties of certain 
determinants which are of importance in the solution of the 
problem of the expression of a general (juadratic in n variables as 
the sum of n squares. 

The determinants in question have the form 




Ctji ... 

' • • • ^^\tx 

yn ••• 

* * • y\i> 

1 

• • 

• • • * 

3/21 ••• 

• • • y'ip 

^711 • • • 

• • • ^nn 

ym- • • 

• • • ynp 

yu ••• 

• •• yni 

0 ... 

... 0 

y-ip • • • 

• • • ynp 

0 ..., 

• « • • 

...0 


where the aik are the coefficients of a given quadratic expression 
ft ^>0 is the discriminant of f and the y’s form p sets of n variables: 
it is clear that is a linear function of the minors of <1>o of order 

p. Now if any quadratic form (y, is identically zero, 

so are all its partial derivatives, hence so also is 



fi’is result to the p sets of variables y in ^>p, it is seen 
that it is identically zero for all values of the quantities y, so 
is I a„ Uui yn y,« ' 


^!/i 



0 
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now the values 1,-1. and zero may be assigned to the variables 
y so as to make this determmant e<(iial to minor of <!>(, of 
order p : lienee it is iilentieally zero, so aie all these mind's of 
(u-der p, and con\a-rsely. Since the minors of order yj-l are 
iiiK'ar tunotions ot the minors of order p, it follows that if is 
identically zau-o so also are d>. . <f) 

In <I>^, let us su])|>ose tlu* un- replaced by + then 
<h„ = A(\). Md-eover let X, be a multiple root of d(X) = 0, so 
that <i>, c.Jiitains (X-X,)'-' as a factor; let <I>, contain (X-X,V> 
as a factor, then ererp mmor of fhe first order of dx will contain 
(X-X,r‘ as a faetor; similarly if d>, contains {X-X,)'X and so on. 
d’his may be indicated by the cpiation 

(X - X,r> = (X -X.' (X-X.V'-'J ; 

so that in passing from the determinant A(X), or to its first 
minors, the factor (\ — X, is lost, in passing from the fii*st 
minors to the second minors of <I>„ the factor (X - X, ■)*'>-»* is lost, 
and so on. Tln-se factors (X - X;)'«"''i, (X - X, )*•“*- &c. were called 
by Weierstrass the Klementary Divisors of A (X). 

150. The following ]>n)perties of the Klementary Divisors* 
will now be jiroved : 

( i ) Vq> Vx> V., : 

(11) I'o — I'l > I'l ~ /'a 

lo see that (i) liolds. wo notice that since by hypotliesis d>, C4)ntains 
(X — X,)*'* as a factor, and hence each first minor of d>o. therefore 

d^h 

d\ C(nitam (X — X,)'' as a factor, i.e. In n similar way 

it is seen that > r.,, and so on. A theorem in determinants which 
is also of use in the seijuel will enable ns to prove the second 
property. The theorem referred to is the following: if A is any 
deteriniiiant j Uit j 

dA dA dA d A _ ^ 

duik d(trs da,-, ’ dark dui^dur, ’ 
for it is known from the theory of determinants’l* that 


A ik A 
Arl- A 


= A xcoefticient of 


rM 


^Uk (f{s 
Ork «« i 


in A ; 


from which the re<piired result at once follows. 


For a full (lieciiSHioij of the Eleuicntiiry Divisors see Muth. Thtorie iUt 
K lemvutartheiU'r. 

t Scott, Theory of Detenninanti, Cliapter V. 
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In particular we have 
^ dA 


dA 


dA dA 


n-i da ,,^ ^ „ dan - i , n t^«n, n-i ' 

the last result to the deterininant 


Un 4- Xc£], . . . 

• • • 4* Xfitj/j 

yn 

yn 

4" • • • 

"•^nn 4“ 

ym 

ym 

yn 

ym 

0 

0 

yi2 


0 

0 


— r 

we obtain = ..here xp. is the result of omitting 

the 7i + lth row and column in <!>., and therefore is divisible by 
(X-X;)'-., similarly for hence 

V^+Vo'^i 2z/i, i.e, 

151. The theorem in determinants just considered affords a 
means of expressing any quadratic form f = 1 .aik 3 .'iX}c as the sum 

of n squares. For this purpose two new determinants Ep and Ap 
are introduced, where 




yn ••• 

• • • yi , n—p 

X, 

O.fii 


yni • • • 

••• yn, 71— p 

• 4m 

Xn 

yn 


0 ... 


0 


n-p ]/ n , n—p 0 


0 




. 

• • • • 

0 ... 


0 

Uu 


yn •• 

• • • ' yi, n-p 

X 

d/ll 


ym ••• 

• • • y7i , n—p 

• • • 

X 

Vii • • 


0 ... 


0 





Vi li—n • • 

9 • • ty *t 

0 .... 


» • • • 

0 

ij i , n—p 

^ n , fi^p 



yi , n-p +1 • • 

yn, n-p +1 

0 .... 


0 


in which the Xi are variable quantities not yet defined. 

Taking the determinant Rp^i as the A of last article, we 
deduce that 

4), 


n-p-^p—l — 4^n— Ap^, 


whence 


Rv-i 


R 


<D 


— — P _ 


A/ 


n-p+i 


4^n— p 4^n— j)^n— ;>+i 


J. 


13 
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by addition of all the equations so formed we have 

» Ar 

7 




but /?,. = 0*, therefore 


R 


<\> 


0 




1 


Now writing for A'.- the value if,. 

- c.r,- 

thei'efore 


becomes — ■ / 1 J 


r=-^ 


\ d>„_, <!>„_,+, 


152. Consider a^ain the expression 

-1 

^ (\) ’ ^ p i 


F(X) = 


■f" , A!*, I 

i A7 ... X„ 0 

in which the AT,* may be «//y variable (juantities; /^(X) may be 
exprc.ssod in the form 

NV / *^1 , _ Zi: \ 

77U-X.- (\-x.)‘ • • ■ (V- X .)i.-j 

if (\ — \,)* is a factor of A(X). By a theorem due to Lagrange 
and easily proved, the aggregate of all the fractions corresponding 

to the root X,- is equal to the coefficient of 1 in the expansion of 

F{X^ ... A„,X,- + A) 


in powers of h. 
Now 




F{X, ... A'„.X,- + /,) = - I? 


if in i?,j and 4>o we suppose the replaced by «,x- + (Xi + /0®'-t> 
hence, by the last article, 

F{X, ... X,„ X,- + /,) = - i 

1 


* Since it contains a square of (n + l)* zeros. 
+ See Scott, DeUrminanU, Cbap. XI. 
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where 


: a,, + (\ + h)a,„ ... a,„ + iXi + h)a„„ y., X, 


+ + + ...yn.,,-, Xi ^ 

l/».l 0 0 . 


i/n,p-i 

!/*i,p 

On making the substitution 

y _ 1 d_(f + X(^) 

it follows that F{X)=f+ A0, 

so that 

1 . - 1 


0 

0 


0 

0 


}> = n A 2 \ 

N n^ p+i \ 


/+ X(^ = 2 (coefficient of y in — , 2 

Again, if in \vg subtract from the last column the first 71 

columns multiplied respectively by x, x,„ the terms of the 

last column become 

hence = (X - X,- - h) 

where (7,,,^ is the aggregate of the terms in U„ ..., U^. 

_ Now, since the coefficients of the U: arc linear functions of the 
minors of order p-1 of 4>o, while, by hypothesis, each minor of 
order p — 1 ot | ct;/: + Xa,t | contains the factor (X — X, it 
follows that C'n^p contains /(*'>•-■ as a factor. Similarly B„ j, is seen 
to contain A"* as a factor. Moreover 4)p_i and contain A")-! 
and h^p respectively as factors ; hence 

- (A-^ B'n, p (X - Xj - A) + A %- . C'n, 

(X - Xi-h) ' (X -Xi- A)A-.+-.-> A,„ . A„_i ’ 

where 

4>p = A-.A^, = 5„.„ = A^,£'„,p, C„,^ = Av.C'„,p. 

In the development of this expression in powers of h, the only 
term which can give negative powers of h is 

writing Vp-i~Vp = ep, we have therefore to find the coefficient 


r 1 • 
or y in 
h 


1'^a,a„_. 


X — Xj — ft 

Tc 


13—2 
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B' 

Expuiid _ "■>’ - ,n asceiiiliiig powei-s of li, then since B' „ 
contains j-,, linearlv 


B' 


J\~\~ ” f + • • •* 


where the f, are linear functions of the a,-; hence the coefficient 


,, 1 . 
ot , HI 
fl 


IS 


r* 

H— p-l 


Therefore the term 

gives a coefficient of (»f this fonii, iutrodncing /'o — such 
variables f; the term 

brings in Vi-v, more such variables, &c.: the total number of 
variables thus introduced in connexion with the root X,- of A(\) = 0 
is therefore 

*^0 ~ 1^1 + 1^1 — I'o + . . . = l/g. 

Proceeding successively to each root of A(\) = 0, we see that, 

since «eo = /i, the total number of variables f is n\ also F, 

i.e. / + \<^ is equal to the aggregate of sets of terms of 
the type 

- (X - X,) (f . + . . . + J.) + f . + . . . + f. . 

one such set being contributed by each elementary divisor 
Hence 


./'= S ix.- + ... + f f,) + f.f + ... + f f,) 


...(A) 


It is to bo observed that le^ = n. If in the case of a multiple 
loot Xi, it is not the case tliat \ — X,- is a factor of all the first 
minors of A(X), then i^j = 0, and there is only one elementary 
divisor connected witli X,-, viz. (X - X,)’'*. 

163. Applying the several results tlius obtained to the case of 
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the quadratic complex, « = 6*./=0 is the equation of the complex 

and ^ = (u = 0 IS the identical relation ; while Ie,, = G. 

The first case which occurs is that in which each e„ is unity; 

both /and 0 , then consist merely of squares; this complex, the 

pneral case m which A (X) = 0 has six different roots, is denoted 
by the symbol [111111], 

The equation = 6 can be satisfied by sets of po.sitive integers 
6;, m eleven ways, and the cori-esponding complexes are denoted by 

mi”m ’ 

[•tdj, [bj ; their equations will shortly be given. Each type con- 
tains a certain number of siib-case.s, since two (or more) numbers 
e,, may refer to the .same root X,- of A(X) = 0, (i.e. when r,]=0); 
thus for instance if X, is a triple root of A (X) = 0, or (I>. = 0, while 
X-X, is a factor of 4>,, the elementary divisor (X-X,)- is lost in 
passing from <1>„ to <J>,; two of the numbers c,, are 2 and 1, all the 
other roots of A(X) = () being supposed distinct from each other 
and from X,: this case is denoted by [111(12)], the numbers 
which refer to the same root X, being enclosed in a single bracket. 
Thus again in the complex [11112], the determinant A (X) has a 
factor (X — X,)*, and X-X,- is not a factor of all its first minors; 
while in [1111(11)] (X-X,)^' is a factor of A(X), and X-X,- is a 
factor of all its first minors. 


154. Arbitrary constants of a canonical form. When 
a loot X,- of the discriminant of y+Xo) is connected with on!}' o/te 
elementary divisor (ie. i^, = 0, Art. 152), the arbitrary variables iy 
disappear from the variables f connected with this elementary 
divisor. For in this case (X — is a factor of dx but X-X,- is 
not a factor of all the first minors of z.e. does not contain 
X — X; as a factor; thus the part of /+ Xw contributed by this 

elementary divisor is equal to the coefficient of in the development 



f B^, y (X^X ,--k) 

WA^fp,/ y-v 


, where 







^11 "h (Xi "f"/t)oCji , • • • 2/i 

II 

••• 20^ 

. ^1 = 

1 

1 

^16 "h (Xi -h/t)oCi0, . . • ^6 


2/i 2/6 0 

1 

I 

y« 0 


* This application was made by Klein, see “Ueber die Transformation der 
allgemeinen Gleichnng 2. Grades zwischen Linien-Coordinaten auf eine canonisebe 
Form,” Diss. Bonn (1868) and Math. Ann. xxiii. 
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so that 








while, since <!>, is zen) when h is zero, 

<I>, = : \ — .Ut/Zi-)-, it the are the tirst ininors of 

^•kf^'Jk C.ri. 

1 — ?M 


\ for h = 0. 


So that MMX,)— — -.lu- ; where 6 is the 


diseriiniiniiit of w. and X.^Xi. 


0./V 


It follows that ‘2\ B . = 


1 


c ' 


A -1 


/■ - 1 IrX. 


! — -la- • 


CO) 


\ V II^X,-- Xj) j 
It several eli*nu:ntary divisors are connected with the same root 
X,- ot the discrinunant o( y + Xw. a certain nuinl)er of arbitmry 
Constants aie contained in the canonical form. If, for instance, 
jf elementary <iiviso!s relate to X,-, the corres]>onding sets of 
variables l>eing f, f', f", ...f ’"'; then the forms of / and w are 
unaltered it we substitute lor respectively 

f, + r.f 


provided that 

+ 

Ttiis introduces v- arbitrary constants a, ... between which 
e.xist, by viitue ot the last condition, ^ ^ etjuatioiis, leaving 

()f these quantities arbitrary. 

If this occurs times the total number of arbitrary constants 
contained in the given canonical form is /x, *'1*^L^* 


156. Complexes formed by linear congruences. When 
two numbers c,,. e,, are connected with the same root X,- of (X) = 0, 
the equation y + \,-a> = () involves only four variables, since the 
variables , f/. do not appear in the last equation. Hence in all 

• Klein, " Transformation der Complexe 2. Grades/’ Math. .!««. Bd. xxiii. 
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types which involve the single bracket, the equation of the complex 
can be brought into a form which involves not more than four 
variables. Regarding for a moment these four variables as the 
coordinates of a the equation of the complex will represent 

a quadric; now every quadric can be brought into the form 

where JT, F, Z, TF are linear in the variables. 

Hence the complex may also be brought to this form, and 
consists of a singly infinite number of linear congruences, 

X = f.Z, 

/xF- W. 

If P is any point of p a directrix of such a congruence, the 
other directrix being p', the pencil {P, p') belongs to the complex 
and hence the lines j), p' belong to the singular surface which is 
therefore ruled. The complex gives rise to a correspondence* 
among the generators of the singular surface. 


156. Double Lines. The equations to determine the four 
pencils of complex lines to which a line x of the complex 
belongs, were seen to be in the case of the complex /= 0, co = 0, 
the following : 



If a line x is such that each point of it is singular, it is said to 
be a double line of the complex, and belongs to an infinite number 
of pencils; x will then belong to the singular surface. The 
condition for the existence of a double line is therefore that the 
preceding four equations should reduce to three, hence there is in 
the case of a double line x a quantity /x such that 



(i = 1, 2, ... 6). 


Now taking f and w as being composed of groups of variables 
f where corresponding portions of f and w are 

Xi (f I f H + . . . + f „ f 0 + f I f «-i + . . . + f n-, f , 


*. On tho subject of this Article see Weiler, “ Die Erzeugung von Complexen 
ersten and zweiten Grades aus linearen Congruenzen,” Zeitachrift 1882 and 1884. 
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the parts of the immediately preceding six erjuations which arise 
from this group of variables are 

(\, - /i) f f 


The etjiiations are therefore all satisfied bv 

and all other variables except zero; so that the line whose 
coordinates are all zero except f„ belongs to ./; and is now seen to 
be a double line of the complex. Hence each group of variables f 
gi\es rise in general to one dttuble line. In the type [111 111] 
in which each group consists of only one member there is no 
double line, in every other case a double line exists. 

Ever;/ double line of the cuinplex is a double line of the singular 
surface. 

For taking the complex as /(,r) = 0, (,r) = 0, the tangents g of 
the singular surface are given by the equations 


¥ 

= P • yo 


('■= 1 . 2 , ... 6 ), 


where .r is a singular line of the complex ; if a' is akso a double line. 

there is a value of /i for which the left-hand side of each of the 

preceding equations is zero, for which therefore p is zero, so that 

ang line g which meets this double line x is a tangent line of the 

singular surface, hence x must be a double line of the singular 
surlhcc. 


In the case of any complex for which three numbers are 
cnclo.sed in a single bracket, as [11(112)], the .singular surface is a 
quadric counted twice ; for if f, r,. f, correspond to the enclosed 
numbers, the ecpiations to determine the double lines are satisfied 
by equating to zero all the variables except the f, g, f with the 
highest suffixes, i.e. by the vanishing of three variables; this 
gives a regulus of double lines (which may become two pencils), 
each line of which is a double line of the singular surface. 


167. The Cosingiilar Complexes. If a tangent linear 
comple.x of / is special, its directrix touches the singular surface 
o( f h or it y is the directrix of such a complex we have 

. .. d(o d(o 

“ P • (0» 


a.Ti ^ • dxi 
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hence 
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^ ~ dxr 


+ 4\^f2 (X) = 0, 


where 

also 

therefore fl 



1 do) 

2 3^,.’ 


an (Z) 

dXi 


2A 





= 0, t.e. ^ is a 


n (X) = - A . ft) (a:) ; (Art. 21), 
singular line of/ (Art. 76). 


It follows, since y meets a: and all lines of / consecutive to x, 
that y must pass through the point of contact P of a- and lie in the 
tangent plane tt at P to the singular surface. 

Now the equations (i) become, if we write 


13ft>_ 

2dyr '' 

'L{aik-\-\aik)xk = p .Yi, (i=l, 2, ...6); 

k ' 


solving for x we obtain 


where 

moreover 


hence, 


A (X.) . X}^ — p (F] + Y.,A.j^ + ... + YqA^Y) 


dY 

^I/i 


= p 


_ 1 dY 
2^aFjt’ 

y^^A,kY,n; 

ay, dy,^"'^dY,dy;J 

BY 


^>la7^au + ... + ^ a,.-j 


2 A (X) (xjaii + . . . + ^«®6,'), 

dco 


= A(\). 


ay 

‘Syt 


dxY 

do) 


(t = l, 2,...6). 


From the last set of equations we conclude, as before, that y is 
a singular line of the complex F = 0, and that x is a tangent line 
to the singular surface of the latter complex at the point of 
contact of y. Hence the complexes /= 0 and F = 0 are seen to 
be cosingular ; the singly infinite number of complexes cosingular 
with / is obtained by giving all values to X. 
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It was seen, (Art. 1.52), that for any quantities A',-, 


1 


A (\) A, 


A', X. 0 


= coetf, j in ^ V': ^ '«-;>+■ 


whore A = 

<'. + (X,. + /,)«,„. 

'Gi+(X, + //)a., n..« + (X,+//)a..-, 


'/.;i +(X/ + /O0(,,, «m: + (X; + //)&-. t/ u V 

M> I \ I ~ f f , y^j ... P_j . 

» 0 ... 0 0 i 


!/ip 


y.u 




0 ... 0 0 


1 ^ 

If we now take A , to he ^ , the equation ' 0 ,*. + \a,t, A',- 1 = 0 

IS the eijuation, ] = 0. of the cosingular complexes; while .46_;,+, 
becomes tlie detenninant formerly denoted by B,, hence 

1 A\. 


*'-^+1 _ 1 (^1 + 7 ;../; + ...)- 

X. - - A ■ % A, - X,- ~h' ~ 


h^] 


the >,,■ being the same functions of the y,- as the f- of the .r,-. 
Therefore 


\ V = ~ ^ coeff. of in 

^ ^ (^i + vJf + 

A (\) it 

1 

• 

1 

1 

= ~'l coeff. of 7 in 

U- ' . ‘ . 

h 

I 

I 

*4 

H 

• 

i + ’'a’''- 'K ’X ’X„-i -f • • ■ + y, - 

^ ll 


So that 



^(X) ^ X-X; 

(X - X.T 


iVi 


+ . . • 


+ ... 
(B); 


where each elementary divisor (X - contributes a set of terras 
on the right side of the last equation. This gives the e.vpression 
of the cosingular comple.xes in terms of the variables r,, &c. which 
enter into the expression of the canonical form of the <nven 
quadratic complex /{x) = XuuXtXt = 0. 
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158. Correspondence between lines of cosingular com- 
plexes. It was shown in Chai^ter VIIL that a (1, 1) correspond- 
ence exists between the lines of (U--) = 0, (.r-) = 0 and the lines 
of any one of the cosingular complexes. This result will now be 
established for the other varieties of the quadratic complex. 

The algebraical theorem which follows enables to obtain the 
required result. 


Let there be two sets of variables ... and and 

let us denote by respectively the expressions 

r "h • • • + t ViVn—r Vn~i-Vi- 

Further denote by An-r the expression aian_,.+ ... -f 
where the as are constant quantities determined by the series of 
equations 





A.= 


-1 






» • 




n— 1 




These equations determine uniquely the values of 
and it follows that 


^n~r + «-r-i = 0, (?’ = Q, 1 , . . . , 


Now consider the equations 

\/X,fi = 0£i7;,, 

VX . fa = a^T/, -f a., 7 }.. -P a, 773, 


-2). 


— ^nVl 1 


(I). 


/ 


From these equations we deduce at once 


\Xn + Xn_i = ^An + - -|- 2 -+- - Aj^^ 

“P 2 ^ V\'^n—\ ^ViVn "h ^-^71—2 "h 7}^ "P . . • 

— 27)^7} n_i -P . . 


From which we conclude that 


similarly, 


XXn -p A„_1 Yji .. 

\Xn—i “P A^n— 2 “ Y , 


(II); 


XA,*-F,; 
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hence, 

- A . = ^ y., - F„_. + i i)„-, gy }- , (ni). 

E, Illations (II) and (III) are thus a consequence of (I). 

\\ e shall now, in these equations, take n = e,, and replace \ by 

Also we sui.pose that other sets of e,, nations, similar to (I) 
are formed between variables f' f', ; 

by addition ol ail efiiiations of the type (II) we have ' 

“ + ■ • • + ) + f, f,. + , . . + _,f,j 

- ^ ( f I f , + . . . + f , f , ) = - N ( ,,, + . . . + 

Similarly by addition of equations of the type (III) we have 


fV. , + . . , + r,, r, 

^ i . - ^ ^ 

I “• 


+ ... 


{\~\r 

i liese e(|uations show that if the (juantities 

f f 1 * • • • . f . &C. 

are the coordinates of a line f. and 7;,, , &c.. 

the coonhnates of a line r). then f belongs to /’(.t) = 0 andr} to a 

cosiiiffular annpler F = 0. 

It IS therefore seen that by aid of the equations (I), a (1, 1) 
corrospinidence is established between the variables f of /and 7? 
of } which arise from the elementarv divisor {\ — X,-)%. 

Tins holds for each elementary divisor; hence by aid of sets of 
Cfiuations (I), (whose number is that of the elementary divisors), a 
(1,1) correspondence is established between the lines f of /and 7/ 

of 1 , such that if / (a') = 0 expressed in the canonical variables be 
denoted by/(f) = 0. and F=0 by l'(7?) = 0, 

y(f)+Xw(f) = a)(7;), 

Y (7?) = w(f). 

Ail the results already deduced for (\a“) = 0 from the existence 

of this (1,1) correspondence will therefore hold for any quadratic 
complex. 

159. The flin^lar surface of the complex. The equa- 
tions of the complex are obtained by equatinc; to zero the aoareQdte 
of such terms as 

(?l?» d- ... + fiifi) + fifii-i + ... + 

fifii + ... + fnfi» 
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whei^ Other portions arise from eacli other group of variables 

V, C &c. It has been seen, (i), Art. 157, that if the line f' t' 

IS a tangent line at P of the singular surface and f, 

Singular line for P, we have the 


(X,-f 0-) = 

with^ corresponding equations for the other 
V , ?’)••• the form 


sets of variables 


(Xj + <7) 7 f,n + = p . 77,/, &c. 

Now we obtain the coordinates of a double line, (Art. 15G) bv 
taking a.s zero all the coordinates I v. t - except f„, and the 
special complex having this double line for directrix is f = 0 . 

Hence, for a tangent line of the singular surface which interacts 
this double line, we have f/ = 0 , and therefore \. + o- = 0 . 

Again from the equations connecting rj and 7,' we easily find 

1 F,„ be written for ViVm + ... + VmVi and V’„ for the same 

tunction of the r) , 

hence l^.n + 2 (A,+ .) 7,„_, + = 7 ;,,, 



r'm-, ( - 1)"— Y,\ 

(Xj + a-y (\j + c^yn J ~ (^; + O') Y,n + F,„_, ; 


in which, for a line f', rj', f', ... which meets the double line, 

since f, t), f, ... belongs to /we have 

flfn-l + ... + fn-ifi + (\; — A.,) F,„+ F„,_, + ... = 0; 

hence, substituting in this equation for the ^ ’ 7 , f, ... their values 
in terms of f', tj', f', ... , we find 




m 


Xj — Xj 



( - 1)”^-^ F/ 
(X;-X,)- 



This last equation thus represents a quadratic complex to 
which belong those tangents of the singular surface which also 
intersect the given double line, ie. which satisfy = 0 . 


The singular surface must therefore be a Complex Surface of 
PliXcker. In all cases, therefore, in which a group of variables ^ 
occurs, the singular surface is a complex surface. 
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If tlio ^ ;ii-o tlie nnly gro^ip ot varialilc.s, tlie terms of the hist equation 
uhii h follow the f arc conjiioseii of squares, i.e. arc of the form 

+ ^■-+ 

160. Degree of a complex. The mnnbor of cosincrular 
complexes wliich jjass through any line is calleil the detfvee* of 
the coniplex. h(H' cases in whicli no two elementary divisors refer 
to tlie same root Xj, (the eleven principal types), the degree of the 
complex is four, as may be seen from the preceding equation of 
the cosingnlar cinnplexes. In other cases the degree is easily cal- 
culated, e.(j. in [1113] the equation to determine X liaving given 
1 ), ^ ... is ot the fourth degree; but in [11(13)] the coefficient 
oi X* vanishes identically, so that the degree of the complex is 
three. 


161. The varieties of the quadratic Complex. We shall 
now investigate the diftcrent varieties of the quadratic complexf ; 
they consi^t as has been seeti of eleven types or canonical forms, 
and each tvjte contains a number of sub-cases. 

First cvfioniat/ /onu. [Ill 111]. 

w (j‘) = .iV* + .r.j’ + .r;-' + 

y (j.-) = XpCf + \o.r./ -H -J- Xj^r/ + Xjj'y + Xg-r/. 

This general form has been already considered in Chapter VI. 


162. The sub-cases are 

[1111(11)]; X, = X,. 

Ine complex is 

/(a) = (X, — Xs) + (Xj — Xj) ./■./ + (X^ — Xj) + (X 4 — Xj) — 0 ; 

the lines which satisfy the eipiations = = = = 0, are double 
lines of the complex, they are the edges A^A^ of the 

tetrahedron of reference. 

The singular lines satisfy the equations /(a:) = 0, /, (^) = 0, 
where 


/ (^’) = (>^1 - X,)= + (X, - X,y + (V, _ x^y ^ (x, - x,y xy. 


* Segre. 

+ The cIa.s8i(ication which follows was given by Weiler, Math, Ann. vii., “Ueber 
die verschiedenen Gattungcn der Compicxo zweitcn Grades.” His memoir contains 
some inaccuracies wliich have been corrected by Scgre, see “Note sur les complexes 
qiiadratiques dont la surface singuIiLVe eat une surface dn 2* d6gr6 double,*’ 
Math. Ann. xxiii. See also Segre’s classification of tbe quadratic complex in 
the Memorie della R. Accad, di Torino (1683). 
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The singular surface is obtained by substituting X. = b the 
equation given in Art. 82 , and is therefore 

(Xi - X,) (X3 - X,) (Xj - X5) (y;~y.r + y.^yl-) 

+ (X3 — X4) (Xi - X5) (X.2 - X;.) (tjx-y-i + yiy^-) 

+ 2 [(X. + X., - 2 X,) (X., - X,) (X4 - X,) 

— (^3 + X4 - 2X5) (Xi - X5) (X^ - Xs)) y^y-aj-sy^ = 0 ; 

which is a ruled quartic, (Art. loo), possessing 

yi = 2/4 = 0, = = 

as double directrices, and hence belonging to class 1. 


163 . [( 111 ) 111 ], X, = X, = X3. 

f{x) = (X4 - Xi) 4- (X5 — X,) + (X,. - X,) ,r,;- ; 

f (x) = (X4 - X,)^ X/ -f (X, - X,)^ + (\, - X,)^ 

The double lines are those which satisfy the equations 

^4 = ^5 = = 0 ; 

they are one set of generators of the quadric yiy.i- y-2yi = 0 . This 
quadric, counted twice, con.stitutes the singular surfiice, (Art. 156 ), 
as may be seen by making X, = X = X3 in the singular surface of 
[(11)1111]. Ihe equations of the singular lines assume the form 

M *2 rp *2 *2 

^4 ^5 ^6 1 

therefore form four linear congruences. 

164 . The complex [(111)111] is one of a series of five, the 
others being [1(11)(111)], [(111)12], [(ni)(i2)], [(111):!], which are 
formed by aid of an involution [2] between the lines of a regulus. 

The involution [2] is defined by an equation of the form 

+ Mzz’ zj Rzz' S{z z) T = Q ...{ 1 ). 

By making z = z it is seen that there are in general four 
elements of the involution each of which coincides with one of its 
corresponding elements; if these be called “double” elements, four 
special cases arise : 


Case (i) two double elements coincide. 


>) 


(ii) 

(iii) 

(iv) 


three 

four 


>y 


9 9 


>9 

99 


99 

9 f 


two pairs of double elements coincide. 


Now we may, for clearness, regard the coordinates 2' as 
defining points on a given line; to the four double elements will 
then correspond four points, say P, F ■ Q, Q', on this line. There 
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aio two points, say A and B, which are harmonic \vith P and P' 
and also witli Q and Q , ie. A and B are the double poinU of the 
ordinary involution determined by P, F \ Q, Q, 

It a ami jS are the coordinates ot A and B respectively, then 
substituting in (I) by aid ot the etjuations 

- - ^ . Z' ~OL 

we obtain tlie involution [2] expressed in terms of a.' and ;i‘'. The 
coordinates of A ami B are now seen to be zero and infinity 
respectively, hence the points P and P' harmonic with them must 
have coordinates of the form ±7; similarly Q and Q' have 

conidinates ±B. So that the equation to determine the double 
elements must be of the form 

+ AV + T = 0; 

where A = 4A -f R: that is to say, the coefficients of the second 
and fifth terms in the e(|uation defining the involution [2] must 


be z 


zero. 


Ihe latter equation, therefore, is of the for 


m 


Ax-. r - + iV (x + . 7 /)- Rc,v + A = 0 ; 

which is therefore a form by which the general involution [2] may 
be defined. 

By writing in the new equation 
coefficients of the first and last terms are made equal. 

165. It will now be shown that the complex [(111)111] is the 
locus of lines which intersect corresponding lines of a regains in 
the general involution [2]. 

For the complex may be written 

>14^4- + W + = 

if we rcjdace X, - X^ by X^ . etc. 

Any line of this complex is therefore given by the equations 

^^^ 4^4 : = \ ; 7 (; a =+ 1 ) ; 2fi; 

which divide the complex into a singly infinite number of linear 
congi'uences. 

Also any line of the regulus x, —a :2 = x, = 0 is given by 


ATION OF THE SECOND DEGREE 209 


164-167] THE GENKHAL EQU 

All hues ot such a linear concrruenee meet lines of the reo-uhis 
101 \ allies of p given by the equation ^ 


(/X- - 1 ) + ] ) (p2 + 1 ) 4^^ 

A, 


\'x, 


If pi and p., are the roots of tiiis quadratic we have 


A p. 

+ ]) 


pi + p;= , pip.= 


+ a 

cy + D ' 


whei 


re 


1 ^ ^ n- J 1 

' '■ ^5 Vx, ’ Vx~, ^ 


Hence between p^ and p.^ the following equation exists 

A^ 

(pi 4- p-i)- - ~ ^pip.d (C^Pip2 - 

which defines a general involution [2]. 

The complex is therefore obtained by establishing a general 
involution [2] between the lines of a regulus, and taking all the 
lines which intersect each pair of corresponding lines. 

166. If = which gives the form [(ill)(ll)l], 0=0, 
and the involution becomes (p,+p„y = ^' which is derived 

from the general case (i) (Art. 1 04) when Z = .(!/ = ,?= 2’= 0 ; hero 

(i) has two pairs of coincident double elements (viz. two infinite 
and two zero), giving case (iv). 

167. [ii(n)(ii)], = = 

In this case 

f(x) = (X, — XJ x,‘ + (X« — Xs) + (X^ — X5) (xj- + 

fi (x) - (X, - X,)= + (X, - X,-' + (X, - X,)‘-' + ,r,=). 

There are two pairs of double lines, viz. AiA„ A.,A.,; A, A,, 
AoA^; which form a twisted quadrilateral. 

If in the singular surface of [11] 1(11)] we put X3 = X,, it 
becomes of the form y\y -2 •¥ y^yi = Kyiy..yiy^, and therefore 
consists of two quadrics which intersect in the four double 
lines of the complex. 

From the equations of the singular lines we deduce that they 
satisfy the equation y, — (X3 — X5)y — 0, which is of the form 

(xi + axj) (x, - 0x2) = 0 , 

hence the singular lines consist of two congruences (2, 2). 

. -J. 


14 
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Ihis is one ot three ci»ni])lexe.s which have for singular 
surtaces a pair ot (|ua()rics, the others being [1(11)(12)] and 
[(I_)( 12 )]. \\iiting \ ttir X, — Aj it is seen that the complex 
coiisi>ts of the singly iriHuite system of linear congruences 


\ \, ( I + /fj) j', + ^ Vx., ( 1 — V, )x, + ^ 

\ 


+ M .r., 


+ i ( ~ + j j = 0, 


^^X, ( I + K..} \ X., ( 1 — f Vx^ ( 

V /i 




J 


+ i v^Xj ( — + /i ) .T4 = 0; 


where «•, , k., are the roots ot the e(juation 

’ I 1 1 .1 *1" “ 2At 

4- 1 + 2a: . ' - ^ = 0. 

” ^2 

I he (liiectiices y>, p nt these (special) complexes have co 
ordinates 


a\ 


j'. 


j'. 


JL\ 


J® 




IK 


P \% ( 1 + i \a, ( 1 - A-,). /X3 ^ + pj, i p* -t- pj^ 0 , 0 . 

On varying p, it is seen that j) and p' describe two reguli, 

whose lines are in (1. 1) correspondence, and which have (for 

P — O. /i = X , respectively), the coninion seif-corresponding lines 

■‘li-'lni w’hile are seen to be coininon directrices 

of the two reguli; hence the complex is the locus of lines which 

uitersect correspondinp pairs oj lines of two reguli which are in 

(1, 1) CO) i espondence, and which have two common selfcorre- 
sponding lines. 

168 . [1(11)(111)]. X-, = X3, X4 = X, = X«. 

The complex is 

fix) = (X, - X 4 ) -f (X, - X 4 ) -f ay) = 0. 
wd.ile /. (x) = (X, - -kx, - X^)-* (x/ -f x,^) = 0. 

Hence the singular lines form the con(»^ruences 

O 

= 0 , X2 + 1X3 = 0 : X. = 0 r. _ iV — O 


/»♦ 
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llie sincrular surface consists as in [ 111 ( 111)1 of a nuadric 
aken doubly, while the double lines are one L ^Ltrato^rf 
this quadric together with the two lines 


X, = a-j = a- = a. = Q. 


169. [( 11 )( 11 ){ 11 )], X, = X„ X, = Xo X, = X„. 

This gives the Tetrahedral Complex 

X, (x,- + a-/) + Xj (ay' + a;/) + (j-/ + a-y) = 0 . 

The complex possesses thirteen independent constants, viz 
twelve from the teti-ahedron and one from the constant double 


ratio. 


170 . [(llDdll)], X. = X, = X„ X, = X,,= A„. 

The equation of the complex has either of the forms 

+ a-o- + j:-/ = 0, uy + + j;/ = (). 

The generators of one system are a-, = av = a;, = 0. and those of 

the other are x^ = a-, = a-^ = 0 ; hence any tangent line of the quadric 

will belong to the complex, which therefore consists of the tangents 
of a quadric. 


171. Second cano?ncal /arm. [11112], 


w (cc) = x-^ + + x.^ -f- x:- -f 

f^x) = + X 4 ;>’ 4 - + ^Xr^XyXQ-^-xr. 


From the form of the identity w(A')=0it is permissible to 
write 

= 7>12 — > '^^U=PlZ~ 

The singular lines are those whose coordinates .satisfy the 
equations 


(Xi X 5 ) Xx + (X 2 X 3 ) X.} 4 - (X 3 — Xj) + (Xj — Xj) x^ 4 - x^- = 0 , 

(Xi - x,^ 4- (^2 - X .2 4- (\, - \,f xi + {\, - X^)-^ .7;,=^ = 0. 

The directrix of the special complex Xs = 0 is seen to be a 
double line of the complex (Art. 156). 

It is seen from Art. 159 that the singular surface is the 
Complex Surface of the congruence 


^_0 ^2 I «'! , . a:/ 


and hence of the congruence 


aiV4- 


\ x'^'x X*^X ^ 9 — 0 , 

A-i Aj Aa — Ag Aj — A5 A4 — Ag 


14—2 





» • 
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wher 


A-'i = .7',: + i.'-,. ./■'« = i (./■,; - 


and ihereture 


V ^ 0. 

i 


Thus tile Singular Surface is the Pliicker surhico fur Ji general 
([uadratic cuuijilex [111 111] and an c'dge of a fundauientai 
tetrahedron. 

It was seen (Art. S(i) that the Pliicker surface for the complex 

(\.r-) = 0 , is (\iC’)(Xr)-(Xur)- = 0, 

whore K is a line through -I, v a line through B, A and P being 
anv two points on the (haihle line, and u, v meet in a point ^ of 
the ('oiupiex Surface. The double line being in this case the 
edge .*1..-1:, of the tetrahedron «)f reference, we may take A as 


whence 


wliicli gi' 

res a.'^ 

the 

coordiiiJites 

. of ii ; 

1 

1 

, Pr^ 

1 

Pi.i 

Pu 

P^ 

y>:a 

Pi2 

n 

i 

0 

0 

- ih 

0 

Pi 

V 

’ 0 

Pi 

0 

Ih 


0. 


i .r, 



'U 



II 

//i 

- Q/i 

/A 


- .'A 


V 

-/A 

- 

//. 

- *//! 

/A- 



and the eipiation of the singular surface is 


r (X,-X.)(A,-X,)'^(\3-X.d(X*-XA) "" 

.y;-’ ( X, - X, ) 

(\. - X,)(X.,- \,f (X, - X.HX, - A,) 


1 




= 0 , 


which reduces to the form 

(X, - X,)(\, - X,) + y.<) - (\, - \,) (\, - \,) (\, - X,){!/W + 

- (X, - x.,) (A. - Xj) (X;, - xj + /a-vaT 

+ 2 [(Xj + — 2 X 3 ) (X 3 + X 4 — 2 X 5 ) 

- 2 1(X, - X 3 ) (X, - X 3 ) -t {\, - X 3 ) (X, - X 3 )l] 

+ 2 |(X. - X 3 ) (A, - A 3 )(X 3 + X 4 - 2 X 3 ) 

- (X 3 - X 5 ) (X 4 - Xj) (X, + A, - 2 X 5 )! f/ii/ii/il/A = 0. 

This equation might also have been obtained by finding the 
locus of points 1 / for which the complex cones of [11112] become 
pail's of planes. 
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172. There are nine sub-cases, which are as follows : 

[111(12)], X, = X,. 

The singular surface becomes 
(X. - X,) (X x^) 

+ 2 i(X,- X,) (X. -f X, - 2XJ - 2 (X, - X,)(X, - Xj] = 0. 

Ihe hue //, = y, = () is a double line of the surface, and any 
plane through it cuts the surfoce in two lines which meet on the 
double hue; the surface is the ruled (juartic of clas.s II. 

173. [11(11)2], X, = X,. 

The complex posses.ses three double lines, viz. A, A, and also 

A.A^: any plane through AtA^ is seen to meet the 

singular surface in two lines intersecting on A., A, and vice verm, 

hence A^A, and A.^A, are double directrices of the surface, while 

A, A, is a double generator; the singular surface therefore beloims 
to class VII. ” 


174. [11(112)], X, = X,=X-,. 

The equation of the complex is 

f(^y= i\ - >^ 3 ) + (X., - X,) ^ 

the singular lines being given by /(a-) = 0 , and 

y*i (^’) = (Xi — Xa)^ + (Xo — Xg)^ A'o“ = 0 ; 

thus the congruence of singular lines consists of the four linear 
congruences 

4 

irs = 2(X^,-X,) : ± (Xi - X,): + ^(Xj - X,) (X.. - X,) (X, - X,). 

The complex is composed of the singly infinite number of 
linear congruences 


A*1 + ix. = 2p . Aj , A, - 2^2 = 2(r . As , 

Vvi -p.piu Pu = <^ ■ Pu ; 

where p and <t are connected by the equation 

(Xi - X3) (p + <Tf - (X2 - X3) {p-<Ty+i = 0. 

Hence, the coTnplex is fovMed by lines which meet corresponding 

lines of two pencils ctj), which are in (2, 2) core- 

spondence^ and which have a common self -corresponding line A^Aj. 

The ( 2 , 2 ) correspondence has two of its four double elements in 
coincidence. 


Ihe lines Aj = Ajj = Afl = 0 , forming the two pencils {A., Oi), 
(-d. 3 , o£ 4 ), are double lines of the complex. The singular surface is 
seen to consist of the centres and planes of these pencils. 
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175 . [(11)1(12)]. = 

The sini'ular surface consists of the two quadrics 

(X, - X,) ( X, - X,) (//,//3 - - 4 (X. - X,) //,\yT = 0, 

which loucli along their coiuinon generator y, = = 0. and which 

have also in coinnuai tin- lines y, = y,. = 0, y^ = i/^ = 0. 

The cotnjilex i.s X, (./■,- + ./•/) + Xa-r^- + ./V-= U (if Xj be written 
for Xj - Xj), and consists of (he congruences 

/ / \ /Is* \ 

Vx, r, {/^ + ^ V^X,./'.. + N X^ (/'i - 1 - l{lv\ + l)j '5 = 0, 

\^Xi.r, (^fx + + / \\x., (- - + ^'X 3 (L— 1 ) ./‘a - i’(A*,.4- l)a ’3 = 0, 

where /.’i. /c, are the roots of the etjuation H («) = 0, i.e, 

4X,/* + X:,(A--l)= = 0. 

Thus each of these complexes is special; tlie directrices de- 
scribe (for dirt’erent values of two reguli which have 
A:^A^ in common. 

Hfnc4*, the compiler consists of Hues which meet corresponding 
poir.'i of lines of two reguli ta (1, 1) correspondence which have two 
common self-cor responding tines, and two consecutive common 
directrices. 

176 . [( 111 ) 1*4 X.=X., = X 3 . 

The cimiplex is 

(X^ - X,) .r^^ + 2 (X.. - X,) .Cvr,: + = 0 ; 

the double lines are those given by = .r, = .r^ = 0, which form 
one set »»f generatitrs of the quadric yj/z^ — y.,y^ = 0 . The singular 
surface consists of this (|uadric taken doubly. The singular lines 
are given by the equations 


.r 


II 


0 »• 1 * 




(X.ij — X,)- (X* — Xi) (Xi + X^ — 2 Xj) (Xj — X,) (X 5 — X,) (X 5 X^) 

thev therefore form the special linear congruence j-, = 0*5= 0, and 
two general linear congruences. 

If in the equation of the complex X^ be written for X, - Xj &c., 
it is easily seen that any line of the complex is given by the 
equation 

.Tj : j's ; Xti — VXj (2^ n^s — 0 : '^X4X3 : - 2p (p v^X# — *). 

giving X * linear congruences; the line (0, 0, 0, 2 p, 2, —p^) is any 
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line of the regulus .'/-j = = 0 , and is met by the lines of the 

preceding congruence provided that 

VX 4 X.P- + 4 ifx \% - {) ~ 2p i) = 0 . 

If Pi and p 2 are the roots of this quadratic it is seen that 

(pi "Spay'd- = 4 ^*pip 2 - 

This equation defines an involution [2] which has two coincident 
double elements, and is case (i) previously mentioned, (Art. 164). 

If X 4 = X 5 , giving [(1I1)(12)], the involution has all its double 

elements coincident since it is given by the equation (p, — p‘j)^+^ =0; 
this is case (iii) of the involution [2]. 

177. [(11)(11)2], Xi = X2. X3 = X4. 

The singular surface as derived from that of [11112] is seen to 
consist of the planes 1 / 1 = 0 , y 4 = 0 and a quadric whose equation 
is 2 / 1 ^ 4 “ ^yL'y;* = 0. If the equation of the singular surface for 
[ 11112 ] be formed in plane-coordinates and if in it we put \ 

X 3 = X 4 , it is seen that v-^v-j is a factor of the equation, which shows 
that the singular surface is completed by the points A3 which 
raise its class to four. 

If X3 be written for X.., — Xj &c., the equation of the complex is 

4 X 3 Pi3Pi2 + + P~u = 0. 

It consists therefore of the linear congruences 

2 V^Xg/^ia P'pu ~ 0, 

2 VXg (X3 X5) P’~P^2 d“ 4X5 (X3 — X5) PP-£i 4* /4X3P14 2 VXgXj^^jg = 0, 

The directrices of the first of these linear complexes form the 
pencil {A2, ^i), the directrices of the second form a regulus; the 
lines of the pencil and of the regulus are in (1, 1 ) correspondence, 
and have a common self-corresponding line A.^A^’, hence, the 
complex consists of the lines which meet paired lines of a pencil 
and regulus in (1, 1) correspondence having a common self-corre- 
sponding line. 

178. [(11)(112)], X, = X„ X3 = X4 = X,. 

In this case 

f(x) = (Xi — Xb) 4 - x.r) 4- = 4 (Xj — X5) piop34 4 - p-u- 

The complex consists of the singly infinite series of congruences 

2 VXi - K'Pvi = PPu^ 2 VXi — X 5 .^34 = - - pn. 
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hach (it thfse coiii]»lt*xe.s is s|i(‘cial and the dirccti'ices fonii the 
respective ]>eiicils 2 (,), (.1,, a,) which are in (1. 1) coire- 

spend'-nce, hence the comple.r is the locus of Hues which meet 
corresponduiff tines t>f two projertire jtencils where the plane of each 
pencil passes thronph the centre of the other. 

From consideratnni (d the ccmpii x [ 11 ( 112 )] tlie douhle lines 
an* Seen to he the pencils ( A.., a, ). ( -1.;, ^4). atjd the singular surface 
Consists of the centres ainl plane' of tliC'C pencils. 


179. 


[(111)(12)]. X, = X,= \3. X4 = X,. 


d'he comple.x is 


( X4 - Xj ) + 2.r5.r.,) + = 0 


Tile singular suiTaco, ohtaineil I’roni that of [111(12)], is 
h'/i/A " //'.’.'Ah’ = '*■ comparison with [111(12)] and [(111)12] 
the liouble lines are seen to consist of one set of generators of the 
singular surface together with the generator = 0. 

180. Third canonical form. [111*1]. 

w ( . r ) = ay + wy + ry + iry + 2./-,J*.;, 
f (*/') = Xi.c,- + \..xy 4- + X 4 4- 2.iyr^. 

From the form of cef./*) it is permissible to write 

J*! = Pv^ + = Pi, + Pu, -n = 7^14. 

Py:~ put ^*^*3 ~ “* /Aji 2p.£f. 

The singular surface is (Art. 1.39) the complex surface for 


^ p * 

0^1 ^ 


>« • 


<}>{ x )= 4 :r \ 4 2a*, .r, = 0, 0*4 = 0 ; 

\i ” A 4 \*2 A 3 A^ 

and is therefore ^ (») 0 (*') - (^ ) =0, where the lines u and v 

cti’ 4 / 

have the same coordinates p^^ as in [11112]; hence, finding the 
coordinates of u and v from Art. 171, the singular surface is seen 
to be 


/A*(X..“X,) 


.V4* 


(X, — X 4 )(Xj X 4 ) X 3 — X 4 




.V4’(X.:-X,) 


plp- 


1 1 

4- 


Xj X 4 X 3 X 4 X, “ X 4 


I/l 

(Xj — X 4 ) (X-j — X 4 ) X, — Xj 

13 


+ ‘iy.ya 


= 0 ; 
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which reduces to the form 

(X, - - 4 (X-t - Xj) (Xi - X,) - y.,}j{) 

- 4 (Xi - Xd (A.. - (X, - Xj) {y,y., + 

“ 1 1(^3 ~ Xj) (X] + Xo — 2X4) 

- 2 (X, - XJ (X, - X,)} y,y, {y,y., - y .y,) 

+ 2(Xi + X,-2\d//,V = 0. 

It is clear that tlie double line y, = ^^ ~ (), for which all the 
coordinates except Ci\ are zero (Art. 156 ), belongs to the complex 
(/)(a’)= 0 . Along this double line the tangent planes to the 
surface coincide with those of y,^.. + = 0. 


181 . [11(1*1)], X 3 = X,. 

The singular surface is 

(Xi - X.) (y/ + y.,^) + 8 (X, - X^) (X., - X,) y.y, (y,y, - y.jj,) 

+ 2 (X, + X._, — 2X;j) = 0. 

The line y^ = y^ = 0 is a triple line of this surface: and any 
plane through yj = 0, y^ — 0, cuts out one line from the surface, 
which therefore is a ruled quartic of class XIL 


182. [(11)13], X, -X.,. 

Here there are two double lines A-^A^ in addition to the 

cuspidal double line A^A.^', the singular surface is therefore a 
special case of class VII. 

183. [1(113)], X2 = X:, = X4. 

The singular surface consists of the planes 

y, + iy^ = 0, yi - iy, == 0, 

counted twice, together with two points on their line of intersection. 
The double lines are those which belong to the three complexes 
iTi = = 375 = 0, forming two pencils which have A^A-^ as common 
line. 

The complex is 

(X, — XJ = 0 ; 

the lines of the complex belong to the singly infinite number 
of linear congruences 

VXj — Xa (iTg 4* ix^) + 2/Aa’4 (VXi — Xa M — f) = 0, 

VXi — Xa {x^ — ix-^) 4- 2/w;4 ( VXj — X^. /a 4- 0 = b. 
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tach i)t those complexes is special ; tiie coonlinates of their 


directrices y>, p are 


•'a 

■'’4 

7 * 

*'5 

P 

^ N \j \o 

0 

0 

0 

V Xi — X-j 

/ 

P 

“ J N \j “ 

0 

0 

0 

V X, - X-. 




Hence />' are correspfuidin^^ lines of two ])encils in (2, 2) 
correspondence, and which have 3 as common self correspoiid- 
in<( line. Coi respondin^^ lines are of the form a, + a',- + 

(wheie /Si is I he connexion between p and p' is given bv 

the e<| nation 

\ \i — X>{p — p'Y + 2 (p + p') = 0. 

In this involution [2J three donbie elements coincide (they 
are intiniti*). 

184. X, = x.,. v. = x,. 

Putting X, = X3 in the singular surface is seen to 

consist ot the planes y,y^ = 0, together with the (piadric 

” (^1 ~ ~~ !h!/i) + J/iJ/i = 0. 

'J’hc complex has three donbie lines. 

The e(piation of the complex is 

+ -P\i {pi3 + y>«) = 0, 

writing X, fnr Xj — It is formed by the linear congruences 

\\ + fxpu - 2pX, ( 2p v\, - pj = 0 . 

The directrices of the Hrst complex, for different values of p, 
form the pencil (^3. a,); those of the second form a regiilus; 
the Hues of the pencil ami regulns are m (I, 1) con'espondence and 
have ylgH* as common selfcorrespomUng line, while the line A^A. 
of the pencil is a directrix of the regnlas. This gives that case of 
the correspondence in [(11)(1I)2] in which the pencil contains a 
<lirectrix of the reguius, 

185. [(111)8], X. = X3 = X3. 

The singular surface reduces to (//lya + ^0^1)= = 0 ; the double 
lines are its generators g\=pg^> = - “^3. 

The singular lines form the special congruence ^4 = a*5 = 0, 
together with a general linear congruence. 



183-187] THE GENERAL EQUATION OF THE SECOND DEGREE 219 


The equation of the complex is 

\ + 2.r^.r5 = 0, 

if X4 be written for X4- Xi. The lines of the complex are given 
by the equations 

ccr, : Xs = X4^ : 2/jXi : — 2/i (1 + /a VXj), 

forming x* linear congruences; the lines of such a congruence 
meet the line (0, 0, 0, 2p-, 2p, — 1) of the regulus Xi = x. = = 0, 

provided that 

4b/xp'^(\ -1- /A VXj) — 4'^Xip + = 0. 

If the roots of this equation are pi and p.,, it is seen that 

4 

(Pi - p-i)~ + r />iP2 (pi + P2) = 0. 

This is an involution [2] in which three double elements 
coincide, giving case (ii) (Art. 164). 


186. Fourth canonical form. [1122]. 
o) (a;) = xi- + x^- 4- 2x^x^ + 2x^x^^, 
fix) = X^x^ + X.,x} + 2X.^x^x^ + 2X^x^x,s + x.^ + x}. 

We may write 

= Pl-J + ^3 = Pl3» = Ih^ , 

1 X 2 = Pi-> Pm) **^4 “ “ ^P‘£i’ 

The singular surface is the complex surface fur 

«,-0, + X. _ xp X, - Xp X., - (X:,-X,y • 

Repeating the process previously' adopted, the equation of the 
singular surface is seen to be (if Xi be written for Xi — X4, &c.), 

- 'x.^ (\ - 'xf) {yi^yi + y-"y") - xpj^-y,^ 

+ 4 (X-^fXg + XsXj — XjX.^ — Xg^) y\ y^ 

— 8 X 3 |X^ (X, 4- X>) — 2X, Xgj yiPLiprij/j = 6 . 

This is a Plucker surface with the two intersecting double 
lines A2A3, A2A4. There are six special cases. 


187. [11(22)]. 

The singular surface is obtained from the general ca.se by 
putting X3 = 0, which gives 

yr |(X: - Xg) - 4 X 1 X 2 (yr 4- yr)l = 0 ; 
while if we find the envelope of the singular planes we obtain 

{(Xi - X.,) V2^ - 4 X 1 X 2 (^3=* 4- ^401 = 0. 
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Hi'ncr the siii^nilar ^urluee ci)iisi<ts «)f a (juadric cone atul a 
conic wlio^e plane parses tlinmudi the vertex of the cone. 

The double lines are ;^iven hv ./•, = .r. = ./-^ = .fj = 0. and Consist 
(d' the pencil (.1., a, ). 


188. 


[12( 12i]- 


'rile sin^^odar siii’faee is 

//|- Wl/r + + = 0. 

Anv plane throiieh d,.l. cuts out two lines from the surface 
which intersect on .l . dj. while is a (hmhle generator : this 

is the ca^e \ III. of iiihal (piartics. It gives a case of [ 11 ( 11 ) 2 ]. 
'I'hei'i- are three double lines, viz. and two lines coinciding 

with 

189. [\i\2'2)l X, = \, = \. 

It in the (■jjiiatioii'* ot the cone and conic which form the 
singular surface of [11(22)] we make A._. = 0, the cone becomes a 
jilaiie (counted twice), and the conic a point (counted twice). 

'I’ll e singular surtace thus consists (»f a plane and a point in it 
taken four times. 

'rids comph'X i.s a special case of [11(112)]: the double lines 
an* those given by .c, = /’^ = .Cj = (). and therefore form the pencil 
(A.^, ct|): they an* to be taken twice as being derived from the two 
pencils oi [1 l( 1 r2)j. 


190. [(n)*22]. = \.,. 

The singular surface is seen to reduce to a ruled cubic with 
AiA.. as double and -I3.A4 us simple directrix, together with the 
plane //j = 0. and the point c., = 0. 

The double line.s are 


A^A.,, .^3.^44, j 4 ._.i‘l 4 , yr.. 43 . 

191. [(11-2)2], = \., = \,. 

The equation of the complex may be put in the form 


2 (X3 — X4) .r3.r4 -f av + J'a* = 0 , 

i.e. 4 (X3 - X4) y;, 3 7^43 + Ih-^^ + Pu = 0. 

1'he singtdar surface reduces to = 0, v/Vi = 0 ; the double 
lines are .^.>.^14 together with those given by 0^3 = ^’4 = .i# = 0, i.e. 
the pencils {A.y. a^), (A^, a,). 
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= 0, 


The complex is formed by lines which belong to the congruence 

= 0, 2^ Xj) ./’j — + 1 ) ~ 9 \ 

and is therefore the locus of lines which intersect poired lines of 
tivo pencils in (1, 2) correspondence, which hove a common self- 
corresponding line. 

192. [(11)(:^'2)]. X. = X,, X3 = X,. 

The equation of the singular surface is gfiyl + gf) 
together with z'.2-(Vn- + I'r) = 0. 

The double lines are those which satisfy the equations 

.r, = = a-t = iT., = 0, 

i.e. the pencil {A.^, c/j), together with A-^A.,, A-^A^. 

The complex is 

(Xi - X3) (.r,- H- X.f) + av + a*.,' = 0 , 

i.e. ■! (Xj X3} p\»p^i + pi^~ "t pn~ " 0 , 

and is formed by the lines which belong to the complexes 

2 VX, - X3 ^ + ip,,) = 0 , 


2 Vx, - X,p.„ + - (p,, - ip„) = 0 . 


Each of these complexes is special, the directrices p, p having 
the coordinates given by 




Pu Pu 


P-.U 


Pn 


P 

P‘ 


0 0 0 -ifM -p 

2^xf-X,P 0 0 -i 0 1 


hence j) and form two projective pencils, the centre of the 
former being a point 0 on A.jA^ and its plane a,, the latter having 
A 2 for centre and A^A.,0 for its plane; hence, the complex is the 
locus of lines which intersect corresponding lines of two projectice 
pencils in which the plane of one pencil passes through the centre 
of the other. 

193. [(12) (12)], X, = Xa, X, = X,. 

The singular surface consists of the quadrics 

yc = ± 2X, {,y^y^.■^y■,yA 

i.e. two quadrics touching along A^A^, A^A-i. The line A-^A^ is a 
“doubled double line, as also is A^A^. The complex is (writing 
Xj for X^^Xi), 

X 2 + 2Xf^xA + x^^ + Xfi^ = 0. 
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It consists of the linear congruences 

2 \'X, ( 1 - 2/)a’5 + = 0, 

2 \ X, ( 1 + ?> ) 4- ( ^ _ 1 _ 2i).r5 + 2X.fx.r^ = 0. 

J'he directrices p, p of tlieso (special) complexes, as ^ varies, 
describe twn regiili. The line is seen U* be a directrix and 

A 2 A 3 a common line of each reguhis. Hence, the complex consists 
oj the lines 71'hich meet conjupate lines of tivo regidi in (1. 1) 
correspondence, the repnh hueinfj two common consecidive lines 
and too common consecidive directrices. 

194. Fifth canonical form [114-]. 
w (./■) = .rf 4- ./■./ 4. 2./;,./',; + 2./-4.r5, 

/(./■) = \.rf + X...// + 2X, (.rg.r,; + + 2.r;pr, + xf. 

We mav write 

.7, = y>j., 4 X 3 =p^,, 

1 ,r., = p^.^ — = 2 pyf, = 2y>^,. 

'i’lie singular surface is tlie complex surface for 


X 3 - 0, 2 .r^.r,. 4 ./’j2 4 


»» 
/•< «> 


. 7 ’ 


+ 


• I 

.vr 


Xj X3 Xj ^ X 


= 0. 


The ilouble Hue of /{./■), wliich is A..A 3 , is a singular line of 
the last comjilex. 

We obtain, as before, for tlie etpiation of tlie singular surface 
(Xi — Xj + 1 bXiXj//,-y/ + 8 ( X, + Xj) //,-y3^j + 

- + « (X, - x.) pfp.2 = 0, 

where X,, X» are written for X, — Xg, Xj — X, respectively. 

This is a Piucker surface for a quadratic complex and one of 
its singular lines. There are three special forms. 


195. 


[1(14)], X, = X3. 


Putting X_, = 0 in the equation of the singular surface gives 

+ 4y,=) + SXpjf {ipy^ 4 ij,ijf) = 0. 

Any plane tlirough y, = 0. ^4 = 0 meets the surface in this line 
together with one other; the line A^A^ is therefore a double 
generator and simple directrix of the surface, hence we have a 
case of class XII. In the singular surface of [11(13)], each of 
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the planes ^i = 0, ^, = 0, meets the surface in the line A.A^ 
rneiel^> i.6. theie are two 'stationary tang’eiit planes j in the 
present case both stationary planes have come into coincidence 
with iji = 0. 

196. [(11)4]. 

Putting Xi we obtain as the singular surhice 

Vi = 0. 

Hence the singular surface consists of a ruled cubic together 
with the plane = 0. 

The line yi = 0, = 0 is the simple directrix ; ya = 0, j/i = 0 the 

double directrix. The plane ^ = 0 meets the surflice in A .A^ and 
in the two coincident generators A^A .^ ; hence y, = 0 is a cuspidal 
tangent plane of the surface. Using plane coordinates we find xu 
as a factor of the left side of the etjuation of the siiigulai’ surface. 
The cuspidal point A.^, therefore, completes the singular surface. 

197. [(114)]. 

The equation of the complex may be put in the form 

2 .:? 3^5 + x;- = 0 , 

and hence consists of the singly infinite number of congruences 

2i/‘3 = ^Xy -f- /XVj = 0 , 

that is Pu = fxpis, pi-lhi + 2 pi 4 = 0. 

The directrices of these special complexes form the pencils 
(^2, «i), (-43, ^^4), which are thus in (2,1) correspondence and 
have Al.^A;^ as common self-correspomJing line. 

In a (1, 2) correspondence, which is given by an erjuation of 
the form 

X {axf + 6^ + c) + (I if + b'y 4- c' = 0, 

the two values of y which correspond to any value of x form an 
involution; in the present case, the involution formed in the 
pencil {A2, ttj) has A.^A^ as a double line. 

The complex is therefore formed as follows: in two pencils 
having a common line a, connect linearly tlie paiis of lines 
Pi,p2 of an involution in one pencil with the lines p of the other 
pencil so that a is a double line of the involution and a self- 
corresponding line; the lines which intersect p and pi, p and p^ 
form the complex. 

The planes of the pencils and their centres, each taken doubly, 
form the singular surface. 
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198 . Si.rtlt canonfca/ f'onn fl 23 ]. 

(o (./■) = .r,- + 2.r.^;( + + ./y, 

/ (./ ) = ■+■ .r.r + ( 2 -C^.r,-, + 

We iiiav write 


0 /* p 


J “ “]h:i> 


= Pi: + Pu- 

i-’’t = Pi: -/>u. =/>r>, 


•''4 = 7^14 
./■, = 2p 


■Si 


Tlie siiiLjnlai- sinf'.ice is the C,’(iiiiplex Surface fur 


•'*1* 


/• /» 




x,-\, x.,-x, (X,-x,y-‘ 


= 0. 


This ;^ivrs as tlu* eijiiatiuii of (he singular surface (writing 

Xj , 'X,j fur X) — X j , X j — X ! ), 

//,' - X, X./ ( //, //,, - //,//, 1- + 4Xi - ( X, - v.) yf-//,- 

- 2X., ( Xi - X,) = 0. 

'I’hu line //, = //;, = 0 , is duuble ; //, = /o = 0 , is cuspidal. 

There are fuui- special cases. 


199. [1(1?:^)], X., = X,. 

Ihittiug X.,. = 0 in (lie last e«piati()n. we derive as the C(piation 
of the singular surface in point coordinate’s 

!/r i!/r -h 4X,//,//3 - Xi^,-) - 0. 

in plane coor<linates 

r.r ( r.? + 4X, r-jC* — \ v^) = 0 ; 

thus giving a cone and a conic whose plane touches the cone, while 
the vertc.x of the cone lies upon the confc. 


20Q. [2(1:^)]. X, = X.,. 

d'he singular surface is 

//. lyi" + X,//,/// + 2X.//A + y,yj) = 0. 

M'his is a ruled cubic (Cayley’s) togeilier with a plane of its 
bitangent developable and a point upon it. 


201. [(1^-03], X, = X,. 

The singular surface is 

!/i* - Xi" (y,y., - /Ayd* + -tX.y.^y^ = 0. 

Any plane through intersects the surface in two lines 

which meet on A-^A^, while A-^A^ is a double generator along 
which the tangent planes of the surface coincide ; hence the 
surface belongs to class YIIL with a cuspidal generator. 
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202. [(123)]. 

The complex has as its equation 

x-f + 2x^a'r^ = 0. 

The singular surface consists of a plane and a point in it, each 
counted four times. 


203. Seventh canonical form [222]. 

0> (x) = 

fix) = 2\x,x. + 2X,x,x, + 2X,Xr,x, + + x,- + 

There are three double lines, viz. (010000), (000100), (000001), 

which meet each other ; when these double lines are coplanav we 
may write 

7^34 > ^4 “ Pi2 } *6 — P’a • 

The singular surface is seen to be*^ 

\yi^ - yf \f y} - (x, - xf 

— 2 (Xi — x._,) (Xo — X3) (X;( — Xj) y^y-pfi — 0, 

which is Cayley’s cubic surface of the fourth class, together with 
the plane yi == 0 through the three double lines. 

Secondly, when the double lines are concurrent, we may write 


7^34 » ^3 — P^ t > ^5 — P13 ) 

■^2 ^4 “ P\%> ~ PiA' 

The singular surface is in this case, (writing for X, 

“ X3), 

i.e. an equation of the form 


-\=. 


yi'y^ + y-^y:- + yryy = "^yiy^ypyA- 

The latter equation is one of the forms to which Steiners 
quartic surface of the third class can be brought. The singular 
surface is completed by the point of intersection of the three 
double lines. 


* Thia equation ia most easily derived as follows: Let t/^, y/ be two points on a 
line of the complex, where y/ lies in a| , so that 

Pv£~ “ Va ■ I^n 7^13“ ~Vi ■ Vi > Pu~ “1^4 * !^i * 1 

then for any point y^ of the singular surface the locus of y/ is a pair of lines ; from 
which the given equation follows at once. 


J. 


15 
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If for in the second singular surface, plane coordinates r,- be written, we 
obtain the ccjuation of the first singular surface in plane coordinates. 

’’i'hero are two special eases. 

204. [2(22)]. = 

In the first case the singular surface consists of a quadric cone 
and a pair ot points, reciprocal!}^ in the second case we have a 
conic and a pair of planes. 

205. [(222)]. 

In the first case of Art. 203 

and the complex consists of the lines which meet the conic 

yx = G, y.: 4- + y^^ == 0. 

In the second case 

f{j:) = p.J -f- + p.^\ 

and the complex consists of the tangents to the cone 

I'l = 0, i\r + ^3- + vi^ — 0. 


206. Eiyhth canonical form [15]. 
w {a:) = 4* 2.r.3a'fl 4- 2X3X5 4- x/. 

/(x) = \,Xi- 4- X-J (2j\,^fl 4- 2./’3.r5 4- x/) 4- 2X3X5 + 2X3X4. 

Here we may write 

= Pl-J 4 'Pm. ^2~Pu> X3=Pi3, 

X* = Pvi - P ^ , x« = 2 pa , X5 == 2 P43. 

The singular surfiice is the complex surface for 

X3 = 0, <f) = a:.jX 4- 2x3X„ 4* 2X4X5 + - — — = 0 ; 

* Ao 

= 0 being any linear complex. 

It is easy to see that the double line of the complex surface 
(ail of whose coordinates are zero except .r^) is a singular line of 
<f), and also that each tangent line y of the singular surface of <f> 

given by the ecjuations ^ = p . , (Art. 157), belongs to 

0, if X is the double line. Hence the singular surface of /(x)=0 
is the complex surface for the general quadratic complex, in which 
the double line is a singular line of the second order. 

The e(iuation of the singular surface is 

(X, - X.,) {(^ 4 = - y,y,y - ‘^yi'y^y*] + 2y,y,^ 4 - yi^y, - yi^ypjA = 0. 


9 
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Ihe line ^j = y^ = 0 is the double line, the point 


is a triple point. 


yi = ya = y4 = o 


207. [(15)], = 

The singular surface is seen to be Cayley s ruled cubic, together 
Avith a cuspidal plane and a point, as in [( 11 ) 4 ]. 


208. Ninth canonical form [24]. 

(D (:r) = + x^Xfi + x^X;,. 

f{x) = 2\x,x., + X,- + Xs (2^33:6 + 2x^x^) + 2x.,x, + xf 
As in the form [222] there are two reciprocal cases. 

Case (i). Xi~pi 2 t ^i~pi 3 } 


X<1 — P^y 




a'5 = ;v>. 


The singular surface is, writing X, for \ — Xj, 

2/i (>'1^3 + yd- + 2y.3 (y,2 - X,=y,^) = 0. 

together with = 0. This is a special case of Cayley s surface, 
and belongs to the species VJII. of Schlafli* (a cubic of the 6 th 
class with three proper nodes). 


Case (ii). = = Pay ^4 = 7 X 2 , 


X 2 — P 12 , “7^4) ^5 — 7^13* 

The singular surface is one of the third class and fourth 
degree, a special case of Steiner’s surface, together with the point 
of intersection of the double lines. 


209. [(24)], 

If Xj = 0, the equation of the singular surface is in case (i) 
Viiy* — in point-coordinates, and v-^ {v-f v.f) ~ 0 in 

plane-coordinates; hence, the singular surface consists of a cone 
and a pair of points on a generator of the cone: in case (ii) we 
have, reciprocally, a conic and a pair of planes whose line of 
intersection touches the conic. The complex is a special case of 
[( 22 ) 11 ], 

In each case the complex has A 2 A 3 , as double lines. 

210 . Tenth canonical form [33]. 

w («) = 2 xiX^ + x^ + 2 x^Xfi H- Xa^, 

f{x) = X, { 2 x^X 3 -I- x.^) -f 2xiX.i -h Xj (2XiXQ + Xti-) -f 2xiXs. 


* See Schliifii “On Surfaces of the third order,” Phil. Trans. 1863 ; also Cayley 
“A Memoir on cubic surfaces,” Phil. Trans. lfcC9. 


15—2 
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Here we inav write 


•n = tpxA , 


, 4 > X, — 2,p^2 


'•■ 2 = Pl 2 + P.-A. -^1 =;),3, 

‘G; — — 2 q;.j;;, — Pyi — p.i. 

The e-iuation of the singular surface is found by the usual 
process to be 

y*' ith + ^4 + \y:) - + Wyiy., -f ^3^4)* = 0 . 

It ])ossesses the two cuspidal lines y, = 0, y, = 0 ; yi = 0, y^ = 0. 


211 . 



*v 

9 19 


It we take X, as 5:eiu in the previous ecjuation, it is seen that the 
singular surface consists nf the plane y, = U triply, and the plane 

!h~^yi~^K togethei with the point triply, aiul one other point 
in y, = (). 

The Complex is 

./■pn + ./^.r5=0, or, PiAPy.'-^Pu)-\-pu{Pi 2 -p:u)= 0 . 

It consists therefore of the lines of the x ’ congruences 

y>i.i = H-iPii-jhA, Pu = — y (pia + pA ; 

* ^ y^'3 + y'i4 + = 0. y),3 - ~ '2ppy, = 0. 

These eoinple.xes are special, their directrices p and p' having 
the coordinates 

I pi2 y^3 y>i4 yx.i y>34 yj4.- 


P 

P 


2m 


0 


0 

0 


ft 1 0 1 

(» -1 -2m 1. 

Thus p and p form two luojective pencils, the plane of the 
latter jiassing through A., the centre ol the ibriner, while 0 .the 
centre of the latter lies upon and the line Od.j corre- 

sponds to the line of intersection of the planes of the pencils. 
Ihe coDiplej' is therefore the locus of hues which intersect corre- 
sponding lines oj two projective pencils^ in which the plane of one 
passes through the centre of the othei\ and the intersection of the 
jylanes corresponds to the line joining the centres, 

212. Eleventh canonical form [6]. 

03 (a:) = 2;r,.rg + 2.r^a'j + 

f(x) = X {±i\Xa + 2.r^.7-3 + + 2x,,v^ -t- 2x.,x^ + xj^. 

There are two reciprocal cases : 

Ciise (i). .'rj = y7,4, = p^,, x^ = p^^, 

= pn , X^ = p^ , X^ = p^2 . 
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The equation of the singular surface is 

Vi {i/ij/-/ + V-%iy3y4} = 0, 

and therefore consists of the plane y,={) together with a surface 
of the third degree and fourth class. 

This surface is the complex surface for the congruence 

= 0, 0 = .ri X + + a:;- = 0, 

where X = is any linear complex ; and it is easy to see, if x 
is the double line of the complex surface, that the members of the 


pencil 



} 


ie. the lines for which y, = 1 , y^ = u^ + fi, y^= y,= ij., = = are 

all singular lines of <^. 

Hence this double line is a singular line of of the third 
order. The singular surface is tiie species XIX. of SchliiHi. 

Case (n). Pi'it 

P\i> Pn- 

The singular surface is 

(ya" - 2/3^4)“ - = 

together with the triple point y, = y 3 = yj = 0, of this surface. As 
before, the surface whose equation has just been given is the 
Pliicker surface for a general quadratic complex with regard to a 
singular line of the third order. 

In each case the complex has A. 2 A 3 as double line. 


213. Number of constants in a canonical form. The 

number of independent constants in the general complex [111 111 ] 
is 19 ; for each case of equality of roots of the discriminant of 
one constant is lost; while for each case of elementary 


divisors relating 


to the same root Xf of this discriminant, 


Hu-1) 

2 


arbitrary constants are introduced. This enables us to find the 
number of independent constants in all cases. 


Thus consider [(11)22], there are three pairs of equal roots 
which reduces the number of constants to 16, while there is one 
arbitrary constant contained in the canonical form, so that the 
number of independent constants is 15. 
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214. The Table which h>llows exhibits the characteristics of 
the (litfereiit varieties of the quadratic complex. 


[Ill 111] 

[2 nil] 
[3 111] 

[4 11] 

[.-VI] 

[22 11 ] 

[12.3] 

[33] 

[ 222 ] 


[4 2] 


Numbt-r of 
Constants 

19 

18 

17 

10 

1.7 

17 

10 

1.7 

10 


17 


Degree 

4 

4 

4 

4 

4 

4 


Singular Surface 
Kuninior Surface 

Ouiiplex Surface \ any line, 

for a I a line of </>, 
-'general tjuadratic a singular line of 0, 
j c(ini[ilex fj) ami 

' ' of 2ml order. 

Complex Surface for a both double, 
general quadratic com- 1 
plex 0 ami a tangent of 1 one cuspidal, 
I its Kutnmer Surface. 




JTbe complex surface has 
twotloiible lines which are 
Cayley’s surface of 3rd 
degree and 4th class 
aii<l the plane through 
t he three <louble lines, 

or reciprocally, 

Steiner’s Roman Surface 
and tljc point of inter- 
secticui of the double 
lines. 


two cuspidal. 


There are three 
(iouhlc lines 
wliich are co- 
platjar or con- 
curreiit;in[42] 
two coincide; 
in [3] all three 
coincide. 


[•;] 

14 

4 

Complex Surface for 
a general (jiiadratic 
complex (f) relative to 
a singular line of the 

3rd order. 

A 

[(11)1111] 

17 

3 

w 

Cla.ss I. of nile<l ([uartics (two double 
tlirectricesb 

[(11)211] 

IG 

3 

Cbois \II. of ruletl quartics (double 
directrix). 

[(11)31] 

17 

3 

'J'he siune with a cuspidal gonorator. 

[(11)22] 

17 

3 

Ruled cubic with two directrices together 
with a point on the double dircctri.x, and 
a plane through the single dircetrix. 

[( ! 1 )■!] 

14 

3 

The same when the point and plane are 
cuspidal. 

[(21)111] 

IG 

3 

Class 11. of ruled quartics. 

[(21)21] 

15 

3 

Class VIII. of ruleil quartics. 

[(21)3] 

14 

3 

The same with a cuspidal generator. 

[(31)11] 

13 

3 

Class XII. of ruled quartics. 

[(31)2] 

14 

3 

Ruled cubic (Cayley’s) with a i)oiiit and a 
plane as in [(11)22]. 

[(•11)1] 

14 

3 

A case of Class XII., the stationary tangent 


planes coincide. 
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Number of 


Constants 

Degree 

Singular Surface 

[(51)1 

13 

3 

Cayley’s ruled cubic and a point and plane 
as in [(11)4]. 

[{22)11] 

14 

2 

A quadric cone and a conic. 

[1(23)] 

13 

2 

Quadric cone and conic through its vertex, 
the plane of the conic touches the 
cone. 

[(22)2] 

13 

2 

Quadric cone and pair of points or recipro- 
cally a conic and a pair of planes. 

[(■12)] 

12 

2 

Two i)lanes and a conic touching their 
intersection or reciprocally a cone and 
two points on one of its generators. 

[(33)] 

11 

1 

A triple plane and a triple point together 
with another plane and a point on it. 

(The coinple.x is the locus of lines which 
meet corresponding lines of two projective 
pencils, in which the plane of one pas.scs 
through the centre of the other, and the 
line Joining the centres corresponds to the 
intersection of the planc.s.) 

[(11)(11)11] 

15 

2 

Two quadrics meeting in a twisted quadri- 
lateral. 

[(11)(11)2] 

14 

2 

One quadric becomes two tangent planes 
of the other. 

[(21)(11)1] 

14 

2 

Two quadric-s touching along a generator 
and having in common two generators 
of the other svstem. 

V 

[(12)(12)] 

13 

2 

Two quadrics touching along two inter- 
secting generators. 

[(22)(11)] 

12 

1 

Two planes with a third plane taken twice 
together witli two points and a third point 
t<ikcn twice. 

(The complex is the locus of lines which 
meet corresponding lines of two projective 
pencils in which the plane of one pencil 
pa.sses through the centre of the other.) 

[(3i)(n)] 

13 

2 

As in [(11}(U)2]. 

[(11)(11)(11)] 

13 

1 

Tetrahedron. 

[(111)111] 

• 

14 

2 

A quadric taken twice (the complex is the 
locus of lines meeting paired lines of a 
rcgulu-s in involution [2]). 

[(111)(11)1] 

12 

1 

Aft in the last case. (The involution has two 
pains of coincident double elements.) 

[(111)21] 

13 

2 

As above. (The involution has two coinci- 
dent double elements.) 

[(111)(21)] 

11 

1 

As above. (The involution has all its 
double elements coincident.) 

[(111)3] 

12 

2 

As above. (The involution has three of its 
double elements in coincidence.) 
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Number of 


[^211)11] 

Constants 

i:j 

Degree 

2 

Singular Surface 

Two pianos ami on their intersection two 

['211)(11J] 

11 

1 

p«'ints, all taken doubly. 

(F«uim><l by aid of two pencils in (2, 2) 
corrospondence having a .seU'-coi respond- 
ing line.) 

As lielorc. (The comjdex is locus of lines 

[-211)2] 

12 

0 

which meet corresponding lines of two 
pn>iectivo pencils having a common line.) 
As before. (Tlie pencils are in (1, 2) corre- 

[(311)1] 

12 

2 

spondence.) 

Two planes and on tlieir intersection two 



[( 22 ))]] 

[( 222 )] 


11 


11 

10 

K 


[(illXlH)] IJ 


1 

1 

0 

0 


points all taken donl)ly. 

('I he complex is formed by the lines which 
meet corresponding lines of 2 pencils iii 
(2, 2) correspondence aixi having three 
coincident dt»izble elements.) 

As in [(211)2]. ('riic common line of the 
planes is double in the involution of one 
jM^ncil.) 

A plane and a point on it each countetl four 
times. 

As in [(221)1). 

C(»mplex ccmsistsof tangents of a cone or of 
lines which meet a conic. 

Complex consists of the tangents to a 
(piadric. 


Ihere are thus 4f) distinct species of f|ua(Iiatic complexes, if 
the reciprocal cases which occur in [222], [42], [fi] and their sub- 
cases, be considered as of the same species ; if considered as forming 
ditfereiit species, we obtain 55 species of (piadmtic complexes. 


CHAPTER XIL 


CONNEXION OF LINE GEOMETRY WITH SPHERE GEOMETRY. 

215. The fact that a line and a sphere in space of three 
dimensions have the same number of coordinates suggests the 
existence of a connexion between the geometiy of the line and 
that of the sphere. Such a connexion was discovered by Lie*, 
and is discussed in the present chapter. 

The equation of any sphere in Cartesian coordinates is 

- 2aA' - 2^rj - 27 ^ + z- + C = 0, 

where C = a- + + 7 - - R- (i), 

R being the radius of the sphere. 

The quantities a, /3, 7 , C regarded as its coordinates, determine 
the sphere, and if a fifth coordinate R be employed, the equation 
(i) holds between these five coordinates. 

The last equation may be written 

C = (a 4* ^i) (a - fii) - (R + 7 ) (R - 7 ) (ii), 

by comparison with the equation which holds for the five co- 
ordinates 5 , p, cr, 7] of any line (Art. 2), which is 

r) = r<T — sp (iii) : 

the last two equations become identical if we assume 

C = -7}, a-\- ^{ = s, E + y = r] 

a~l3i = p, R — y = <T] ‘ 

A correspondence is thus establi.shed between the lines and 
spheres of space of three dimensions. It will be convenient for 
clearness to suppose the lines and spheres connected in this 
manner to belong to two separate spaces A and 1, though each 
space is, of course, identical with ordinary space of three dimen- 
sions. 

* See his celebrated memoir “ Ueber Complexe, insbesondere Linien- iind Kugel- 
Compieze mit Anwendung auf die Theorie partieller Differential-Gleidum^'en,” 
Math. Ann. v. 
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It siumld l>o observed that if the line of e(iuations (iv) is real, then one of 

tile conidinates of the centre of the correspondin!,' sphere is iinaginarv. If 

the line is sucli that r + a- is a positive (piantity we obtain a positive value 

for /A if /• + f7- IS negative, a value for II ; such a geometrical form will 

still be termed a spfo.rt'. 

It is cdc‘;u' that if the line r, .s, p, <r is given, the corresponding 

s])liere of ^ is unit|iiely determined by expiations (iv), but if a 

spheif is given, i.e. if a, /3, 7, and C are given, the u(iuatiou (i) 
gives two values fur R, viz. 

± -~C\ 

and ue thcrefure obtain two line-'< ; to a point of S, i.e. to a sphere 

of zx*ro ladins, one hue con'esponds in A, which from (iv) is seen to 
belong to the complex r+o- = 0. 

216. Intersection of lines corresponds to contact of 
spheres. Ihe eipiation (iii) is the form taken bv the funda- 
mental relation for the special coordinates r, s, p, cr, tj: the 
result of the "polar process” eipiated to zero, i.e. w (.c | j;’) = 0, 
exfuesses, (Art. 8), the condition of intersection of the lines a? 
and ./■ ; with the coordinates r, s, p, tx, 7} the result of the polar 
process applied tit expiation (iii) gives 

V-t- V + ^‘p + •■»’/? — o- — ra = 0 (v) 

anil is tlieref')rx:* the condition of intersection of the lines r... 7 ), 

i' ... 77. Now the condition of contact of the two corresponding 
spheres of i is 

(cl - a )■-' -f (7 - y'r = {R - Ry, 

i.e. C + C - 2aa' - 2/30’ - 277 ' -f- 2RR' = 0 , 

and is the result of the application of the polar process to 
eipiation (i). 

The last eipiation may be written 
C -t- C - ( a' -H B'{){a - 0i) - (a + 0i) (a' - 0'i) 

+ (R -f 7)(^^' — 7 ) + (R' + 7 ') (R- 7 ) = 0, 

anxl by aid of equations (iv) is .seen to be identical with (v). 
Hence, ij two lutes intersect, the corresponding spheres touch. 
llie two lines (r , s', p\ a), {— (t\ s', p', ^ r'), which give the 
sjime values for the coordinates a, 0, 7, C of the corresponding 
sphere in A, are polar lines for the complex r-t-o- = 0; since 

any line (r, s, p, <t) of this complex which meets the first line 
satisfies the condition 

g + g 3-8 p-{- sp — r'a — ra' = 0, 
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and this is also the condition that {r, s, p, <t) should meet 
(— o-\ s\ p\ — r), since r + o* = 0 . 

It is now seen that, by aid of equations (iv), a connexion 
between the spaces A and 2 is established, whose nature is 
expressed in the following table : 


Spnee A 

Space 2 

any line, 

one sphere, 

two lines polar with regard to the 
coniple.x r4o'==0, 

one sphere, 

two intersecting lines, 

two spheres which touch, 

a line of the complex r4<r~0, 

a point. 

a line meeting a given line of tliis 

complex. 

a sphere through a given point. 


217. Points of A correspond to minimal lines of 2. 

If (x^z) is any given point P of A, the coordinates of the lines 
through P of the complex 9 *H-£r = 0, satisfy the equations 

X = + p, 

y = sz — r. 

Hence the coordinates (ct, /?, 7 ) of the points of S which 
correspond to these lines satisfy the equations 

X = yz a - 
y=^{a + 0i)z~y 

These points, therefore, lie in a line of ^ which meets the 
sphere-circle of S, i.e. a minimaP' line. We are thus led back 
to the equations of Art. 101. To a point P oj A corresponds a 
'niiniimil line ([ in 2, and to the lines of ?’ 4 - o" = 0 thronph P 
correspond the points of q. 

* Since any line through P meets all the lines of r-\-(7 = 0 

which pass through P, to the sheaf of lines through P in A 
correspond go* spheres of 2 of which each contains all the points 
of this minimal line q. To any one line p through P corresponds 
a sphere which passes through q. Through each point of p there 
pass 00 * lines of r c = 0, to which correspond points of a minimal 
line of this sphere. Thus to the points of a line p of A correspond 
one set of minimal lines of a sphere; the other .set of minimal 
lines will correspond to the points of p the polar line of p for 
r 4- O' = 0. 

If in the equation of any linear complex of lines the substi- 
tution (iv) be effected, we obtain a sphere complex of the form 

act -F 6 ^ -I- C 7 -I- dR 4- C -\-f~ 0. 

% 

\ 

K • 
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But the condition that any siihero (a/SyC) should intersect a 

"iven splieie at a coiisttmt tingle <j) is of the same 

form, viz. 

C + C'~ - 2yy' + 2HR' cos <f> = 0: 

hence, the .spheres o/ a hnenr sphere-complex intersect a fi.xed 
Sjthere ot a coustunt (tiKjlc. 

A^am, since all tin* lines whicli belong’ to two given linear 
coni])lexes intellect two given lines, it follows that the spheres 
which belong to two linear spliere complexes touch two fixed 
sphetes. lo tho table of Correspondence latelv given must thore- 

fi>re be addetl the foilowiiu'^' 


Space A 
anv jMinjt, 

a point ami a iine of /• + ,r = 0 

tlirouL'h it. 

the points of a given line 
tlio points o| p' tlie pillar of p^ 
a linear lino eoniplox, 

a lineal' line congruence, 
a regulus. 


Space 2 
a inininiat line, 

a luiniina) line and a point on it, 

one sot of niiniinal line.s of a given 

sphere, 

the other set of minimal linos of tho 

sphere, 

L sphere complex, compo.sed of spliercs 

intersecting a given splici*o at a 
constant angle, 

the spheres touching two given 

spheres, 

the spliercs touching three given 

spheres. 


218. Surface dement. The association with anv point, of 

an indefinitely small area containing the point, gives rise to the 
idea uf a snrRtce element ; with each point of space are connected 
sill face elements, and in space there are x ® surface elements. 
With any surflice are connected x surface elements, the plane of 
each surface clement being a tangent plane of the surface. If 
with each point P of any given surface S we associate in some 
definite way a piano tt through P, and for the lines p of the 
pencil {P ^ tt) take tlie polar lines p* with regard to a given linear 
complex 6*, the lines p form a pencil whose plane tt' and centre 
P' are respectively tlie polar plane of P, and the pole of tt, for (7. 


If now TT is the tangent plane of S at P, then, by Art. 4-1, the 
locus of P is the polar surface S' of S^ and the tangent plane to S' 
at P' is tt'. 
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219. Corresponding surfaces in A and S. In each pencil 
of tangent lines of S tliere is one line which belongs to the complex 
0, or r + <r = 0; thus to each point of S one line of C is assigned, 
and thereby one point Q is determined in Through each point 
of S there passes one complex curve Ic of C, and on S there are x > 
such curves k. To a point F of such a curve k and its tangent 
at P, correspond a minimal line q and a point Q on q. Thus to the 
locus of tangents and points of k correspond a minimal curve the 
locus of Q, and its tangents; to S, the locus of the curves k, 
corresponds therefore a surface T formed b}' x ^ minimal curves. 

Again consider the surface which is the polar of S with regard 
to C, the line PP' touches at P' one of x ^ complex curves k' of C on 
S', to these curves k' corre.spond the other set of x ^ minimal curves 
on T. If p is any tangent line at P to S, and p its polar line, 
which therefore touches >S'' at P\ to p and p will correspond the 
same sphere in X; this sphere contains the minimal lines cor- 
responding to P and P', and these lines meet in the point Q 
which corresponds to the line PP' of C ; hence this sphere touches 
T at Q. To the pencil of tangent lines to S at P (or to )S" at P') 
correspond the x ^ spheres which touch P at Q. Thus each surface 
element of S determines one surface element of T. 

The connexion between surface elements of S, S' and 7’ admits of simple 
analytical expression. For the polar plane of {xyz), or P, in the complex 
r+tT—O, is 

where are current coordinates. 

Since this is the tangent plane to >S" at P', if the surface element of P' be 

y, 2'; - 1, m', 7i'), 

where the quantities — l,m', ii are proportional to the direction cosines of the 
normal at P', it is clear that 

m' = z, n'=-y, 

and, from the symmetry of the relation between S and S', 

m=z, «= -y', 

while since the polar plane of P passes through P' 

x'=x — nz — my ; 

thus the surface element at P' is determined. 

To determine the surface element of T at Q, we observe that the 
coordinates a, fi, y of Q satisfy the equation-s (vi), also y=r, where r is a 
coordinate of the line PP', hence 

x — nf my-^nz 
^ ^ 2 — / 2-m 


(vii). 


2o8 CONNEXION OF LINE- WITH SPHEKE-GEOMRTRY [CH. Xll 


Aiiaiij since tlie diroctio!i c«»sines of the two iiiiniiiial lines through are 
from (vi) lU'ojiortional to 1-:-, -/(l+s-.', '2:; 1 -/-, -*(!+:'“), '2z'y respec- 
tively. the direction co-ines of a lino perpendicular to their plane are 
pnvportional to 1 - - i t,:: -f 1 hence if the surface element of T at Q 

is (<i, {i,y \ - I, /a,, a,) we obtain 




2 + : 




x.c. 


1 ) 




c-p/a 
:u\ - 1 


,(viii). 


The ecpiations , vi),(vii),(viii) completely determine the surface element at Q. 

220. Principal tangents and principal spheres. It has 

been seen that t.) a tangent line p of S at P there corresponds a 
splu;re tuncliing T at Q, i.e. having with T a coininon surface 
element at \ if the tangent to 8 is a principal tangent, \.e. if a 
consecutive surface element of N passes through />, the corre- 
sjjondlng sphere must have in common witli T a consecutive 
surface eletneiit, i.e. it touches T at a consecutive point as well 
as at and is theicfore a principal sphere at P\ hence, to a 
prineijial iiingent curve on S cort'espond.’i a line of curvature on 7- 

If iS is a ruled suiface, any one of its generators p has 

surface elmneiits in common with S, thus T is touched along 

a line of curvature by the sphere corres|)oiiding to p. Tins line oj 

curvature k is a circle ; for let Q bo a point on h\ and Q a 

consecutive point on the second line of ctirvature through Q, 

throiKdi ()' tliere iiasses a consecutive line of curvature k' , and the 
^ I 1 A' 

tangent jdancj at passes through Q\ it follows that Q and y 
are equidistant from the centre of tlie sphere which touches 
T along //, tlierefore k lies upon this consecutive sphere, and the 
two consecutive s])heres intersect in A*, whicli is therefore a circle : 
T is the envelo])e of x ‘ s|)heres. 

To a ruled surface, therefore, corresponds a surface which 
is the envelope of x * spheres and of which one set of lines of 
curvature are circles. 

To a {ptadric corresponds a surface wliich is the envelope 
of two sets of X ‘ splieres, and of which all the lines of curvature 
are circles, i.e. a Dupin's Cpclide ; each .sphere of one set touches 
each sphere of the other set. 

221. Pentaspherical Coordinates. The analogy between 
line geometry and point geometry with pentaspherical cooi'dinates 
will now.be investigated*. 

• For full discussion of pentaspherical coordinates see Dorboux, La Theorie 
generate des surfaces, prem. partie, p. 213. 
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The equation of aoy sphere may be written in the form 

+ -l^y + 2 yz + h ^ ^ ~ +/' = 0 

■ti R 

We find for the coordinates x„ ?/„, z„ of the centre, the following 
expressions 

O.R — ^R — yR 

4 . 1 , J- - , -RVa- + yS- -P 7- + ^ -t- 

the radius p is equal to — . — .If the sphere is 

o -f- 1€ * 

4 

not a point we may take a'^ + / 9 ^ + 7^ + 8- + e= = 1, and then 

a 

p = g ^ * "Taking a second sphere (pc^y^z^ p) we easily find that 

{x, - a-;)- + (yo - yo')" + (^0 - ~p^~ p- 

_ o p.> («« + + 77' + 68' -H ee') 

(8 + zV)(8'-hYe') 

and hence that the spheres are orthogonal if 

act' H- + 77' -H 88' -f ee' = 0. 

Now consider five mutually orthogonal spheres 

s, = o, = 

of radii p^, ...,ps; the equation of any one of them is 

2akX -h 2fiky + ^yk2: + S* 

+ =0 (a), 

where we have by hypothesis 

+ + V + e,^=l.| 

and 0;tO(jk' + + JkJi' + + ekeic' = 0 j 

these two groups of equations are those of linear orthogonal 
substitutions in five variables and we infer therefore that 

aY + Ota- + Qs" + =1, I 

«! A + + OtaA + -f- 05^5 = 0, &C.J 

Now if Sk is the ''power” of any point in reference to the 

sphere iSf* = 0, — is the first member of (a) ; denoting it by Xk we 

Pk 

see from (c) that 

I... . ^ + 4 0, 
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The (luantities are called the jtentaspherkal coordinates 
of the point irith reference to the (jiven five mutually oiihogonal 
spheres, and the fnnda)nent<d relation between them has been shown 
to be — .a-- = 0. 

The iolldwiiig results proceed from this detinition of the 
(piantities .r/.: 

(i ) Any linear ecpiatiun in ./•, as Sot-rt. = 0. represents a sphere. 

(ii) Two sjjlieres = 0, = 0, are orthogonal if 

Idiid't = 0 ; fur Id^j,: = ±i ld^r^. + •lyldi./3i: + ■iz'Edtyk 

_ A'-’ , 4, ^ A-.. 

+ - ■ + ! 

and this sphere is orthogonal to = 0 if 

Sf/i.ajt-f/'tcrt 4- = 0; 

i.e.. hy (b), if '^Okd'k = 0. 

(iii) 4'he radius of — = 0 is seen to be 


Ji \ 

^at:Bk + i-otet 


“pfc 


If therefore = 0 we have a point, if S =0 a plane; in 

pk 

the former case the (piantities ot are the jientjuspherical coordinates 
of this ])oint fr y z), and 


'iak.ri. = a j.r - -f y - y - z ~ 

(iv) If j'l: and aA- are any two points, the coinlition Sxi.a:'jt=:0 
states that each of the points lies on the sphere w'hose centre 
is the other point and which has zero radius*; this may be 
e.xpressed by saying that each point lies upon the nrdl-sphere 
of the other. 

(v) If — 0 is any sphere and any point, the 

coordinates of its inveisso point with regard to this sphere are 
.r't where 

= dk'S.Uk- — 2ak~ai:Xi: ; 

for if P and P' are inverse points with reference to any sphere, 
and Q is any point on the sphere, we have 




j- 


Pip = m2^'Q\ 


where m is a constant. 


* This docs not involve the coincidence of the points. 
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Hence each point Q of the given sphere which lies on the 
null-sphere of P will also lie on the null-sphere of P' ; so that if 
P is and P is , then any point which satisfies the equation 
2atfjt = 0 and either of the equations will 

satisfy the other ; hence 

+ Xttfc (^* = 1, , 5) ; 

from which, by squaring each side and adding, the result follows. 

The connexions between line geometry and point geometry 
■with pentaspherical coordinates, derived from these results, are 
set forth in the following Table. 


Six fundamental 
mutual involution, Xq=0. 

Fundamental relation between 

c 

coordinates of a line, 

1 

G 

Linear Complex 

1 

G 

Special Complex, if lak^=0. 

1 

Two linear complexes {ax)=0, 
(a'x) = 0 are in Involution if 

G 

1 

Two lines Xky x^.' intersect if 
0 

2Xi^Xk =(i. 

] 

Two lines Xk are polar with 
regard to a linwir complex 2cr*A*fc=0 

Xk=‘Kak-\-fiXk\ ... (^= 1 , ... 6 ). 


Five spheres mutually orthogonal. 


Fundamental relation l>etween co 
ordinates of a point, 

1 

0 

Sphere 

1 

A 

Point Si)here, if 2«*- = 0. 

1 

Two spheres arc orthogonal if 

r, 

2akOk =0. 

1 

Each of tw() ixiints is on tlic null- 

# 

sphere of the other if Ix^x^ =0. 

1 

Two points are inverse with re- 
gard to the sphere 2ai.xi.=0 if 

Xk=}<ai.’\’tJLXt.', ... (^'=1, ... o). 


Line Geometry i Point Geometry with pcntaspherk-al 

coordinates 


complexes, in 


At any point Xi of the surface /(a?i . . . a’j) = 0 there are 
tangent spheres, whose equation is 



yi = 0 . 


This is shown just as in the case of the tangent linear 
complexes of f(cCi...Xc) = 0. The similarity in form of the 
equations of the co ^ tangent spheres at the point Xi and the co * 
tangent linear complexes of the line a:,-, suggests one of the most 
important connexions of line- and sphere-geometry. For as has 

IG 


J. 


242 


CONNEXION OF LINE- WITH SPUERE-GEOMETRV [CH. XII 

been seen (Aits. 74. 70, 115), when a tan^a*nt linear complex is 
special its directrix touches the singular surface; when it is special 
and bitangcrit (Art. l.’il), its directrix is a double tangent of the 

singular surface; while, fur the quadratic complex i Vr = 0. 
these bitangents form the six congruences (Art. 83) ^ 


Ui = o, 


J/k 


k '^k - \- 


= 0. (^*=1=0. (f=l,...G). 


But a special linear complex corresponds to a point-sphere, 
and the centre ot a point-sphere which is bitani^ent to a surface 
is a focu.s*, hence, to n double toufjent of the suojtdar surface of a 
complej' there corresponds a focus of a surface. 

The tive focal curve.s of the surface = 0 are thus seen 

to be given by the e(|uations 

!/i = 0 , 2 = 0 , {k + /) : 

At - A,- 

it to i the values 1, ... 5 are .successive!}' attributed. 

As in the case ot the congruences of bitangents of the singular 

4> 

surlace of ^\,av- = 0, these curves are not affected by the 
substitution of for X,-; i.e. the oc ‘ surfaces 

A|- -f- p 

5 

1 X.,- -f- /I 

are con focal. 

Hence we have the result that confocal cyclides correspond 
to cosingular (juadratic complcsces. 

For the purpose of comparison we place side by side corre- 
sponding cliaracteristics of cosingular complexes and confocal 

A ^ ^ 


X ' confocal cyclides, 
a focus of the cyclidc.s, 
live focal curves, 

# 

three cyclides of the system through 

any point J\ 

tlie tlirec hmgent spheres at /’of these 
Ruifaces are mutually orthogonal, 
I'.c., confocal cyclides cut at right 





X * cosingulnr complexes, 

a bitangent of the singular surface, 

six bitangent congruences of tbc 
singular surface, 

four complexe.sof tlic .system through 

any line /, 

the four tangent linear complexes of I 
with regani to the.se complexes 
ai-e mutually in involution. 


angles. 

Salmon, Gtom. of three dimensions^ Tliird edition, p. 108. 
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The quantities a-i in the equation of a sphere = 

completely define the sphere: we may introduce a sixth co- 


ordinate Og, where in which case 2ai^ = 0. 

condition of (internal) contact of the spheres 

(^ 0 , !/o, 2 - 0 ; p) and (a:,', z,' ; p) 

being (x, - x:Y -h (y, - y.y + {z, - z,J ~p^~~ p'^ + 2pp' = 0, 
is seen from the preceding to be 

laia/ — = 0 , 

1 1 1 


The 


t.e. 


2aiai = 0 . 

1 


A complete correspondence is therefore now established between 
the geometry of the line in Klein coordinates and that of the 
sphere in the coordinates a,-; in fact we have returned to the 
sphere-geometry of Lie which has been discussed in the preceding 
Articles of the present chapter, in which the intersection of lines 
corresponds to the contact of spheres. 


16—2 

r . 

• • A 


CHAPTER XIII. 


CONNEXION 01' LINE OEOMETHV WITH IIVPERGEO.METRV. 


222. Foit (ive variable <jiiantitics ... X^,, tliere .are x-* sets 
of values of tlii-ir ratios: each such set of values may, from the 
analogy of space of three diniensions, be said to define a "point,” 
and the totality of such points to constitute a "space” S^ of four 
dimensions, which thus c(uitains x* points. If .d and are any 
two p(tiuts of the locus of the x ' points d, + XB{ will be called 
a line of *S'^. 

Any linear eipiation of the form = 0 singles out x^ 

1 

points from S^, which will then form a space of three dimensions; 
the locus of these x ^ j)oints will be called a htjperplane', there are 
clearly x^ hyperplanes in Any line which does not lie in a 
given hyperplane will obviously meet it in one jjoint only; if two 
points of a line lie in a hvperplane the line will lie altogether in 
that liyperplane. 

Two hyperplanes intersect in a plane; for any line in one of 
them meets tlie other in one point; a ])lane in 8^ is therefore 
defined by two linear efiuations in the quantities A' ; there arc x® 
planes in 8^. 

Three hyperplanes which have not a plane in common, intersect 
in one line, tlius a line is determined by three linear eqiiaticms ; 
there are x ® lines in 8^. 

Four hyj)erplanes have in general one point in common, i.e. 
(inn two planes of 8^ meet in one point. 

Three points not in the same line define a plane of Si, and 
four points not in the same plane determine a hyperplane; hence 
two lines which do not intei'sect determine a hyperplane. 

A line p in one hyperplane will not in general meet a plane a. 
in another hyperplane; hence through any line p there pass x=* 
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planes obtained by constructing the planes which pass through p 
and the points of a. ° 


223. Equations connecting lines of A and points of S 

Any six linear complexes = 0, = 0 being taken as tho\e 

of leference, and co = = 0 being the fundamental relation, 

then, since 

— fl (a) = + ... + 2ArgarCtg + 

— n (ft|5) = Aiittiii + ... -t- {arbg + Ugbr) + ..., 

it follows, that if any one of the complexes, say ^( = 0, is special, 
Au = 0, and if Xi = 0, = 0 are in involution, A,-t = 0. 

If now Xi = 0, a., = 0, a’a = 0, = 0 are any four linear complexes 

in mutual involution, and the two special complexes 

whose directrices are the two lines common to the first four 
complexes, then 

— n (a) = H- + A^a^- + ^Ar^a-ji ^ ; 

all the other coefficients A being zero in this case. 

Now since the are the first minors of the di.scriminant 
of 'ia.ikXiXky the are proportional to the first minors of the 
discriminant of n(a), and therefore in the present case, 



and the fundamental relation assumes the form 



But we may take 




in which case the fundamental relation becomes' 


xi^ -(• x^ -k x^ + x^' — x^x^ = 0. 

If we now wiite 

p . Xl = XiX.<^y p . X^ = X^y ^ 

4 

p . x^ — A'j Aj, p . Xq ~ S 

1 

p . Xy = X^X^, 
p . x^ = X^X^, 



* The theory here given is due to Klein, see ‘*Ueber Liniengeometrie und 
metrische Geometrie,” Math. Ann. v. 
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a (1, 1) correspondence is established between the lines of the 
three dimensional space A and the points A’^ of Exceptional 
elements, however, occur in this corres[)ondence ; for denoting by 
s tlie directrix of the special complex -rj, if j:- 5=0 then is also 
A’^^ = 0, and therefore one solution is ,/*, = .r^ = ^3 = j’4 = 0, which 
gives s; so that s corresponds to ani/ point of the hyperplaue 

4 

A'’5 = 0. If. however, in addition to A"3 = 0 we have !£A'i* = 0, 

1 

then must p = 0, and the lines corresponding to a given point A"” 
whose coordinates satisfy the last two ecpiations, are determined by 


j' 


nC-i 


•r 


1 


•r 


y V “ V ' 

J o ^13 Al I 


‘^'c = 0, 


(ii). 


r 

The locus A’j = 0, !iA’i“ = 0 is a quadric surface contained in 

i 

the hyperplane A’., = 0. it will be denoted by <I>; thus to any point 
A"" of the X ' lines given by eipiation (ii) corre.spond; these lines 
are those of a pencil which includes s\ for they ai'e determined 
by the equations 

.r, = pA",-, (i = 1, 2, 3, 4), 

.Cj = 0 ; 

hence if a is any line, the eiiuation =0 gives one value 

i cai 

/*• 

for i.e., one nf these lines meets any given line. 

Hence tfie lines determined by (ii) pass through a point 
P of s and He in a |)Iane tt through ,s' ; all the lines of such a 
pencil correspond to the same point of <I>. To the x® lines of 

the complex .r5 = 0 there correspond the points of 

If two lines .r, corresponding to different points X, X' of 

4 4 ^ 

intersect, = 0 ; hence it follows from (ii) that SA’^iAi' = 0, 

1 1 

4 4 

which, together with the equations ]£A’’i‘' = 0, !lA^■'“ = 0, shows 

i 1 

that each point of the line A', -fXA\*' lies on d>, XA*^' is therefore a 
generator of (H: hence it follows, firstly, to each of the x^ pencils 
through s of centre P corresponds a point on a generator Ci of d>; 
secondly, to each of the x * pencils through s whose plane is tt 
corresponds a point on a generator of Now these two 
sets of pencils have one pencil in common, viz. (P, tt); hence ci 
and <T.i intei'sect each other and therefore belong to different systems. 
Thus with each point of 5 is associated one generator ax of nnd 
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with each plane through s is associated one generator < 7 ,; so that 
with each pencil containing .s is associated one point of 

The nature of the correspondence expressed by equations 
( 1 ) IS therefore the followincr • 

o 


I Space .9, 


any line, 

a point, 

exceptionally the line 5, 

any point of ^^ = 0 , 

the lines of a jtencil whose centre and 

one point on 

plane are united to 5, 

a linear complex through s, 

a hyperplane, 

a linejir congruence through 5, 

a plane, 

a regulus through s. 

a litie. 


224. Correlation of Schumacher*. The foregoing corre- 
spondence may be obtained as a special case of a more general 
(1, 1) correspondence between the lines of A and the points of 
Having given two line.s and p .2 of Si which do not intersect, 
we can establish a ( 1 , 1 ) correspondence between the oo ^ planes 
of Si which pass through p^ and the points of atiy plane cti in A, 
and similarly a ( 1 , 1 ) correspimdence between the planes of S^ 
through p 2 and the points of any plane ou in A ; provided that 
A is not the hyperplane 2 determined by pi and p^. Any point 
P of Si determines one plane through p, and one plane through 
P 2 t and hence one point Qi in oti and one point Q., in a.^, thus P 
corresponds to the line QiQ.,; convei'sely, QiQ^ determines a point 
in CEj and a point in ^-rid hence two planes through p^ and p 2 
respectively, and therefore one point P in Si. 

The X 2 planes through pi are 

Xi = XX^, X., = pX^ (i), 

where X^ = 0 is the hyperplane containing /), and and A, = 0 , 
are any two hyperplanes through pi. 

In the collineation of the planes through pi and the points of 
oti, a plane given by (i) corresponds to the point or Xi, of 
where 

K.a:i = Ci -H \Bi 4 - pAi (ii), 

provided that the point C is the correlative of the plane (Zj, Zg), 
the point B of (Za, Zj), and the point A of (Z 9 , Z,). 


* “ ClaHsiflcatioD tier algebraischen Strahleneyateme,” Math. Ann. 37. 
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Any hyperplane through p, will have an equation of the form 

aA 1 + + yXi = 0 (iii) ; 

and on substitution in the last equation from (i) we obtain 

ctX + -f 7 = 0. 

Tiiis efpiation connects the (piantities p of the planes 
through y), in the hyperplane (iii). Jt shows that the locus of the 
})oints Qx. corres]>onding to these x * platies, is a line of ap. hence, 
enc/i Iniperphnie thvDuph p^ (Irteriniues a Hue o/a, , and vice versd. 

In the general case the hyperplane A'5 will not correspond to s 
(the line of intersection of a, and a.). 


.Similarly the x - planes through p.. are 

A'3 = pX,, A\ = o-A's (iv), 

whore A'3 = 0, A’^^ = 0 are any two liyperplancs through p.p, and the 
point Q.., or _y,, which corresponds to this plane is given by the 
ecpiatiotis 


T . y, = Cy + pBi + (7 A i' ( v), 

where (/' is the correlative of (A^, A',), B' of (A'.,, A'd, A' of (X5, A^). 
II j> is the line QiQ-., it follows from (ii) and (v) that 

e . Pile = (cc'),t + p (cb')ik + a (c«')ix- + \ (bc)ii: + p ((/c'),x + '>^9 

+ pa ((U/').x + \a{ba )ii, + pp (vi), 


where (cc'),t is a Pliicker coordimite of the line ( 7 ( 7 , &c. 


If we now assume the collineation between the planes through 
and the points of a, to be such that the line s corresponds to 
Ari = 0, both A and B will lie on s. Similarly if also in the second 
collineation the line .s' corresponds to A"5 = 0, the points A' and F 
will lie on s. The quantities (/^^»'),i. (uu'),i., are now 

coordinates of the SJitne line s; hence taking s as one edge of the 
tetrahedron of reference in A, the four <iuadratic terms disappear 
from /ire of the e(|uations (vi). 


5 


Finally, if I3, or S(;,Ay = 0 , is any hyperplane whatever and 

if we substitute in its equation for the A',- by means of (i) and (iv), 
we obtain the equation 


OiX + 4 flap 4 040- + «3 = 0 (vii), 

connecting the quantities p, p, a. 

Now eliminating the latter quantities between (vii) and the 
previous five ecjuations of (vi), we obtain a linear complex, which 
passes through s, and whose lines correspond to the points of Is. 
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Hence, if the line corresponding to Z5 = 0 is for both collinea- 
tions the line s, to the points of any hyperplane will correspond 
the lines of a linear complex through s. 

\\ e observe from equations (vi) that, in the general case, to a 
linear complex of corresponds a locus of points in of the 
second degree. 

It was seen that to the points of any given line in ctj there 
correspond the planes through jOi in a given hyperplane; thus to the 
lines which intersect any two given lines of a.^ and a.^ respectively, 
correspond the points of a plane in which meets p^ and p ., ; in 
particular, to the lines of a plane system in A correspond the 
points of such a plane in 

When the collineations satisfy the condition that to s the 
hyperplane (pi, p.^) corresponds in each of them, the equations 
of Art. 223 may be regained by taking as coordinate complexes 
in A the special complex = 0 whose directrix is s, four complexes 
iri = 0, ^^ = 0, ^3 = 0, = in mutual involution to each of which 

s belongs, and the special complex Xg=0 whose directrix is the 
second line common to = 0, x., = 0, X:^ = 0, x^ = 0. For let the 
hyperplanes which correspond respectively to the four complexes 
in involution be Xi = 0, X., = 0, X.^ = 0, X^ = 0, and let X^ = 0 be 
the hyperplane which corresponds to s, then we have from (vi) 






while X(i is a quadratic function of X^ ... X^; but since 


CO (x) = Xi^ + x.j- + X.J- 4 - xi^ — x^x^ 

it follows that x,i = ( Af + Xo^ + A3- + A/^) ^ , 

As 

and writing <T=^pX^, w'e obtain the original equations. 


225. Correlatives of the lines of any plane system and 
sheaf of A. When (o{x) has the above form, the Invariant 
— fl(a) of any complex 2aia:, = 0 is + + 

4 

if the complex is special and contains s, then «e — 9, and 

the coordinates of its directrix are {a^, a.., a^, a^, 0, — 2a5); to the 
lines of this special complex correspond the points of the hyperplane 

lEdj Af = 0. 

1 

This hyperplane ‘touches’ 4> at the point (arj, a^t ^)j »i>*oe it pa-sscs 
through this point and every point on 4> consecutive to it ; the hyi>erplane 
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tliereforo contains the generators (t,, a., of throiigli tlie iK)int. If vary, 
the ilirectrix tlescrihes a [►encil (I\ tt) containing .s (Art. 223), where Pis the 
iM)int correspoinling to tr, at)il tt tlie plane corresponding to 

J 

It ^/v,./;, = 0 is another special complex which contains i*, and 
ot which tlie directrix is either concurrent with s and the directrix 


.> 


ot loiXi = 0, or coplanar with them, then 

i<ir = laibi = lbr = i) 

I 1 1 

Hence to the lines ot tiie plane Hij.stem, or of the sheaf, 
determined bv 


(i). 




larri = ^b,,ti=0, 

1 1 

correspomi tiie points of the plane 

iaiXi^ibiXi = i): 

1 1 

this plane passes through the line 

{f^^^^Xb^, f/,. a-j + Xb^, (^^ + Xb^, 0) 

ot St, which troni (i) is seen to be a generator of ‘k 

Hence to the lines of a plane sijsteni correspond the poiiits of a 
plane throuf/h a fjenemtor <7, oj d>, to the lines of a sheaf correspond 
the points of a plane throuf/h a f/enerator cr.,. of <l>. 

It the centre of any sheaf is P, and the plane tt of any plane 
system meets s in P, then the line PP' of the sheaf and the 
intersection of tt with the plane (*', PP') correspond to the same 
point ot (I> (Art. 223); hence the generators o-, and o-, have one 
point in common and therefore belong to different systems. 

'I'o shc.-ives whose cc-ntix-.s lie in the same pbine it through s correspond 
planes thnmgh the siune generator to plane systems whose planes pass 

through the siiinc point I* of s correspond planes through the same generator 
rr,. 


If a and b are any two intersecting lines, to the lines of the 
pencil (fi + Xhi coirespond the points of a line A; + XBi, and since 
an}' pencil in A contains one line which meets s, the corresponding 
line will meet ?.e., to the lines of a pencil in A correspond the 
points of a line which meets dJ ; to the x * pencils which contain the 
line (a,, a-^, a^, 0, — 2aj) correspond the x® lines through the 

• . ^ 
point ((/,, 0 - 2 , a^i (G, 0) m the hyperplane 2a,Ari = 0. 
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226. Metrical Geometry. The locus of points in of which 
the equation is X2~ + X^- + X^- — 0 , and which corresponds to 
the lines of 37^ = 0, forms a three-dimensional space which is met 
by ^^-Ry of *^4 in two points; such a space is therefore denoted 
by The points common to S.f and any hyperplane form a 
two-dimensional space which is met by any line of I3 in two 
points and is therefore a quadric in ^3. In geometr}' of three 
dimensions the properties connected with the sphere-circle and 
the plane at infinity are called metrical, and a quadric through 
the intersection of x- y~ = () , and the plane at infinity is a 
sphere; by analogy, in four-dimensional space, the three-dimensional 
quadric spaces through the intersection of and X5 = 0, Le. 
which contain may be termed 'hyperspheres' 

G 

To a linear complex S(X;a7i = 0 corresponds therefore the 

1 

hypersphere 

X^ "^aiXi -f dg ^Xi- = 0. 

1 1 


In the equations of connexion of A and Si we may, to complete 
the analogy, take X^, as being unity, we then have 





t 


The equation of a hypersphere is then 

^UiXi -f- ctj -p dg "^X^ = 0. 

1 1 


To complete the parallel with metrical geometry of three 

dimensions, the expression yi(i, — X/)* will be called the 

* distance* between the points X and X\ and the equation of a 
hypersphere may be written 






fij 2di^ - 4agdg 

If the quantity — ^ be called the radius of this 

hypersphere, it follows that to a special linear complex corresponds 
a hypersphere of zero radius, or a null-hypersphere. 
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Two hyporsjiheres will be termed ortliogoual if 


‘ 4 

\ 2 < .. . V.. '2 


V ( 1 

T \2a, 2a,; J 4a 

which rediices to 


~.ar — — 4a/«/ 

+ ---, .. 

4(1. * 


1 

-0,0,' - 2050/ - 2o,,'(/,; = 0, 
1 


ill hich case the tMHTcs|>ou{Img linear complexes are in Involution. 

To two intersecting lines .r, ./■' correspond two points .Y, .Y' 
whose coordinates must satisfy the condition 

1 1 I 

?.c., each (d the ]nunts A, A' lies on the null-hyporspherc whose 
centre is the (Uher point. 

Inverse points ui *S',. The etpiati^)!! of any linear complex 
can be brought to the (orm = (I, and to this complex 

C(»rresponds the hypersphere 'iXr = ]r\ the points }', Y' maybe 

V 

calk'll • inversi;’ with ivgaril to this hyporsphcre if . 

1 1? 

1 


through both 


4 4 

If any hypersjihere A^ + AV = 0 

)” and 1"', we have 

loiVii-a^ + a^iy;- = 0, 

I 1 

+ + 17^ = 0; 

1 1 

now the last e<iuation may be written 

k-loi Vi + 17* + a^k^ = t), 

I 1 

which, from the fii-st o(]uation, requires that Oj = 0 ; but this 
is the condition that the two hyperspheres should cut orthogonally; 
hence, anp hijpersphere passing through two points inverse tvith 
regard to another hijpersphere cuts the latter oHhogonalhj: conversely, 
if every hypersphere through two given points cuts a given 
hypci-sphere orthogonally, these points are inverse with regard 
to the given hypersphere. Since every linear complex through 
two lines p and p\ which are polar with regard to a complex (7, 
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is in involution with 6' (Art. 25), it follows that to two polar lines 
of a linear complex C correspcmd two points which are inverse with 
regard to the hypersphere which corresponds to C. 

To the lines of a linear congruence correspond the points of 
intersection of two hypersplieres, ie. of a hyperpiane and a 
hypersphere; to its directrices the two null-hyperspheres which 
pass through the intersection of the hyperspheres. To the lines 
of a regulus correspond the points common to three hyperspheres, 
i.e. the intersection of two hyperplanes and a hypersphere, or a 
conic. 


227. Automorphic transformations in A correspond 
to anallagmatic transformations of S^, Automorphic trans- 
formations in A are those for which w (j:) = &) (r') ; they involve 
either a collineation or a reciprocity, in A, (Art. 40). 

It will now be shown that the corresponding transformations 
in are anallagmatic, i.e. change hyperspheres into hyperspheres. 

For any such transformation in A being 


Xi = a 


t / 

1 


+ 


+ a, 


/ / 

; ^’c ) 


+ ; 

the connexion between the corresponding points X and X' is 
given by the equations 

-f a^ ^ X i '- 


X,= 


ixi^ = 


1 


e,'X' + .. 

• ■ • . el el^X /• 

1 

d,'X,' + .,. 

... + di + d:ixi-^ 

1 

el XI + ... 

.... 4- el ^el^X;-^ 

//A/q-..., 

■ • • 4 fl 4 fll^Xi ^ 

1 

... 

. .. 4 C 5 4 Cg SA/- 


1 


with, of course, equations of similar form having the accents only 
on the left. Thus in a hypersphere is changed into a hypersphere. 
All anallagmatic transformations are equivalent to one or a finite 
number of combinations of the following kind* 

* See Koenigs, La Geomitrie p. 12.5. 
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(i) tra mil at ions 

AV = A', + A., AV = X + /<,, x; = x, + li,, A; = A^ + //,; 

(ii) similar transformations 

X^' = 7hXi, X.! = mX.,, X3 =111X3, A/=mA4; 

(iii) refierions 

AV=±.Y„ AV = iA',, AV = ±A'3, AV = + A;; 


(iv) inversions 
JrX 

ix ^ 


y > _ ■' I 


r., > 


/ ^ V / 2 V y 

•tr f A ^ *2 Y ^ 3 Y ^ ^ ^ 

' ~ X- ’ “ ^ A'-j ’ ”TA- ’ 


228. Principal Surfaces of A and Lines of Curvature 

of S 4 . The Piincipul Surfaces of a complex, (Art. 132), are 
chieHv of interest as being the analogues of the Lines of 
Curvature of a hypersurfaco. For, taking tlie hypei'surface 
F{X,, Ao, A,. A'i. 1 ) = 0 obtained from the line complex 
f{j \ ... ./*,.) = 0 . to the tangent linear complexes of the latter there 
correspond the tangent hyperspheres of A = 0 , viz. 

:£ ( )•, - A'.) f +fi{A 1 ’, A', - A'r - s 1?) = 0. 

1 ,• I 11 

It was seen, (Art. 132), that for any line x of / there are three 
tati^O'iit linear complexes which touch f in x and al.so in three 

o I * • L 

respective lines ciuisecntive to x', we have therefore in the 
result that for each jioint of F there are three tangent hgper- 
spheres which also touch F in three respective co/i.s‘ecidu '6 points. 

From the analogy with three-dimensional space, these hyper- 
spheres are called Principal Spheres; and we infer that there 
are for each point P of a hypersurface three Principal Spheres, 
the lines joining P to the three consecutive points of contact 
P\ F\ P'” being called the Lines of Curvature of F at P. 

The three lines consecutive to x, just mentioned, are in an 
involutorg position with regard to each other, (Art. 133); corre- 
xpondingly, the lines FP, PF', PF" are mutuall;/ orthogonal*. 

As another instance of the analogy between and the theorem 
of Art. Go loads to the hiHowing result in of any hyperplanes in 
any four pass through one point, and by ine;m.s of five of the hyi>crplancs we 
obtain five such points ; through each .sucli set of five points one hyi)ersphere 
passes,' and hence six hypcrspherc.s arc obtained, corresiKuiding to the six sets 
of five liyperplancs ; our tlicorem is then that tliese six liyperplanes have one 
cuiumon point. 

* For taking Ja = l, from the equation ia{dx'\dx") = 0, (Art. 133), we derive 

XdAVdAV' = 0, A'c. 

1 
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229. Line Geometry is point geometry of an S/ in 

an S5. Any six quantities a-, ... a-, may be regarded from 
another point of view as being point coordinates of a ‘space' 
of five dimensions S^, and when they are coordinates of a line 
in A they satisfy w(a;) = 0, i.e. they are coordinates of a point 
in a space of four dimensions contained in tSr, ■ moreover under- 
standing by a ‘ line ’of ^5 a locus of points which satisfy four 
linear equations 

6 fi 6 

1 1 1 1 

the space represented by w (jc) = 0 is met by any line of S, in two 

points, and is therefore denoted by thus line geometry may 

be regarded as point geometry of an in S,. To a linear 

0 

complex Xaia:i = 0, co(a;) = 0, corresponds the intersection of a 

hyperplane of S, with 6?. The complex is special if n(a) = 0, 
i.e. if the hyperplane touches the >SV ; if two linear complexe.s are 
in involution, the corresponding hyperplanes are conjugate with 
regard to the quadric 64-. 


230, Line Geometry in Klein coordinates is point 
geometry of with hexaspherical coordinates. If 

f. = 0, = 0 

are six complexes in mutual involution, then if 




1 

= ... -{-anXji + a^xQ, 

3^1 + A' 2 - + X.^ -f- X^ — Xr,X^= 0, 
n (f,) = tti- -P cv? + Uj- -f- a4* - 


we know that 

Let 
where 
then 

and to the complex = 0 corresponds the hypersphere 

Set* A; -p Gj -p At" = 0. 

1 1 

It was seen, (Art. 226 ), that if is the radius of this 
hypersphere, 


rn^ = 


4 a;^ ’ 


and to the six complexes = 0 correspond six hyperspheres 
which are mutually orthogonal ; hence, extending the word ‘power’ 
as used in geometry of three dimensions to the space if is 
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the power of miy point in with regard to the hypei^phere of 

radiiij^ ^ 

f. P. 


•'V. 


= // P - 

i'n 



0 


<uk] since if, _ 0, it follows that =0; lienee the (quantities 

f, ore he.fvsphencal coordinates of anp qwint in S, unth ref/ard 
to Si.r tnmhunento! injperspheres which are mutually orthogonal 

231. Congruences of the mth order and nth class. 

A set of A‘ hues such that through every point there pass m 
lines and in every plane lie n lines, is said to form a congruence 
nf order /a and class a. The x > lines of the congruence which 
meet any given line / form a ruled surface of degree m + // ; since 
d I is th(‘ point of intersection of any line I with /.and it the 
plane (/,/), the lines of the congruence which meet / and /' are 
tin* //c lines through P and the n lines in tt : any linear con- 
ginence contains m-\-n lines of the given congruence. 

Ill paificiilar, li. the congriienco which is the intersection of 
two linear complexes each of which contains s, belong m + u lines 
of the ,^oven congniencc ; hence, applying the transformation of 
Art, we see that in any plane of S, there arc m + ii points 
corresponding to the.se lines. Again in a jilane rrof A there are 
a hues of the congruence, and if this jilane meets s in J-’ there are 
w hues of the eongnience through P; to these m + » lines there 
corrcsiiotid in 6', m + „ points in a plane e, of S, which passes 
tliroiigh a generator <r, of <1) (Art. 22,3); and m of these m + n 
points lie on a,, (Art, 22;{). 

Similarly in any plane c, through a generator o-,, there lie m + n 

jioints, corresponding to the lines of the congruence which belong 

to any sheaf of centre F and the plane system {F,s); of these 
points n lie in 0-3. 

Thus 111 S, we have x = points, corresponding to the lines of the 
coiigrneiKo, and .such that ni + ji of them lie in any plane of iSf.; 
these points therefore form a ‘surface’ in S', which mav be denoted 
h r,n+n. 

Since any line meets a byperplane in one point only unless it 
is wholly contained in it, if any point 0 of be joined to all the 
points of the joining lines will jn'oject these points into x» 

points of any given hyperplane 1, which does not contain 0, to 
form a surface : the degree of this surface is m + n ; for. since 
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in each plane of there are 7n-\-n points of Ftn+n, the plane 
through 0 and any line p of 2 contains 7/1 + n points of 
which are projected into m-\-7i points of lying on p ; ie. p meets’ 
fjn+n in VI + 71 points. The surface /,n+n will, in general, possess a 
double curve, for hyperplane through 0 contains a curve of 
points of and this curve will have a certain number of 

apparent double points” which are projected into cohicident 
points oi fin+ii. Through 0 will therefore pass a cone of chords 
of -^m+n. 

An exception occurs when is entirely contained in the same 

hyperplane. 

232. Rank of a congruence. Any point 0 on being 
taken as the centre of projection, then if («,, O3, c/j, 0) are the 

coordinates of 0, it was seen (Art. 225) that the hyperplane 

'la{Xi — 0 touches and corresponds to a special linear complex 

whose directrix d belongs to the pencil (P, tt) associated with 0 
(Art. 223). To the points of any line through 0 in this hyper- 
plane there correspond the lines of a pencil containing d. 

Denoting this tangent hyperplane by 2, we observe that 2 
meets the cone of chords of F^+n through 0 in h chords, if h is 
the degree of the cone ; now 2 contains the two generatoivs ctj 
and <T 2 of O at 0, while o-, contains ^ 771 ( 171 — 1) pairs of points of 
Fm+n* and contains ^a(7 i— ]) pairs of points of the 

number of chords common to 2 and the cone, exclusive of and 
0-2, is therefore 

h — ^vi (m — 1) — ^71 (a — 1) = r. 

This number r is called the “rank” of the congruence, and 
has the following meaning for the space A ; if F and tt a?*e the 
point and plane of h which coi'vespond to <t^ and cr^, and d is 
the line of the pencil (P, tt) which is the dir€ct7'ix of the special 
complex which cori'esponds to 2 m A, then d lies in a pencil 
with two lines of the congruence r tu/ies. 

Since now with any given congruence the coordinate systems 
employed are quite arbitrary, it is seen that in general two lines 
of the congruence will lie in one pencil with any given line d a 
definite number r of times. 


j. 
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233. Order and class of a congruence. A set of 20 ^ 
lines, such that aiiv two given conditions determine a detinite 
finite number of lines of the set, is said to constitute a conf^nietice^ 
The locus of lines which belong to each of two complexes is one 
instance of a congruence. The reiiuii ement that a line of the system 
should pass tlii'ough a given point is eijuivalent to two conditions, 
and the number of lines of the congruence which pass through 
aiiv given p)»int is called its order \ similarly the number of lines 
of tlie system which lie in any given ])lane is called its clans*. 
When the congruence is the complete intersection of two com- 
plexes, its order and also its class is etpial to the product of the 
degrees of the coinjilexes. It is convenient to designate a line 
of a given congruence by the term ray. A congruence whose 
order is 7n and chiss « is termed a congruence (m, a). 

A given congruence (m, a) establishes on any planes tt and tt 

a corn-spondence, such that to each point P of tt correspond m 

])oints of tt' (where the rays through P meet tt'), and to each 
* ^ » 

])oint of tt' correspond in points of tt; wliile, if P is any point on 

the line (tt, tt'), the pencils {P, tt), (P, tt') are so related that on 

any line p of one pencil and on any line p of the other pencil 

there are n pairs of respectively corresponding points, determined 

by the rays of the plane (/>, p ). 

The most general congruence can be constructed as follows: 
it was seen (Art. 231) that the degree of a ruled surface, whose 
generators are those rays of a given congruence which meet any 
given line, is m-f-a; in any plane tt take any pencil of lines and 
construct the equation in point-coordinates of the most genei'al 
ruled surface of degree /a + » which has a line p of this pencil 
as m-fold directrix (Le. such that through each point of j) there 

* See Art. 231. 
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j, . t 1 / ■ ^ plane through p as «-foId 

tangent plane (i.e. any plane through p contains n generators) ; 

then taking X as tlie parameter upon whose variation p depends' 
express each coefficient of the equation of this surface as a poly- 
nomial of degree m in X; the x- generators of the ruled 
surfaces form the I’equired congruence (m, n). 

The ruled surface of degree m + n formed by the lines of a given 
congruence which meet any given line I will be denoted by {1). 

234. Halphen’s Theorem. Two congruences {m, n\ {m\ n) 

have raijs^ in common; this theorem was shown by 

is due to Schubert. The class of 
a surface {1) of the first congruence is m + n, for the tangent 
planes to {1), through any line V which meets it in the m + n 
generators p, p are the planes through p, p' ... and /; hence 

their number is m + n*. Similarly the class of (/) for the second 
congruence is ni -b n. 


The class of the developable common to the two surfaces (/) is 
therefore {m + n){m' + n), which is the number of planes through 
any point A passing through a generator of each surface; but nn 
of these planes coincide with the plane (A, 1), hence there I'emain 
mm' ran in n planes through any point which contain a ray/? 
of (m, n) and a ray p of (///, n), where p, j}' , I are concurrent. 
We now seek the surface which is the locus of a line p of {m, n) 
such that the point of intersection P of p with a line p of (m', n') 
lies in a given plane a, while the plane tt of jy and py' passes 
through a given point A. 

By taking the line I in a, it is seen, from what has just been 
proved, that for any line I there are mm' ran' + m' n planes tt 
through A, hence the locus of P is a curve k of degree 

mm' 4- mn + m'n ; 


reciprocally, the envelope of the planes tt is a cone of vertex A 
whose class is nn' + nia' -^-n'm. 


The degree of the required surface is therefore equal to 
mm' -f m'n -h mn' together with the number of pairs p, p' for which 
p lies in a; and since there are n rays ^ in a which are paired 
with the n rays of {ni, a) in the planes {A.jy), the degree of the 
required surface is seen to be 

mm' m'n + mn' 4- nn' = (m 4- n) {m' 4- n). 

This is also the degree of the locus of the corresponding ray^ p'. 


* The degree and class of a ruled surface are in general the name. 
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If (B. fi) is any arbitrary pencil, such a ra\' y; determines one 
hue of the pencil, while it meets the locus ot' p in (?/? + «)(;// + «') 

points the ^auierators at which determine just as many other lines 
of tile pencil; thus in the pencil a {(/// + >,)(,;/+ n’)Am + n)(m'+n)] 

correspondence is established. The number of coincidences is 
therefore iM/a + a)(m' + a'). (Intri»d. xv.). 

Such coincidences may arise 

(i) Iroin rays common to the two systems ; 

(ii) inmi rays p, p whose plane passes through B \ this 

occurs nn + mt! + m n times, since this number is tiie class of the 
cone vertex .1 ; 

(iii) Irniii lays p, p whose point of infei'section lies on 

this occurs mm + mu + in'ii times, since this is the degree of the 
curve in a : 

theiefore the required number (tf common niys is 
2 ( q- a ) — /uti -^m'n)~{m/tt'-\-niii-\-fnn ) = m}n'-i-nn. 

J>y taking m —n = /• it is seen that the number of rays of 
(m, j/) which lu'iong to a comj)lex of degree /c and meet any line 
is + hence, a complex af decree k hius in common with 
(//(, u) If ruled surface of depree k(m-\-n). 

235. Characteristic numbers of a congruence. In 

addition to tin* oi'der and class of a congruence, it was seen in the 

last chajiter that there is a third characteristic number, viz. the 

rank* r, which is the number of times two rays belong to the 

same pencil with any giyen line /. If the system is the inter- 
• » * 

section of two complexes <if which one is linear, it is seen that 
r = (», since / does not in general belong to the linear comple.v. 

I wo loci are of special importance in the present theoryf: 
(i) the locus of points of intersection of rays in a plane tt which 
turns about a line I, is a curve which will be denoted by |/|; r 
points of this curve lie on f and in any plane tt there are (n - 1) 

points of the curve which do not lie on /, hence the order of I is 
J.n {n-\) + r: 

(ii) when tt describes a sheaf of centre P, the locus of 
such points of intei-section is a surface which will be denoted 
by (1 ). Ihis surface is seen to be the locus of points on the lines 
I of this sheaf at which two rays belong to the same pencil with I, 
it is also the locus of the x ’ curves |/| when I describes a plane 

* Schumacher, to wlioin the introduction of this characteristic is due. used the 

d ^ 


term Art. 


t See Art. 250. 
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pencil of centre P. Now since there are \m (m - 1) pairs of rays 
through P, there will be that number of these curves through P, 
which is therefore a point of multiplicity (m - 1) on (P) and 
since an}' line through P meets this surface in r points distinct 
from P, it is seen that the degree of (P) is r + — 1) 

236. Focal points, planes and surface. The ruled 
surface formed by rays which meet any given ray I is still of 
degree m+n; for I' being any line, I meets {U) in m + points, 
hence (/') and {1) have m-\-n rays in common. 

Any line p meets in + n generators of the surface ; if p meets I 
in P, then p meets {1) where it meets (i) the n - 1 rays of the plane 
ilp) distinct from I, (ii) the m-\ rays of the point P distinct 
from /; hence the intersection of I with p must be counted 
twice to complete the number m + n of intersections of p and {1). 
It follows that / is a double generator of (/), and there are two 
points upon any ray for each of which there are only m - 2 rays 
distinct from it; hence, eac/i ray is intersected by two consecutive 
rays. These two points on a ray are called Focal Points, (Art. 1 1!J): 
the locus of the x - Focal Points is called the Focal Surfiice of the 
congruence. 

If I and are consecutive rays meeting in Pj and is con- 
secutive to and meets it in P/, then P^ and P/ are ultimately 
focal points, thus (and hence any ray) touches the focal surface 
at each focal point. 

Let the focal points on any ray I be P, and Pa, and on Z,, the 
consecutive ray through Pj, be P/ and then P. being consecutive 
to Ps', the plane (/, Zj) touches the focal surface at F^, since it 
contains two tangent lines of the surface at F.,, viz. Z and P^P/. 
Thus if Zi and be the two rays consecutive to Z which meet it, 
the plane (Z, Zj) touches the focal surface at P^ and the plane (Z, Z.J 
touches it at P^. The planes (Z, Z,), (Z, Z.) are called Focal Planes. 
All the rays of a congruence touch the focal surface twice, but all 
bitangents of the surface are not rays of the given congruence. 

237. Degree and Class of the Focal Surface. Upon any 

arbitrary pencil of planes Avhose axis is Z the congruence etfects an 
involutory correspondence [a(m— 1)]; for, any plane tt through Z 
contains n rays which determine n points P on Z through each of 
which pass m —\ other rays not in tt, and regarding the n{ni — 1) 
planes through Z and these other rays as corresponding to tt, we 
have determined an involutory correspondence 1)]. 
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Tlie number of coincidences is 2« (m - 1) which mav arise 

(i) fnim the coincidence of two rays through a point P of /; 
such a jtoint P belongs to the focal surface; 

(ii) from the r points on / through each of which two rays 
lie in the same ])encil with 1: in this case the plane tt through 
such a ])air of rays p and p coincides with two of its corresponding 
planes, since one of the planes fletermined by p is (/, p), i.e. tt, and 
one of the ]»l;incs determined by p is (/, y)), i.e. tt. 

ibit in an involntory correspondence in which an element 
coincides with two of its corresponding elements, such an element 
counts for tiro of the coincidences (Introd. xv.); hence if m, is 
the degree of the hocal Surface, x.e. the number of points in which 
I meets the Focal Surface, 

/n, = 2» (///-]) - 2r. 

Keciprocaily, we obtain an involntory correspondence [m (« — 1)] 
of points fin / in which two points correspond which are the inter- 
sections with / of two rays in one plane through l\ and it follows 
by similar reasoning that if n^ is the class of the Focal Surface, i.C. 
the number fd tangent planes to the Focal Surface through /, 

n, = 2m (H — 1) - 2/*. 


238. Singular Points. If more than m rays pass through 
a point S, then ' rays will pass through S, which is called a 
sinpnhtr point of the congruence. For taking any line I through S, 
in •+• » of the ravs which meet / also meet any line /', but if a finite 
number //d, greater than m, of rays pa.ss through iS', then any line I' 
through S, Mich that the plane (/, /') does not contain any of these 
rays, will meet m' + n rays of (/), which is impossible. Thus the 
rays thmugh S form a cone, say of degree h, and (/) breaks up 
into this Cone, which will be denoteil by (Sf,), and a ruled surface 
of degree m + n -h. Similarly, if more than n rays lie in a plane 
there will be x * rays in that plane whicii envelope a curve. 

It is clear that each singular point lies on each surface (/), 
and since (Sa) meets I in h points, therefore St^ is an A-fold point 

of(/). 


p]ach surface (/•*) piisses through each singular point. In the 
cjuse of a singular point jS,, each line of the pencil of rays whose 
centre is S', touches the focal surface; the plane of the pencil is 
therefore a singular tangent plane of the foc^il surface, the curve 
of contact being of degree n (m — 1) — r. 



237 - 239 ] 


CONGRUENCES OF LINES 


263 


239. Expression of the coordinates of a ray in terms 
of two variables*. The equations of Art. 223 establi.sh a (1, 1) 
correspondence which connects any line of the space A with a 
point of four-dimensional space S^; so that to each line of the 
given congruence (m, n) there corresponds one of the points of S^, 
and vice versa ; the latter points being projected from a point of 
upon any given hyperplane, give rise to a surface f^n+n- Hence 
a (1, 1) correspondence is determined between the lines of the 
congruence and the points of If u and v are the variables 
in terms of which the coordinates of any point of may be 
expressed, and a’f is any line of the congruence, this correspondence 
may be set forth by six equations of the form 

so that the coordinates of any line of the congruence may be 
expressed in terms of two variables. 

The foregoing mode of expression enables us to deduce 
important properties of a congi'uence : it was seen, (Art. 9), that 
if two consecutive lines x and x -h dx intersect, the e(|uation 
{dx^)~0 must hold; if each of these lines belongs to the con- 
gruence, we have 

Edu- + 2Fdudv + Gdv'^ = 0, 


where 


\ da dv i \dvj 


6 /rtj'. 2 

1 \()u 

we infer, therefore, that any line of a congruence is intersected 
hy two consecutive lines of the congruence, viz. those which 

correspond to the two values of determined by the last 

equation, (see also Art. 236). 

The equations of a linear congruence are of the form 

0 c 

y, = 2;a.y(, 

3 3 

if the eight constants hi satisfy the six equations 

^ ^ dxi dXi ^ dxi 

3 3 3 

dxo Ij dxi dx., dxi 

X„ = ZbiXiy — - 2.0i ^ . 

^ du 3 du dv 3 dv 


* This mode of treatment of the congruence belongs to what is known as 
Differential Geometry. The most celebrated memoir in this field is that of 
Rummer, CrelU'a Journal, Bd. 57 (I860}, “Allgemeine Theorie der geradliuigen 
Strahlen By Sterne. ' ’ 
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this linear congruence contains a; and any consecutive line 

CJC , ?x , 

+ . (iv 

cu (^V 

ot tile given congruence; hence, there are linear congruences 
ivhich contain any line .r of a given congruence and all lines of 
the latter congruence consecntire to x. 

1 he constants </,, h^ are doterinined if tlie additional condition 
be iiiiposed tiiat the linear congruence should pjiss through any 
given line j: , hence, through a given line and any line x of a 
given congruence 7i, one linear congruence can be constructed 
which passes through all lines oj K consecutive to .r. 

It is easily seen that there are x ’ linear complexes which pass 
thiough any line ol K and all lines ot K consecutive to ,r. 

240. As an in.stance nl the e.vinT.'vsiini of tlio cinuitinatos of the lines of a 
(.oiii'niciico in teriiis of two vaiialjles, coll.-filler the case in whicii the functions 
y, are (juadratic e.\|>re.s.sion.s ; {.e. 

f) . J i = o, it- + 2/(, ttv + h, V- + 2f/, w + 2/j V + . 

llie hleiiticjil eijuation (j'*’) = 0 gives rise to a nuinher of equations Iwtween 
the ciicflicieiits, among winch are tlie following 

i 111 ' two equations which iletermine tlie rays which meet any two lines arc 
qua.lratics in „ and r ; hence there are four rays which meet any two lines, 
I.''. the sum of the order and class of the congruence is four (Art. 231). 

On making the suhstitution 


nu 




u’+r 


9 

V 


Uie coordinates .i\ liecome iiroiiorti.mal to quadratic expressions in w' and i-' ; 
m thc.se expre.s.sions, the coetticient of 2u'v' is easily seen to be nhi-^/i. If 
thoref.ue n la? taken as cither of the roots yq, of the equation 

a- (/'•) + 2/1 (/y) + (/^) = U, 

the /(,' are cooi-dinates of a line; while, as licfore, we have 

= («7/} = 0, {h'-) = 0, 2(A'2)+{rt7/) = 0; 

hence (a7>') = 0, and the quantities are the cooixiiiiates of three 

mutually intersecting liiie.s. The.se lines may be either co/icttrrca^ oTcoplunur\ 
in the former case from consideration of the equations 

a.Xi = af «'■' + 2/i,-' «' + hf v-i + 2y / u' + 2// c' + c,', 

we ob.servo that the values «' = x, r'=x, give x ‘ ray.s, corresponding to the 

values of ^ , irhiih are concurrenf ; hciieo in the original equations u = n^ and 

u = ii.j each give a ray-cone of the congruence. If p bo any lino through the 
vertex of one of the.sc cones, tlie ruled quartic formed by rays wliich intersect 
p breaks Ilf) into this ray-cone and a rcgnlus ; threugh any jioint of p will 
pass one ray, viz. the generator at this point of the regulus : therefore, the 
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order of the congruence is unity, and the class is three, any point of the curve 

of intersection of the two ray-cones must therefore be a singular point of the 

congi-uence as having two rays through it ; and the congruence possesses a 

curve of singular points which is a twisted cubic, since the vertex of each 

ray-cone lies on the other. The congruence consists of the chords of this 
twisted cubic (Introd. xii,). 

Similarly if /(/and 6/ are cojdanar, the congruence is of the third order 
and first class, and consists of the lines of intersection of tangent planes of a 
developable ; three such planes pass through any point. 

A special case arises when tlic congruence is contained in a linear complex 
2aiav = 0. If this condition is satisfied we must have 

2oifl^ = 0, 2«(/i.=0, = 2a, -^,- = 0, 2a,/i = 0, 

The complex must be special, as containing either a ray-cone or the 
tangents of a conic. 


If the directrix of this special complex be taken as the edge A^A., of the 
tetrahedron of reference, we have for the rays 

To determine the rays which pass through the point («j, 0, 0), wc have 

the equations (Art. 3), 

These equations, since pz^=0, arc .seen to be equivalent to one only; 
hence each point of A^A.^ a singular point of the congruence. 

The locu.s of singular points breaks up into dj and a conic c-, in the 
case where a/, /^/ and /)/ are concurrent; and A^A.^ must meet c-, for if not, 
then through any point P there would pass tivo rays, viz. the lines joining P 
to the intersections of the plane (P, A^A.^) with c^. 

iSimilarly if af are coplanar, the congruence consists of the lines of 

intersection of the planes through A^A.^ and the tangent planes of a cone 
which is touched by 

The equations which give the points of the above twisted cubic may be 
taken as 

p-li=^^ p'^3=b p-l4=i; 


the equations giving the coordinates of its chords are then 

0-./»i2=z2r2, (T .p^^ = tT{t + T), (J-. Pn = (? + r)2-^r, 

(T.py^ = tr^ (r./?^=l, — = 

On writing tr = u, these equations become 

<7.7>i2=w^ — o-.^,4 = r2 — w, <r . p.^ = u, <r.p^^ = \, —<T.p^2~^’ 


241. Schumacher^s method*. In the last chapter a process 
was investigated by which the rays of a given congruence are made 
to correspond to the points of a locus of x points in four dimeirsions; 
this locus, denoted by is projected from any point P of 

upon any hyperplane not containing P into an algebraic surface 
denoted by /m+n» whose degree is 

* On a first reading it would be well to pass at once to Chapter XV. 
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Since one linear coimnience can bo described throuffh the line 

O 

X, connected with the equations of transformation, (Art. 223), 
to contain any ^iveii ray and every ray consecutive to it, (Art. 239), 
it follows that there is one plane of which contains any point 
fc? ^'f Jind every point of this locus consecutive to Q; ie. the 
points ot consecutive to Q lie in the same plane. 

It was also seeti that through P there pass x ' lines each of 
which contains two points of F „,+„ : if (A, Q.. are such a pair they 
are projected into one point (/ of f. and thus f has at Q' two tangent 
])lanes, viz. the projections of the tangent planes at and Q>\ the 
locus of Q is therefore a double curve on f. 


Since to three imints on a line of .S', corresjmtul three getierators of a 
regulus (*f A wliich al>o contains it follow.s from tlie forej'oing that tltere are 
X ' reguli in A each of \vhi< h contain.s tlic line correspoiuiing to and t\YO 
rays ot a given congruence. 


Taking 2A as the degree of the locus of the points Q,, i.e. 
the numl)er of its points in any liyjjerplane, then any hyperpiane 
through P will contain // lines of the cmie of 7^*, each of these lines 
containing two points Q. If ^ is the hvperplane upon which the 
points of are projected, and 1' any hyperpiane through P, 

the points rtf are projected into points of the |dane (S, S'); 
hence the 2fi points (J of the curve which lie in S' are projected 
into It points of the double curve in the jjlane (S, S'), i.e. the order 
of the double curve is h. 


242 Tangents to F„,+„. Certain of the points Q,. Qi of 
the cone of P are consecutive, we thus obtain taugeuts from P to 
Pt„+„: for such points the two tangent planes at the corresponding 
point (/ coincide, and we have a “cuspidal point” of the double 
curve. 

Demtting by tt the number of such tangents, it is shown by 
Schumacher that tt = 2// — 2r. 

For this purpo.se lie takes the projection upon S of the cone of 
P from any point P' ot' S^ and thus obtains a cone k of 1, of which 
the degree is A; this cone will iii general contain a certain number 
<x of double edges ; for, as before, there is a cone through P' of x ^ 
lines which are chords of the cone of 7^; but having given one 
chord P'RR\ x * others are thereby determined, viz. the lines of 
the pencil of centre P' and plane (7-*, P'RR') ; thus the x* chords 
through P' form a certain finite number a of plane pencils, and 
each such pencil gives rise to a double edge of k. 
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Again the cone of P may contain a multiple line which meets 
in a points and is therefore an ^ ^'fold chord; the 

projection k of the cone will then contain an - ^-fold edge. 

Thus on K we have a curve C, the projection of the locus of Q, 
while fc has a double edges and an edge which contains a points 

of a 

Since the cone of P has an ^ -^-fold edge, any hyperplane 
through this edge meets the cone in ft other edges, where 


on these Ji edges are 2// points Q, hence each point Q on the 

multiple edge must he an a-l-fold point of the locus of Q. It 
follows that each point of tlie intersection of the multiple edge of 
K with C is an a — 1-fold point of C. 

The curve C is of degree 2/i, for any hyperplane (T) through 
P' contains 2h points Q which are projected into 2h points of C in 
the plane (S, S'). 

Now take any plane projection of C in I, which therefore 
gives a curve of degree 2/i, and let D be the total number of its 

V iv ~ 1 ^ 

double points (counting ^ double points for an ?--fold 


point) ; it is clear that the number of tangent planes to C through 
any line is equal to the class of this projection, or 2A (2/i — 1) — 2D. 
But the number of such tangent planes, if the line passes through 
the vertex of k, is equal to the number of tangents to C from the 
vertex, i.e. ir, together with twice the number of tangent planes 
through the line to k ; hence 

2/i (2/i -1)- 2P 


= TT + 2 


|/i(/t_l)_2(r-2 



To determine D, we observe that it is the number of chords of 
C which pass through any point; and the ruled surface formed by 
chords of G which meet any line p through the vertex of k 
consists of K together with a ruled surface G \ thus p is a P-fold 
directrix of so that D is the number of generators of G which 
also belong to k, i.e. which pass through the vertex of k. Now 
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each taiigeut plane through p to k gives one such generator; 

others arise from the o- double edges and the — ""'“L'.foiJ edge of 

K. each double edge (whiclj contains four points of C) counts as 
six clioi'ils ot whicli two belong to k and therefore four to G\ the 
niultiple edge contains a ( 2 — 1) points of C anti hence counts as 

belong to K and 


o.{a- 1) D- r 


chords, t)f which 


a(a-J) 

2 


therefon- “ ;a (ct - 1 ) - 2j to G, so that 


I)= ^//(/,- l)-2o--2 


a fa - 1 ) i a(a - 1 ) 
2 [ 2 


■I'. 


+ 4<t + 


a (a - 


l)!a(a-l) 

0 


- •». 


i.e. 


4 


V in the previous e(|uation that 7r = 2//. 

Should one or more additional multiple edges occur the previous 
method clearly apjilies. The resulting miinber of tangents is 
thus independent of multiple edges of k, 

1 liese tangents however are not all piojier tangents; it will be 
shown that 2/- (»f tlnun are due to the existence of r double points 

For there are r pairs of rays in A which belong to a 


on F 


tn + n^ 


* Ip 0/ 

pencil with *■, ami each ray of such a pair;?, p corresponds to the 
same point on <I> (Art. 228). Now if we construct the x' ruled 
surfaces formed by the rays which meet the lines of any given 
pencil {J\ tt), all the rays arc included; corresponding to tlicse 
surfaces we obtain x' curves on and since in general each 

ray determines a line of {P, tt), and hence the ruled surface on 
which it lies, so each point on F,n+„ determines the curve which 
passes through it, ami two curves do not in general intersect 
(except in the in points which C(trres|)ond to the rays through P 
and the n points corresponding to the rays in tt, through all of 
whicli each curve passes); but at the point of <I> which corresponds 
to each of the lines p, p we have two intersecting curves, hence 
sucli a point is a double point on (since the tangent plane 

is there indeterminate). 

The cone of chords for every point of tS* passes through these 
r double points which lie on cb, and such a double point is 
projected into a double point of C. 
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Hence the number of tangents proper from any point of S, to 

tn+n is 

2/i - 2r = m(m- 1) + {a ~ 1). 

Applying to the congruence, we obtain these results : 

(i) through any two lines of A there are a; * reguli each of 
which contains two rays of the congruence; 

(ii) 'm(m~l)-\-n(n-l) of these reguli contain two con- 
secutive rays. 


243. Triple secants of P. Of the chords of through 
any point P, there is in general a finite number t of chords which 
meet Pw-t-n three times, therefore there is a finite number of 
triplets^ of rays which belong to the same regains with any two 
given lines. This gives t triple points on the double curve. In 
terms of the four numbers ni, n, ?*, t, all the characteristics of the 
focal surface may be calculated. 

244. The Focal Surface. Since to the lines of a plane system 
there correspond the points of a plane e, of S',. (Art. 231). if such 
a plane touches P, i.e. contains two consecutive points of P, the 
corresponding plane system contains two consecutive rays, and its 
plane is therefore a Focal Plane; similarly to a plane ^2 which 
touches P corresponds a Focal Point : it will now be shmvn by 

Schumachers method that the locus of focal points is identical 
with the envelope of focal planes. 

Observe, in the first place, that the x' planes through any 
line I of Si which meet P in two consecutive points, are projected 
from any point of I upon any iiyperplane 2 into the tangent linos 
through 0 to 0 being the point in which I meets 1; and 

since any hyperplane S' through I is projected into the plane 
(2, S ), such of these tangent planes as lie in S' are projected into 
tangents from 0 to the section of/„+,, by (1, S'). Now let X, X' 
be two consecutive points of Pand S' in such a plane, then if S' 
contains another point X' of P, consecutive to X, which does not lie 
%n the plane {XX , /), S' will contain two consecutive planes through 
I each of which meets F hi two consecutive jwints ; for since the 
plane XXX' is projected into (S, S'), the latter must touch f', 
thus through 0 in (S, S') there pass two (consecutive) generators 
of the tangent cone from 0 to f which are the projections of two 
(consecutive) planes through I in S', each of which meets F^^^ in 
two consecutive points. 
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Again through any piano, and hence through the plane 
there pass two tangent hyperplanes of 1 ? ; for if the plane be 


the hyperplaiie 


touches <l>, if 


io..v, = o, iu>o. 
1 1 
5 

— (o, + \hi) A , = 0 

i 

4 

^(o,+X^^.)= = 0; 


let now the points A'’, A'" he so chosen that both A^A*^' ami A^Y" 
meet and I he taken as the generator o-, through the point in 
which A A ineetsdytAA' , A'A’^''are thus the two lines through X 
in the tangent ]>lane at A" to which meet <I>); it follows that 
one of these two tangent hyperplanes contains o-,, and taking it as 
1 '. in 1' there pass two consecntive planes through (t, , each of which 
meets F in two consecntire points. 

To 1 corresponds in A a special linear complex whose directrix 
j> meets s (Art. 225); to this complex belong the ray a- and the 
rays .r" consecutive to .r and meetin*^ it, since AW', AW" both 
meet <I> ; thus j) passes through the intersection of .r with one of 
these lines and mi'cts the other, y> jmsses through (.r, .r ) and 
meets Then, by wliat has been j)roved, it follows that on the 
line p there will intersect two rags consecutive toj\ x ; hence p is a 
tangent t<» the locus of focal j)oints, and the plane (.r, p). i.e, the 
plane (x , is the tangent plane at the point {x, p) to this locus 
(since it contains two tangents to the locus at the point, viz. x 
and p), i.e. the focal plane (a-, x") touches the locus of focal points 
at the point (./■, /). 

245. Degree and Class of the Focal Surface. We 

proceed to give the application of this method to the determina- 
tion of the degree and class of the focal surface. The degree of 
the focal surface is eipial to the number of times two consecutive 
rav>5 meet on any line p which meets s; and to tlie lines which 
meet p correspond the points of a hyperplane of tangent to 
at some point P at which the geiierators of d> are (say) and a-n', 
hence since the degree of the focal surlace is equal to the number 
of sheaves belonging to p each of which contains two consecutive 
rays, and to the sheaves which belong to p correspond the oo* 
planes through < 7-3 in (Art. 225), the degree of the focal surface 
is equal to tlie number of planes of through a., meeting F in 
two consecutive points. 
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Now let 0-1 and meet any hyperplane 2 in M and N 
respectively, the projection of the tangent hyperplaue 2 from P on 

X being the plane a, then it follows that 
the degree of the focal surface 

= the number of tangents from iV to the section of/ by a: 
similarly, the class of the focal surface 

= the number of tangents from M to the section of/ by a. 

ISow / has an ?n-fold point in xM and an n-fold point in N* ; 
while, the section of / by a being of degree ni + n, the number of 
tangents to the section from any point is in general 

(m + n) (m + a — 1) - 2h. 


To obtain the tangents from iV distinct from the tangents at iV, 
2n must be deducted, since for iV two tangents to each branch 
through N coincide into a tangent at iV, hence 

degree of focal surface 

= {m + ») (w + n — 1) — 2/i — 2n 

= (m + n) (7rt + n - 1) - 2 ( — ' "*■ "“9 1 “ 

= 2n (m — 1 ) — 2r. 

Similarly the class of the focal surface is seen to be 


2m — 1) — 2r, 


246. Double and Cuspidal curves of the focal surface. 

It has been seen that to the pairs of consecutive rays which meet 
in the points of a section of the focal surface by a plane tt through 
s, correspond the pairs of consecutive points of F which lie in 
CO ^ planes through <t.,, where o-g is the generator of associated 
with TT (Art. 223). 

These planes are projected from a point of cr., into the 
generators of the tangent cone V from N to /; corresponding 
to a double point of the section of the focal surface by tt there 
is a plane through a., which contains two pairs of consecutive 
points of F, which gives on projection a double edge of F": a 
plane which contains three consecutive points of F is projected 
into a cuspidal edge of V; to this there corresponds in the .section 
of the focal surface a point through which three consecutive rays 
pass; such a point is a cuspidal point, and hence arise on the focal 
surface a double curve and a cusi^idal curve. 

* Since contains m points of and e.j contains n points of (Art. 231). 
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247. Rank of the Focal Surface. The degree of the 
tangent cone to the focal surface, ur the class of its plane 
secti"!!. is called the Rank of the focal surface, and is equal to 
the class ofy'; for it has been seen (Art. 24+), that to a line 
which tdin hes a sectimi of the f()eal suiface by a ])lane tt through 
.S'. c(u res|n>nds a tangent hyperplane of <I> wliich contains a tangent 
j)latie to F \ also the tangent hyperplanes of which correspond 
to the liiK-s Ilf a pencd wliose plane tt contains 6', themselves form 
(I pencil, and are of the fiirni 


whei 


i • 


la,X, + \lh,X^ = 0, 
1 1 

I 1 1 


and pass through a gein-rahn' (t._, of where <t., corresjtomls to tt; 
they thus contain the same plane a througli <t.., viz. 


= 0 . = 

I 1 

These hyperplanes are projecteil front anv point of <t.> into a 
])'-ncil of planes in 1. whose axis is tiie intersection of a anil 
and such of them as <-ontain tangent planes to F are projected 
into tangent planes to /' through the line (ct, 1), hence the class 
of a ])iane section of the focal surface is equal to the class of/. 

The number of tangent ])lanes through anv line / to /*,«+„ is 
eipial to the nuniln*r of intersections of tile first polar of any 

))oint P on /. with the curve of contact a of the tangent cone to 
Jrn^n fiom any point 7-*' of /. tllniinished bij the number of inter- 
sections of o with the double curve d\ we proceed to find the 
latter number. Of the intersections of and d, some are at 
ordinary points of d, and for such the tangent from P' meets one 
sheet of / and touch<*s the other, and therefore meets f in three 
consecutive points; such points thus lie on tlie second polar/" 
of P' , and consist of all the intersections of d and /'' except those 
arising from multiple points of / of higher degree than the second 
(for through such points u will not pass in general); their number 
is therefore 

h (//i + » — 2) — (the number of intersections of d and /" at 

bigher multiple points). 

Now at M there are m tangent planes and hence — ^ 
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branches of d and M is an m — 2-fold point of f”, similarly for N, 
also d contains t triple points, hence the number of intersections 
of d with f" which lie upon a, i.e. the total number of inter- 
sections of d and a, is 

m {m — l)(7n — 2) n{n — 2)^ 


h (m -H n — 2) — 


7?i + n — 2 . , ^ . 

= - (mn + 2r) — ot 

In the next place it is seen that d and a touch in 2A — 2?' 
points, viz. at the cuspidal points of rf, for at such a point every 
plane through the tangent to d at the point is a tangent plane 
of /, hence the element of d is also an element of the curve of 
contact of the tangent cone of any point. 

Now since the order of a is 


w + n . 7)1 + n - 1 - 2A = 2))ui - 2r, 


the required class of /is 
(2m7z — 2 )’) {m 
{m + n — 2 


{mn + 2r) — ^t + 2{m.m-\’\-n.n 


which is therefore the Rank of the Focal Surface. 


-i)(. 


248. Determination of r and t for the intersection of two complexes. 
When the congruence is the complete intersection of two complexes of 
degrees /i and v respectively, i.e. a congruence, whose order and class are jxv, 
the values of r and t can be determined. 

To one complex corresponds a ‘space’ *S'"^ of degree 2/x which con- 
tains 4. /i-fold; to the other a ‘space’ S^-'' of degi-ee 2t^ which contains 
4* i/-fold; the complete intersection of these spaces consists of <I> counted 
times and a ‘surface’ F who.se points correspond to the la^s of the 

congruence. 

It has been seen that r is the immber of apparent double points of the 

curve of points of F which lie in any hyperplane. 

Take therefore a Linsent hyperplane 2 of 4> which meets it in the 

generators o-j® whose intersection is P \ 2 meets S ^ in a suifacc / 

of which < 7,0 o-/ arc /x-fold lines, and 5 meets in a surface f'’ of whicli 

( 7 , 0 , o-a® are i/-fold lines ; the complete intersection of /"** consists of 

< 7,0 and ( 7 / each taken times, and a curve C of order 2^.^ which meets the 

lines (r|0, in points. 

The number r is thus the number of chords of C which 
excluding (7,0 and o-/, i.e. the number of generators of the cone A, or (^ , 6), 


J. 
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which meet C twice. Now K meets in (i) tlie cnrvc 6* whicli conLiins 
points of (T^^ ai]il (iij tfjo lines (Tj'^ and a-./ counted '2ni' . fx times (for each 

of tlioni is ^-fold on/“^), (iii) a curve C whose degree is therefore 

'Ifiv . '2^ — ~ '2fii' . ft =5 (/i — 1 

A dt'uhlc edge of /{ occurs wlien, as <2 tlescrihes the curve C\ tlie generator 
P(2 of A' to tlie point <2 contains a point of (" coinciding witli a former p»)int 
of C. 'I'lie intei'sections of C ami (” arise ij) from such a dou))lc eilge, (ii) when 

J*<2 mcets/"*^ in a point <2' consecutive to <2, he. where (' meets tiie first polar 

of /’ with regard to Denoting therefore hy Jj the numher of inter- 

sections of C with which do not lie upon or <T.y, and hy J., the numher 

of intersections of ('with the first polar of /' with rcganl to also not upon 
<t2' or fr..*’, then is the required numi}er (since tiro points of 

intei'section of ('and (" lie on each double edge), he. 

r-i {-ii - .I j). 

Now A^ = ’2fif'^-]^'2v- '2^t’ (#1 - 1) I/, 

since ( " meets fr,*^ and which are c-fold on in '2fiv iH)ints; also 

A.,=^2^iv ('2fi — ]) — ‘2^v . fx, 

since (' meets rr,'’ and fr.," in '2fiv points which are easily seen to l)e /i-fold on 
the liist polar of P for/"^, hence 

It follows that 


) /*(»-!) 

•2 *2 


r 


— - l) + r=:/iM {'2fxv - ;i~ r). 

Tlic numl>er t can also l>c foniul. F<^r wo have seen that and S”*’ 
contain <!» i-espcctivoly ^-fold and i/-fold, and that their intei'section consists 
of 'I> taken times and a locus F whose iMiints correspond to the rays of the 
given congruence. If A' is the cone of chords for F of any point P on its 

inti'i'section with iV"^ consists, (i) of a curve C of which two ])oints lie on each 
generator, (ii) and which arc — “^'fold edges of K and p-fold 

lines of since o-,'^ and a.J' each contain points of (7, of which each is a 
^xv - l-fold point of C (Arts. 231, 242), (iii) a curve t" whose degree is theivforo 

A . 2fi — 2/( — fiv {fxv — 1 ) /i. 

A point of intersection of C and C which docs not lie upon o’j'’ or a-/ gives 

a tangent to A’"** or a triple secant of F. Hence three times the number 
of triple secants through J* is equal to the number of intei'sections of 0 
and (*' not in o-,® or diminisheil by the number of generatoi's of A 

wliich touch No\v P^ is the number of intei'sections of C with *S' 

which do not lie upon itj® or (t.P, hence 

A, = {/( ( 2 / 1 - 2)-/iV{/ii' - 1)1 '2v~{/t (2/1-2)-/!-*' (^*>'“1)1 ** 

= 2h(fi-\)-fx--v (/ir-l)»-. 
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B., is tlie number of intersections, outside 4>, of C with the ‘ first polar’ of 
F ^Mth regai-d to diuunislied by the number 2h-'2r of tangents from P 
to e (Art. 242), which touch both and S''\ Now the first polar of P for 

contains ■!>, {fx - 1) times, and in particular the generators and o- 2 V times 
(as may be seen by taking the section of by any hyperplane through or 

; the total number of intersections of C with the fii-st polar of y-* for 
is2/i(2^-l); also of the intersections of C with ■!>, 2^y(^p- 1) lie upon o-,'^ 
and 0 -./ and are to be taken ^ times, while 2r lie upon at the double points 
of F (Art, 242), these must be taken /x- 1 times, hence 

B2 = 2/t (2/i — 1) — J2>' (/X — 1)4- 2/it/ {fiv — 1) /i} — (24 — 2/*), 

= 2/(/i — 4 (4 — r). 

Thus 3t = /J^-B.,^/i(,x-2){y- 2) +;■ (/xt/ - r). 

Hence inserting the values of r, 4 and t in the expressions found for the 
Degree, Class and Rank of the focal surface we hnd 

Degree = Class = 2fiv (fi + v- 2), 

Rank = 2fiv {(/x 4- r — 1 )■ — ;xt/ 4' Ij. 


CHAPTER 



THK CONniU'KNTKS OF THE SECOND OKDER 
WITHol'T SIN(iCLAli (THiVES. 


249. Among nm^MiK-nces. those of the second order are the 
most iiitere''ting and fully investigated*. In tlie present chapter 
and the one which follows, we discuss the congruences (2, n) 
which possess a Hnite nuinher of singular points. 

The <legree of the focal surface. d>. is four and its class 2a; 
foi‘ each rav p touches the focal surface twice, and it it met the 
surface again, then through the latter point there would pass 
throe rays, vi;'., p and the (two coincident) rays through the 
point; hence the degree of the focal surface is four, and 

(Art. 2d7), 

4 = 2a — 2r, hence, r = n — 2, 


thrrcfore the class 
is e«pial to 2a. 


()f the focal surface, being 4(a — 1) — 2r, 


250. The Surfaces {P). To each point is assigned one 
Tilane by the system, vi/., that of the two ravs through the point; 
tliis |)lane will be termed the uull-pltiite of the point. A surface 
(P) is therefore the locus of points whose null-planes pass through 
]*: every surface (/'*) passes through each singular point *Sa 
and is of degree a - I (Art. 2:h)); the point P is not a singular 

point of {P) since here ^ I. Any ray / through 


meets a surface {P) in a — A points exclusive of 6'/,, viz., in its 
intersection with tiie a — A ra^s of the plane {P, 1) which do not 
pa.ss through N/, ; hence is a singular point on {P) of order 
a - 1 - (a - A) = A - 1. The line iS^P meets (P) in a - A - 1 


• Sec Knmmer’H important memoir, “Ueberdie algcbraiscben Strtthlensy.steine 
insbesondere liber dio dcr orsten iind zweiten Ordnung,” Herliner Abh. (IHGO). 
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points exclusive of S,, and P, all of whose null-planos pass through 

P, and since P may be an^ point, it is seen that for a line through 
a singular point Sh,r= n^h-l. 


251. Each singular point of the congruence is a double 
point of O. If we form for any line I through the corre- 
spondence of Art. 237, we obtain an involution on the 

pencil of planes of axis disregarding the lines of (5^); and of the 
2(n-/i) coincidences 2 (h--//- 1) are due to pairs of rays in 
the same pencil with I, thus leaving only two coincidences due 
to intersections of I with O, the Focal Surface, apart from S/,, 
hence S,, must be a double point of <J>. Since by each point P 
one null-plane is determined, the equation of such a plane is 

Pi^i +p2'*‘2 "hPo^s + Pj-'r/ = 0 (i)j 

where x is any point on the plane, and the P,- are functions 
of the coordinates of P. If x be fixed and the xi be variable, we 
therefore obtain the equation of the surface (P) corresponding to 
Xi ; the degree of the Pj- is therefore — 1 ; between them the 
following identity exists : 

PiA'i -h P.^x^ -h P^A’a + PiX^ = 0 (ii). 

The surface (i) contains each of the rays through P, since the 
null-plane of any point on these rays passes through P; they 
will thus lie on any polar of (P) with regard to P, and are the 
intersections of the polar plane and polar quadric of (P) for P. 


252. Double rays of the congruence. The null-plane 
of any point on the focal surface is determinate, except for a 
point Sfi, where h > 1. If two rays coincide without any definite 
point of ultimate intersection we have a. double raij; for each point 
of such a double ray the null-plane is indeterminate, hence such 
lines do not belong to the focal surface. 

The points whose null-planes are indeterminate are given 
as the intersections of three of the surfaces Pi (through wliich 
therefore all four surfaces must pass, from (ii)); thus the double 
rays when they exist are common to the surfaces P^ and hence 
to each surface (P). These surfaces cannot intersect in a carve, 
since a curve of singular points is excluded. 

The curve of intersection of two surfaces (P), e.g. for the points 
A and B, consists of the curve \AB\ together Avith the double 
rays; hence, the number of double rays 

= (n - 1)* - (n - 1 ) + n - 2) = ^ (ti - 2) (n - 3). 
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(. oiivei>ch', if a line lies vijhui a surface {P) and is independent of the 
pdsition of P it is a double rav. 

A j)oint. ot intersection of a ray with a double ray must be a 
singular point with a cone ot rays (.S’/,) of which the double niy 
is a double edge, hence the surface (/) of degree » + 2 becomes, 
when / is a double ray. a certain number of cones in fact it 
consists of fu'i) .such cones, lor if k is the number of singidar points 
on a double ray winch jiossesses eones of degree //[ . .. Ai-, a plane 
through the double ray will cut the>e coi^cs in ravs distinct from 
the double ray wliose number is n — 2. and is also 

A, - 2 + A, - 2 + ... + At - 2 = lA - 2A- ; 

hence IlA = 2/,- + a - 2, but IA = a + 2, i.e., A- = 2. 

I hns if A, and h„ are the degrees of these cones, 

A, + A.. = a + 2. 

7Ac degree vf ang ante (.S'/,) cannot exceed a — 1, for in any 
plane through and a ray which does not pa.ss through .S'/, there 
are a rays, hence A a — 1 ; thus the degree of a cone (.S'/,) having 
its vertex on a double rav cannot be less than three. For each of 
such a pair of cones the (loiihle rav is a double edfife, and if a cone 

* ♦ O ^ 

has a dmible edge it is a double ray. 

In all cases except when a = b the donhle rags are concurrent. 
For if p and p are two non-concurrent <louble rays, while .S’/,,, 
are the vortices of ray-coues on p, and .S7,^, .s'/,^ on p\ (.S^^,). being at 
lea^'t of degree three must have a double edge, otherwise it would 
meet p in more than two points, i.e., there would be three singular 
points on p'\ and this double edge p:isses through .S'/.^ or .S’/,^ say 
sithilarly for .S'/,^ ; thus there must in this case be four double 
rays and hence at least six (since the number of double ravs is 
A (/» - 2) (a — 8)), i.e a, the class of the .system, must be at least six, 
so that A, + A., is at least eight. Thus one of the cone.s (iS'/j,), (8V) 
is at h*ast of the fourth degive, and it cannot be of greater degree 
than the fourth, otherwise then- would be more than two singular 
points on y> . hence both (iS,|) and (8’/,^) are of the fourth degree 
and have two double edges, similarly for (.S’/,^) and (.S'/i,). The 
double rays form a tetrahedron. The class of the system is six. 

For all other values of a the double rays are concurrent in 
a point which is necessarily a singular point, since the number 
of double rays, if such exist, is at least three, except when a = 4, in 
which case tliere is only one double ra}’. The singular points of a 
congruence (2, 7i), therefore, in general belong to one of three classes: 
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(i) The point S through which all double rays pass. 

(ii) Those through which o»e double rav passes ; the degree of 

such has been shown to be at least three, and it must be eqmd to 

three, for if not, its ray-cone would eitlie 7 ' meet any double rav in 

more than one point besides 5, or would have an additional double 

edge, ie. double ray, which latter double ray would not pass 

through S. It follows that the decree of the ratj-cone of S is a - 1; 

the degree of the ray-cone of the other point on each double rav 
is thy'ee. 

(iii) Those through which no double ray passes ; the ray-cones 
of such points cannot be of greater degree than the second in order 
to avoid meeting the double rays in more than two points. 

253. The class of a congruence (2, n) cannot be greater 

than seven. On the generators of a cone (S,,) the vertex S,, is 
one focal point, the other focal points form the curve a of contact 
of and <J> ; the order of a is 2/o Since each generator has, 
besides 5/,, only one point in common with a, is an A-foId point 
on a ; the generators of {Su) wiiich touch at the h branches of 
a, are rays having four coincident points in common with but 
through a double point of a surhice there pass six lines having 
four-point contact with the surface, hence A ^6, hence the degree 
of is not greater than 6, i.e. 7. 

254. Number of singular points. It has been seen 
(Art. 238), that every surface (/) has each singular point Sf, as an 
A-fold point, and tliat two such surfaces liave u -f 2 rays in common. 
Every point common to three such surfaces is either a singular 
point or a point where a ray common to two of the three surfaces 
meets the third; this occurs .3(n+2)- times. A .singular point 
with a ray-cone of degree h counts as A-' points of intersection of 
the three surfaces, hence if ak is the number of points with a 
ray-cone of degree A, we have 

{n + 2)''’ = 3 (/i -I- -P a, 4- + S-Va + (A). 

A curve |Z|, being the locus of points of intersection of rays in 
each plane through /, is a double curve on (/); each point of inter- 
section of |/| and any surface {I") is either a singular point*, or at 
the point one of the rays for |^| coincides with the ray for (U), 
i.e. it is a point in which one of the u + 2 rays common to (/) and (U) 

IS met by one of the remaining n — \ rays in its plane through 1. 

A point Sh is an A- fold point on (/') and an *^-fold point on 

* Since through it pass two rays for [ / 1 and one ray for (r). 
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| / , and hence counts as ^ — points of the intersection of i / ■ 

and (/'), therefore 

{/I + 2) (« - 1) + a - 2J 

= (» + 2) (» - 1 ) + 2a, + 9a, + . . . + ^ ) a, + ( B). 

It will now be sliown tliat the et|uations (A) and (B) are 
sutheient to deterinine the niin»bt.‘r of singular points. For it has 
been seen that, except for n = U, there is one point N„_i through 
which nil the double rays pass, and except for a = 4, when there 
are two points tliere cannot be another , since in that 
case N„_, .S', would have to be a double rav to secure that in any 
j)lane through *S’„_i.S'3 there should not be more than n rays. Each 
point .S’a lies on a double lay, therefore 

= a, = i - 2)(n — 8). 

W hen n = 5 we have one point ; when n = 6 we have either four 

points *Sj, and therefore no point .S'^, for if existed, (*SVS'5) would 

be of degree at least nine, i.e. // + 3 ; or one point and therefore 

no point .Sj as before. In no other case is there a jioint Si or <85, 

while n = () thus gives two diflerent congruences. The equations 

(A) and (15)* are thus sufheient in all cases to determine the 

numbers 2, aiul a.] solving tliem we obtain the results embodied 
in the following Table. 

! (2.2) (2,3) (2,4) (2.5) (2. (i)i (2. G)„ (2.7) 


cti 

a.. 

^4 

Sa 


IG 


10 


0 


G 

G 

•) 


3 

G 

3 

1 


1 

4 

6 

0 

1 


0 

8 

0 

4 


0 

0 

10 

0 

0 

1 


IG 


15 


14 


13 


12 


12 


11 


hrom the 'lable it is seen that the number of singular points 
is 18- It which is the number of double points of <]) required to 
reduce its class to 2/i. The double points of are therefore 
identical wdth the singular points of the congruence. 


* A third equation 

duo to U. Masoni, exists between the numbers a^. See Rendiconti deW Accadfmia 
di Sapoli^ vol. xxii, p. 145. 
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255. Distribution of the singular points*. The points of 
contact of the rays give rise to an involutory (1, 1) correspondence 
of points on O. But in this correspondence, to each point S/, there 
will correspond all the points of the curve a whose order is 2/t, in 
which (S^) touches (Art. 258). If Q, Q' are the points of 
contact of a ray with <I>, since the null-plane of Q touches O at Q\ 
the points of the curve of contact o-' of O and the tangent cone to 

from any point P will correspond to the points of the curve a 
which is the intersection of O and the surface (P). Since any 
point Sfi is of order A — 1 on (P) and 2 on it is of order 2 (/; — I ) 
on cr, also a' is the intersection of and the first polar of P with 
regard to Now <t passes 2(/( — 1) times through S/,, lienee 
2 (/t — 1) of the intersections of a' ami a correspond to ; but the 
first polar of P for <1^ meets a in 6/i points, of which A coincide with 
Sh, since is an A-fold point on a, (Art. 253); deducting the 
previous 2 (A — 1) points there remain 3A -|- 2 of the 6A points on a 
and a other than Sh whicli have corresponding points on a other 
than moreover these 3A + 2 points as being on (Ny,) have S/, 
also as corresponding point, i.e. each has Jiiore than one cor- 
responding point and is therefore a singular point on (8'/,); and 
these 3A-I- 2 points are the only singular points on (aS'/,) other than 
{^h)y since {SP) and have only the curve a in common. 

In the case of a cone (Sh) with a double ray, the curve a has 
the other singular point on the double ray as a double point, so 
that this point counts as two intersections of tlie first polar and a; 
hence, since the number of double ray.s through Sh is easily seen 
from the Table to be ^ (A — 1) (A — 2), the number of singular points 
on (Sh), including Sh, is 

3(A-f-l)-i(A- ])(A-2). 

Thus, for instance, each singular plane contains 6 singular points, 

each cone (S.^) „ 9 ,, „ 

each cone (83) „ II „ „ 

i.e. all except 7 ~n. 

In (2, 7) each (83) passes through all singular points ; in (2, 6)n 
each (84) passes through all singular points. 

266. Conjugate singular points. Two singular points are 
said to be conjugate if the line joining them is a ray. Bach 
singular plane, since it meets each double ray, must do so either in 

* For a detailed investigation of the singular points see Sturm, Linientjeumelrte, 
Bd. II. S. 43—60. 
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a point *S;, or in the point hence in each such plane a there 
lies o„e such point, hut not both, since then at each point P of 
the double ray .^eSi-i there would be an additional ray P8'i, where 
.V, is the centre of the pencil of rays in o-, wliich is impossible. 

Kach or is conjugate to each S., anti S3, for if not, the 
planes would Contain at least /(-pi rays, which 

IS iinpoNsii)^' since these planes are. by thr foregoing, not singular. 
A plane <7, the eeiitrt' of whose pencil of rays is N,. which contains 
a point will coiitaui n — '2 puinf.i S. nud (J — n otiter points Sp, 
for it / be any line of intersection of and a, except S,S,_u 

(/) Consists of the pencil (.S',, tx), and a )|uadric surface, but 

at each point P of / the rays are / and N,P, hence this (|uadric can 
only arise as a com? (.S',| whose vertex is on !. No X, in a can lie 
outside such a line / since is ctuijngate to each hence 

there are // — 2 jioints .S. in <t, and therefore b — n points .S’, other 
than that for which cr is the nnll-])lane. 

Ill the congruence (2, .S) we notice that all the points 8'. are 
OMujiigate; to each of the 10 pairs of points there is one 8', 
eonjugate as being retpiired to make np the order five of (8'.^'.'); 
thus (-ach of the 10 singular planes includes two points 8'.. 


257. Equation of a surface (P), If the point 8'„_i of a 
congi lienee (2, //) be taken as the vertex A^ of the tetraheilron of 
reference, since it is a point fd order — 2 upon the surface (P) of 
an\ point, the e<piati(m of such a surface must be of the form 


+ ■'/'■ = 0 , 

where (j> and xjr are cones having their vertices at Ai and of 
degrees a — 2 and // — 1 respectivelv. 

If the vertex Ao of the tetrahedron of reference be taken ns 
the point P, and the rays through Pas the edges A^A^, it 

follows that yjr must have .r.j and a'3 as factors, and {P) will have as 
its cjpiation 

./■,^4*.C3:Cji/r' = 0. 

It is then clear that the surface contains the 2 (a — 2) lines 

•'3 = 0, 0 = 0; Xj = 0, 0 = 0; 

iP) therefore contains at least 

2 + Ha -2) (a -3) + 2 (a -2) 

lines. The existence of the latter lines is also showm by the fact 
that the plane section of (P) through a ray of P and 8'„_, meets 

it in this ray and a curve of degree a- 2 having an n- 2-fold 
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point (at Sji-i), the curve must therefore break up into n — 2 lines 
through The rays which meet any line p through 

form a ruled cubic surface of which p is the double directrix, they 
will therefore all meet a single directrix. Tliis result also follows 
from the form ot the null-plane of any point which is 

(^1 <t>2 + ir.,) + A's (^1 -f- yjrs) + a'/ (a’, -t- yjr^) = 0, 

the null-planes of the points of any line through are obtained 
by keeping constant and varying and are therefore 

seen to form a pencil. 


258. Tetrahedral complexes of the congruences (2, n). 

If in the congruence (2, 6)xi the four poitits be taken as the 
vertices of the tetrahedron of reference, since the surface {P) of 
each vertex includes the ray-cone Q of that vertex, the suiface 
(P) of any point .r/ is therefore repre.sented by 

-I- xj a., Q., -I- -|- = 0 ; 

where the are linear in the coordinates. 

This equation also rej)resents the null-plane of any point 
but since the edges of the tetrahedron of reference are double 
rays, ajQi, vanish identically for any point on such 

an edge, this requires that 


— ^4} 

and the surface (P) has as its equation 

iVi ^1 “k ^'2 ^2^2 k" “k ^'4 ‘^4^4 1^' 

The cone Qi = 0 has AjA^, AjAt as double edges, hence 

Qi = a^x}x.^ H- o-24^ix^~ -k + x-yX^Xi^, 

where /3 = 0 is a plane tlirough A^. 

Similarly 

ft = -k . . . , Q:i = CyyX^-x} -k . . . , Q 4 = dy^x^-xi + ... . 

The null-plane of any point P in the plane x^ = 0 is therefore 


a.aX.iX^Xi -k hi^XxX^x.2 -k Ci»XiX.2xJ — 0, 

and this plane meets x^' = 0 in the line 

^ 13 ^ 3 ^ 2 ^ + C^^XiX^ = 0 . 

Now the coordinates of P being (a:,, x^, 0) and the coordinates 

of the point in which one ray through P meets flj being (0, x^,xP x^\ 
we have 

fit • 

Pl2 X^x^ , = *^ 3^4 > ^13 ~ XiXg f P42 — — ■ X2X4 , 

* See Starm, Lin. Geom. Bd. ii. S. 48. 
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hence each ray of the congruence belongs to the complex 

It follows that the c</iif/rne)ice beloitg.'i too tetrahedral complex 

Jor irhtch the t'for points tonn the fintda mental tetrahedron. 

» %* 

The conprnence (2. 5 ). Take as vertices of the tetrahc.lron of 
ivfcretKv the point .S, and the three points S,, it follows as in the 
la^t case that the null-plane ot .i\ has as its eipiation 

./'i (Ji + + .r.j.r^Q^ 4- = () ; 

win-re (^, = 0 is the ray-cone ot etc.; since in tliis case is a 

fourfold point .Jii i-aeh surface ( 7 -*). the cones ^^, = 0, f*>3 = 0. Qt=0 
each Contain ./■, in the first decree only (Art. 257 ); moreover since 
Q.. passes through ..1^ it cannot contain ./■/. thus the result of 
putting ./^ = 0 in (/_. gives merely a term similarly from 

arise> Inaice the null-plane of a point P in j^ — 0 is 

Vi + x^.r...r^ {a...i'.,.r..' + = 0. 


'\ he trace of this plane on .c/ = 0 is 

-f aj.r.,.r^' = 0, 

i.e. a^ in the previous case, the null-planes of the points of a line 
of the jiencil (.1,. aj pa'^s through a line of the pencil {A^, a,) and 
hence the raps of the congruence helontj to a tetrahedral complex of 
■mhich the ptnnt and the three points form the fundamental 
tetrahedron. 


The congruence (2, 4 ). Take as vertices A, and A.j of reference 
the two points Sj, and two non-conjugate points as A^ and A*; 
the eipiation of the null-jilane of any point x is then 

^I'Vi + = 0. 

Since A.^ and A^ are non-conjugate points, Q.^ contains a term 
av. aiul (f a term jv; as before 0 and 3 pass through A, A3, 
moreover ^ = S = x^, for if contained a term x^, then in the 
identity 

j\Q^ -f -f- ^'3^3 -p x^BQ^ = 0 , 

a term would arise wliich could not be cancelled, similarly 
for 6. 

Again the term whicli does nob involve x^ in (f is bx\x^, in Q3 
it is axixf therefore the null-plane of any point in ^4 = 0 is 

Vi.r/ + bxiX^XjX./ -f axjX./X3 = 0. 

The trace of this plane on a’/ = 0 is 6.r,a-3'-pa.r2aV = 0 , ie. the 
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system is contained in a tetrahedral complex which has the tetra- 
hedron of reference as its fundamental tetrahedron. 

A pair of non-conjugate singular points S. can be chosen in 
three ways; for through either point S 3 and a point S. there passes 
one singular plane a, viz. that of the pencil required to complete 
the depee of ( 8 , 83 ), let 8 , be the centre of tins pencil ; then in o- 
there is one other point of the second order 80 and two points of 
the first order (Art. 256): each of these latter th ree points is non- 
conjugate to 8 .; also the plane o-' through 8 .,, 8 .. and the other point 
of the third order 8 ./ is singular since it contains at least five rays ; 
let the centre of the pencil of rays in it be >SV, then in <r' there are 
two additional points of the first order each non-conjugate to 8 .,, 
therefore the points non-conjugate to 8 .. are *S',. and four points 5,; 
thus 8 ., being conjugate to eight points (Art. 256), mu.st have four 
points S., conjugate to it, i.e. to each point 8 .^ there its one other point 
8 . non-conjugate to it\ this gives three pairs of non-conjugate points 
<82, hence the congruence (2, 4) is contained in three tetrahedral 
complexes. 


The congruence (2, 3). Since all points 8 .. are here conjugate, 
and each cone (*82) contains eight singular points exclusive (d’ the 
vertex, such a cone must contain four points *S'i. Any two points 
60, <8/ have one point >81 conjugate to each of them, viz., the centre 
of the pencil required to complete the degree of ( 8 . 8 j) \ it follows 
that three cones *82 together contain nine points 8',, and hence 
that there is one point 81 non-conjugate to any three points 8 .,. 
Since these three points may be chosen in 10 ways, there are 
10 tetrahedra whose vertices are three points 8 .^ and a point 8 ^ 
non-conjugate to them. 

The null-plane of any point x for such a tetrahedron is 

^I'Qi + + ocjQ3 -f xja.13 = 0, 

where a = 0 is the null-plane of 8 ^ and has the form 

Axi + Bx.j -h Cxj = 0. 


Since can only contain Xi, x.,, X3 in the first degree (Ai t. 257), 
it follows that ^ = xp. the part of Q.j which does not involve is 
iiXx^z and that of Q 3 is hx^xp^ hence the trace o( the null-plane of 
any point in x^ = 0, upon a?/ = 0, is axprj bx./rj =-0, which shows 
that the congruence is contained in a tetrahedral complex whose 
fundamental tetrahedron is that of reference; it follows from the 
foregoing that the congruence (2, 3) is contained m 10 tetrahedral 
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complej^e-s. It will be seen in the following chapter that the 
congruence (2, 2) is contained in 40 tetrahedral complexes*. 


259 Non-conjugate singular points. If S^, *SV are non- 

conjngate singular points, the curve of intei'section of (Sh) and 
(*SV) meets the focal stirface ifj singular points only, since through 
such a point of the focal surface there pass two non-consecutive 
rays; the number of such points is 2fih\ since the order of the 
curve of intersection of (.8^) and is 2//. 


Taking the two singular points as being each of the first degree, 
we observe that on the line of intersection of the null-planes of 
two noii-oonjugat<' points .S'j and *sy there are two singnlar points 
S/,, Sf, (sayl, and the rays through any point P of being 

it follows that (Na* 8'/,) consists of (Na). (Sh) and the 
pencils whose centres are N, and 8','; therefore h-\-/i' = u. The 
points Sh. S/, are non-conjugate, since, if ShSh- were a ray, three 
rays would pass through each of its points. 

If Sh (>n<l Sh- are uuy twu uon-conjiiyate singular po}uts the 
fiur/oce (ShSh ) brenks up into two sur/acea; for the surface {P) for 
Sh consists of {Sh) ttigether with a surface Q of degree a — A — 1, 
and Q contains ^> ( a — 2) ( a - 3) - 4 (A — 1 ) (A — -) double rays. 
Similarly the surface {P) for *S/,- consists of (iSV) together with a 
surface (/ of degree a — A' — 1. In the next place we observe that 
the curve j/i for ShSh- consists of the intersection of Q atid Q' 
apart from the double rays, 


4(»-2)(a-3)-i(A-l)(A-2)-4(A'-l)(A'-2) 

in number, wliich and O' have in common; thus |/| is of the 
degree 

(a - A - 1) (a - A' - I) - 4(a - 2) (a - 3) 

+ i("/'-I)(/^-2)4-i(A^-l)(A'-2). 

which is CMjual to 

4 {n _ A - A' -h 2 - 1) (a - A - A' 4- 2 - 2). 

Now 1^1 is a double curve on (ShSh-), which latter surface is of the 
degree a— A— A'-f-2, after subtraction of (Sh) and {Sh-\ but / is 
also a part of the double curve of (ShSh ), i.e. this surface possesses 
a double curve whose order is greater at least by unity than that 
possible for the double curve of a surface whose degree is 

n — h — 2. 

Therefore (ShSh ) must break up into two surfaces. 

• Seo also Arts. 123, 14G. 
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tl..t //! '" H poi.t. .SV .such 

S;Tch t 1^”’ r? «i.>ce f.SVS,,) 

that if t^^() points ,Si are both conjugate to the same S, they must be non- 
conjugate to eacli other. 


260 . Reguli of the congruences (2, «)• A regulus of 
rays is formed by such as intersect a line I which passes through 
a point Sn-i and lies in a singular plane o-; the various lines of 
the pencil (Sn-i, a) give rise to go ^ reguli of the system of lines. 

In (2, 6)i the cone {S^) contains twelve, i.e. all the singular 
points, and hence passes through the single point 8',; thus through 

there passes one singular plane, giving reguli formed by 
rays of the congruence. 

In (2, 5) the cone {Si) passes through two of the three 
points ^1. 


In (2, 4), (2, 3), (2, 2) through each point Sn—i there pass 
several singular planes. 

In the case of each system of reguli, two of these reguli pass 
through a given point P, viz. those determined by the lines I, I' in 
which the two rays through P meet the pencil a)\ any 

plane touches n of the.se reguli, viz. those determined by the 
n rays which lie in the plane. Thus the reguli determined by the 
pencil {Sn-i, a) are contained in a “net,” ie. consist of the x’ 
quadrics Vw+Xv + w = 0, where n, v, w are given quadrics. In fact 
we will now show that each regulus corresponding to the pencil 
{Sn-i, O’) passes through eight points, which are the following: — 
the point Sn-\, the pole *S\ of <r, all points S-j, all points S2 not in <7, 
all points S-^ not in <t nor upon for each regulus clearly 

passes through Sn-i, and at the point P in which I meets the 
conic of contact of a and the rays coincide, and one of them 
must he- SiP, hence the regulus passes through Si] again each 
cone (*83) passes through Sn-i and therefore meets I in one other 
point, i.e. the regulus passes through each point *83; the same 
remark applies to each 83 not in <r, and lastly the null-plane of 
each Si not in <r nor conjugate to S^-i meets I in one point which 
is distinct from S^-i ; thus each regulus determined by a line I of 
the pencil a) passes through the points which have been 

stated. That the number of these points is eight may be seen as 
follows: the number of points >83 is ^ (/i — 2) (71 — 3), and it is 
easily seen from the Table of Art. 254 that the total number of 
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pi'iiits S.> is (/; — 2) (7 — //)*, ainl therelure the number of points iS'^ 
not in 0 - is (/( - 2) (7 -//)-(»- 2), i.e. { n - "2) (C) - u) \ none of the 
()-» points *S', in a besides its null-punt lie upon again 

contains 8/? — i (/< — 2)(// — 3) — 1 singular points exclusive 
of the vertex (Art. 2.')")). .le<lueting the points S. and S.. we obtain 
the nunibei- of points S^ upt>n as being 

3a - i(a-2)(a-3)- 1 -/,(»_ 2)(a - 3) - (» - 2 )(7 - a) = 7 - /I ; 

it is seen from the 3'ahle that the number of points 6'j is 

^ ( 7 — /A ( 8 - a 

and hence the number of points 5, not ujion nor in tr i.s 

thn^ the total number of the specified points through which each 

regulns ]»assi-s is 

I -f 1 - 2)(a - 3) + (a - 2)(G-//) + i (a - 5)(n-G) = S. 

When a = 4 it is semi from the foregoing that there is one 
point -S'l’ which is non-eonjugate both t(» the given Sy and to the 

in this rase); its null-plane cr' is therefore a tangent 

plane of each regulns p, hence the trace of p upon <t' is a line I' 
and I must therelore contain the point Sj : now each regnliis p 
determines tine line I of (N... <r) and also one line of (.V/. there- 
fore these two plane pencils are in (1. 1 ) corresponderice : whence 
the theorem follows tliat (2, 4) is contained in a tetnihednil 
complex; this has been already proved in Art. 258. The four 
vertices of the fumlamcntal tetrahedron are iSj, .S’,' and the two 
singular jmints on the line {a, a'), which must be two non- 
coiijugate points .SV 

Again when a = 3 there are three points which are non- 
conj\ig:ite to either the given .S', or to the given is here S.j ) ; 

the tinll-planes of each of these three points to\ich each t)f the 
X ‘ reguli p, let 6’,' he one of them and a-' its nnll-planc, then p 
meets o-' in a line containing a singular point S./, also on the line 
(o-, <t' I there are two singular points .S', and 67 (Art. 259), then 
we know there are only two points of the second degree in <t\ viz. 

S.. and S..', and .V," is non-conjugate to S.,, S.,' and S.,: hence as 
before, the eongruenee (2, 3) is contained in a tetrahedral complex 
whose tetrahedron has for vertices three points S.^ and a point 
non-conjugate to them ; and the pencils (S.,, a), (S./, <t') are made 


* Except in (2, 0),,. 


t Except for/i = 2, or (2, C)ij. 
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piojective the reguli p. Similarl}^ for the two other points 
non-conjngate to k, or *SV Thus the oo ^ reguli determine 
on four planes, pencils which are mutually projective; again as 
before on the line {aa") there is a singular point of the second 
degree conjugate to >S', and S” which must be since a only 
contains two points o^the second degree; hence the four planes 
(T, <T y (T , a- meet in S... Taking any three of the four mutually 
projective pencils, which have been seen to have three corre- 
sponding lines meeting in S.,, the congruence (2, 8) mav be 
defined as the co - lines which meet corresponding lines of three 
py’ojective pencils having three corresponding lines concurrent. 

If this latter condition he not fulfilled a congruence (3, 3) is obtained ; for 
let tlie sections by any plane « of the planes of three given projective pencils 
be a, by c, then upon a, by c are deterrnined tlirce projective rows of points 
-P..., Q.,., It,.. ; and having given any point li of c, the join of the corre- 
sponding points P, Q of a and b meets c in a fourth point It', i.e. we have 
upon c a correspondence (1, 2); for having given R then It' is unicpicly 
determined, but having given It' there arc two points It, viz, tiiose corre- 
sponding to the two pairs P, Q ; P', Q' where R'Pt^y R'P'Q' are the two 
tangents through R' to the conic enveloped by lines joining corresponding 
points on a and b. This correspondence (1, 2) has three united pouiU, ic. in 
a there lie three lines of tlie svstein. 

V 

Similarly if any point P be joined to the centres Ay If 0 of tlie tliree 
pencils we have determined three i>rojective pencils of planes, and as before 
on the axis PA we have a correspondence (1, 2) of jdanes, hence through P 
there pass three lines of the system. 


261 . In (2, 6)j, (2, 5), (2, 4), (2, 3) we have therefore the 
following sets of reguli: — 

one set of go ^ reguli in (2, 6)j ; 

two sets of oc ^ reguli in (2, .5), viz. one for each of the two 
points conjugate to /S'^; 

three sets of oo * reguli in (2,4); for on a cone (^;,) lie throe points 
>5], as is seen by deducting from the eleven points on (X,) the two 
points jSg and the six points S.,y and on the otlier cone (*SV) lie the 
three other points \ thus S 3 and the three points *S', determine 
three systems of reguli; each of these systems passes thi-ough 
Sf and one of the points so that there is no other system of 
reguli than these three ; 

five sets of x * reguli in (2, 3) ; for it has been seen, (Art. 260), 
that the group of eight points associated with a set of x ^ reguli 
are the singular points which lie on a cone (>§ 2 ); thus we obtain 
five groups of eight associated points. 


J. 
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262. Reifnh i)j (2, G)u. Since the system (2, 6)ii hiis no 

singular plane its reguli are detennined by entirely diOerent con- 

sidrrations. In the Hrst place it is to be nutieed tliat the singular 

points ot the second degree fall into tlie two groups -SV' such 

that to each puint >SV the four points #S'/' ure conjugate, and 

t<> each ])oint jS\ the four points S.l are cotijugate. To see this, we 

observe tliat to a point *% tliere are four conjugate points of the 

second ordt^r *S'_. , since on (*SV) there lie eight singular points 

excluding *s._. and four (»f the.se are the points iS'j, while the singular 

points connnoii to any two Cones (tV/) are eight in number, 

< Art. 2.)9), i.e, are the points, viz. tlie four points St and the 

jioints S./'. 

Jhis proves the riNpiired result. Thus through the eight 
]>oiiits S^ and X." pass foni- (juadric coir-s, the (XV); lienee through 
them there will pass j: ■ (piadric.s, similarly for the eight points 
X4 ami XV. 

Tlie X - (piadrics through eight points, which have an equation 
of the form + /iy + / a; = 0, where X, /i, i' are variable and // = 0, 
V = 0, //’ = 0 are any three given quadrics tlirough the given points, 
are said to form a 'net.' 

It will now be shown that the f/enerators of the (fiadrics 0 / (i net 
fonn n cubic coinple.r which includes the eiijht .sheaves whose centres 
are the eKjht fundamental points of the net. For, x • quadrics of the 
net pass through any ])oint P and form a ‘ptuicil’ of (piadrics of the 
form / + p(^ = 0 ; eacli (piadric (d’ tlie pencil has a generator through 
P, whieli meets the curve / = 0, 0 = 0 in one other point besides 
P, i.e. these x ' generators arc tlnjse of tlie cone which projects 
this curve troiii P, the cone is therefore cubic, hence in any pencil 
there are three lines of the complex, wliich is therefore cubic. 
Since there are x - (piadrics through each of the eight fundamental 
points, every line through these points belongs to the cubic 
complex. 

Tlie congruence (2, (j)ii is contained in each of the cubic 
complexes IXj, X/j. IX'4, XV'J; for if not, it will have in common 
witli each of them a ruled surface of degree 3 (2 + G) = 24, (Art. 
2‘U); but the congruence (2, G)ji has in common with the cubic 
complex 1X4, X.'j ruled surfaces whose degrees together amount to 
more tlian 24, the four cones (XV ) and the 12 reguli which 
are the loci of rays intersecting the join of two points Sf, 
(Art. 2')9;: similarly, the congruence is contained in the cubic 
complex 1X4, X/'). 
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1 ow It was seen that the congruence (2, 6)ii is contained in a 
tetrahedral complex (Art. 2.58); hence with the four si, eaves 
whose centres are the points it is the complete intersection of 

and either S/J or {S„ S:'j. 

Now 'f- has reguli which pass through the points S, 
(Art. 94), and of these x ‘ will pass through three points ,SV, but 
a quadric through seven fundamental points of a net will also pass 
through the eighth point*; hence these x' reguli of T also 
pass through the fourth point S;, and therefore belong to the 
cubic complex (8'„ S.,'). We tlms obtain x ■ reguli of (2, G)„. In 
the same way there are x ■ reguli of (2, 6)i, which pas’s through 
the eight points and S./'. Thus there are two sets of x * reguli 

of(2, 6)„. ^ 


263. Confocal congruences. The class of any plane sec- 
tion of ‘J> or the degree of the enveloping cone of O is 12, since <t? 
possesses no double curve. 

This cone has 24 cuspidal edgesf, and since the class of the 
surface and also of the cone is 2n, if 5 is the number of double 
edges of the cone, we have 

12 X 11 -3 X 24 -23 = 2/1, 
hence 3 = 30 - ». 

Of these double edges 18 — ?i pass through the double points 
of since the curve ot contact of the enveloping cone, being the 
intersection of 0 and the first polar of <t> for the vertex of the 
cone, will have two branches through each double point. Deduct- 
ing these double edges there remain twelve, which is therefore 
the number of double tangents of which pass through any point. 

Any plane section of <I> has 28 double tangents, and if N' 
be the number of singular tangent planes of it is clear that 
28 — is the number of double tangents of d> which lie in any 
plane, excluding the lines of the singular tangent planes which are 
not proper double tangents of Thus the complete system of 
double tangents of d> forms a congruence (12, 2S-N'); of this 
congruence the given (2, n) forms part, leaving after its removal a 
congruence of double tangents (10, 2S-N' - 7 i). 

Now since for 

(2. 3), (2, 4), (2, 5). (2, 6)„ (2, 6)n, (2, 7) 

10, 6, 3, 1, 0, 0, 

• Salmon, Geom. of Three Dimetuiom, Art. 131. t Salmon, Art. 273. 
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v,'o obtain in these respective ca^es, residual congruences of double 
tangents which are 

(10. lo). (10, 18), (10. 20). (10. 21). (10, 22). (10, 21); 
these will now be investigated. 

Ihe (U’igin ot these additi(uial systems of double tangents is 
ex[>laiiied in part by the following tlieorem : the complementary 
tegnh p of the regnh p of (2, n) determine a congruence which has 
<\\for its focit! snrfuce. 1 lie truth of this appears from the fact 
that since each generator of a regulus p tonclies twice, p touches 
along a curve /■ which must be f>f the fourth order; thus the 
plane througli any generator of p and any generator of p meets k 
in loin piiints of which tw(» points lie on the generator of p. and 
theieioie two points on the generator (d p ; hence each generator 
of p ineet^ k twice; at each of these latter pi>ints the generator 
‘d p lies in the coinnnm tangent plane of p and <1>, ie. each 
generator of p touches d> twice, d'he congruence formed by the 

geiieiators of the reguli p is of the second order and /<th class, 

% 

sihc(‘ ns many roguli p pass thron^^h a given point as rognli p, 

‘ congruences formed by generatoi's of the 
legnli p and of the regnli p have the same class. In this way the 
systems ot n‘guli p jxpssos'-ed by the system (2, n) give rise to x - 
ilouhle tangents (generators of tlie p'), arrangefi as follows: 

*■'»' (i\ (i), (2. (i)„ (2. o) { 27 ^Y (2, 

a congruence (2. (J) , (4, 12) (4. 10) ((J. 12) (10, 15). 

Tho congruence confocal with (2. 8) is thus accounted for; in 
the other cases there remain x* double tangents of which do 
not ln'long til the given (2, a), nor are g’enerators of p', and which 
form respectively, 


in (2,7) (2, 0)i (2, ())„ | (2,5) I (2,4) 

the congnienee (10, 21) (8. 15) (0, 10) (G. 10) (4. 6). 

It will now be shown that these systems are formed, in all 

ease> e.xcept (2, (()[j, by the single directrices 1' of' the ruled cuhics 

(1), where I is a line of the sheaf whose centre is For, each 

geneiatoi of such a cubic surface p^ touches twice, hence p^ Jiiid 

d) touch along a curve, so that at a point of intersection of /' and 

/' must lie in the tangent plane to <I> at the point, i.e. V touches 
twice. 

0 

Now the two lays of (2, h) through any point P determine a 
surface whose double directrix is hence the i/i(n-l) 
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pairs of rays of (2, n) which lie in any plane determine as many 
surfaces p^, wliose single directrices 1' lie in the plane, i.e., the class 
of the congruence of lines I' is hi (n - 1). 

Again it was seen, (Art, 257), that each surface (F) contains 
2 (?7 — 2) lines through and the null-plane of every point on 
such a line passes through F, hence the single directrix of the 
surface p^ for such a line passes through F, i.e., through F there 
pass 2 (n - 2) lines of the congruence V. The x ^ double tangents 
I' thus form a congruence [2 (n - 2), {n - 1)], le. they form the 
residual congruence of double tangents after deduction of the 
given (2, n) and the generators of the reguli p. 

The case of (2, 6)n, in which there is a residual congruence 
(6, 10), remains to be discussed. The congruence (2, 6)„ is 
contained in a tetrahedral complex T\ the vertices of whose 
fundamental tetrahedron are the points (Art. 258); now there 
are x twisted cubics?' passing through the points all the chords 
of which belong to 2'-, (Art. 95): these chords for any cubic r 
form a system (1, 3), which will have in common with the cubic 
complex (*^ 4 , S-i) a ruled surface of degree 3 (1 + 3)= 12, (Art. 234); 
but this surface is in part composed of the four cones of the 
second degree (/S'j, r) ; there remains after their removal a ruled 
quartic; hence each of the x =* chord-congruences of T- contains 
one ruled quartic of (2, G)ji. Each generator of such a cpiartic 
meets r twice, and through each point F of r proceed two such 
generators, viz., the intersections of the cone (P, r) and the cubic 
complex (>S' 4 , excluding the four lines joining P to the points 

hence r is a double curve of the quartic which is thus the 
general quartic of class III. Now since any three lines 2),p',p” 
of 1'^ determine a twisted cubic* r, we see that any three rays of 
(2, 6)ij determine such a ruled quartic. 

If moreover these three rays are coplanar, the ruled (juartic 
possesses also a single directrix I', (Art. xvi), and is of class IV ; 
one plane of the pencil whose axis is I' pas.ses through any given 
point A, i.e. such a quartic of class IV has three generators in the 
plane {V, A), and since there are x ^ planes through A, there are x ^ 
ruled quartics of (2, 6)ii which have also a single directrix l\ As 
before this quartic touches <I> and I' touches twice, so that the 

* For three of the points make the three pencils of planes whose axes are 
P* p\ p" projective to each other, and the locus of intersection of three cor- 
responding planes is a twisted cubic, (Art. xii), w’hich passes through the fourth 
point and whose chords belong to T^. 
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re(]uired system of x- double tangents is formed by the single 
directrices of the x* ruled (luartics of class IV which belon^r to 

It I is the single directrix determined by three coplan.ar rays 
of (2, ti)ji. the surface (/ ) breaks uj) into the aforesaid ([uartic of 
class IV and another ruled (juartic which must also be of class IV. 
Now sets of three rays can be made iti twenty ways out of the six 
rays in any plane; hence there are detei'niined twenty such ruled 
fpiartics but only ten sim])Ie directrices l\ since each /' beh)ngs to 
two (juartics; hence the c/u.v.v of the st/stejn of lines I' is ten. 

And its order must be six, tor if it were less than six, one or 
more sheaves of double tangents would exist, which is not the Cixse. 
Hence for (2, ())„ the double tangents of consist of (2, Ghj. the 
generators of the two sets of reguli p\ and the single directrices of 
the ruled (piartics of class IV which belong to (2, Oh,. 



CHAPTER XVL 


THE CONGRUENCE OF THE SECOND ORDER 

AND SECOND CLASS. 

264. The congruence (2, 2), of the second order and class, is 
the one of the series (2, n) which has been most fully investigated ; 
an account of this congruence is given in the present chapter. 
From Arts. 249, 254 it follows that the congruence (2, 2) has a focal 
surfiice of the fourth degree and fourth class, which has 10 double 
points and 16 singular tangent planes, i.e. is a Rummer’s Surface. 
It will be shown, (Art. 265), that any congruence (2, 2) is the 
complete intersection of a linear and a quadratic complex, and is 

therefore identical with the congruence (2, 2) already discussed in 
Chapter VIII. 

To each point of space one plane is assigned by the system 
(2, 2), viz. that of the two rays through the point, while to each 
plane one point is assigned, viz. the intersection of the rays in the 
plane, so that b}^ the system (2, 2) an involutory reciprocity is 
established in which corresponding elements are united, i.e. a 
linear complex is determined, (Art. 37), to each pencil of which 
two rays belong; therefore each system (2, 2) is contained in a 
linear complex ; and only one such linear complex is thus 
related to any given congruence (2, 2). 

This result may also be seen as follows: — let S and S' be two 
conjugate singular points, (Art. 256), <r, a their null-planes, and 
I any line of the pencil {S', c); then the surface {1) consists of the 
pencils {S, <t), {S' , a), together with a regulus p which has one 
generator belonging to the pencil {S, a) and one to {S', <j'). If 
any generator of p meets cf in F, the line SF, since it meets three 
lines of p, is a directrix of p, and therefore c is a tangent plane to 
p, i.e. the trace of p on a is the line SF. Since all the rays of the 
system can be grouped into such reguli, together with the pencils 
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(*S, O'). (iS^ , O’ ), it 13 clciir that they establish a (1, 1) correspoDdeuce 
on the lines of the ].encils (S\ <r). (S, a'l viz. that of pairs similar 
to I ami *S7-*, and in this correspondence SS' corresponds to itself; 
hence the rays are included in a linear complex, (Art. ;j9). 

This may again be seen from the fact that the surfaces (P) 
are of the form 

with the identity 

,t\]\ 4- a'oPo 4- a'jPi 4- ,r^Pi = 0 ; 

but sinci! the are linear in ./ ■ 

+ O, 4- Ui.Xy 4- 

i.e. ue must have (/,■, = (), (/-i. 4 - Oi-, = 0. hence (P) has the form 

which i.s the l>ilinear eijuation connecting two points of a line of a 
linear comjjh'X. 

265. Confocal congruences (2, 2), The equation of any 

Knmmer surlace has been seen, (Art. 80 ), to be reducible to the 
form 

A ^/// + 21i 4- y:’y/) 4- 20 4 - y.///;-') 

+ yxy^.y^yx = 0 ; ■ 

while its double points and singular tangent planes form a system 

described in Art. 29, such that each point is the pole for six 

complexes iiuituaily in involution of the si.\ singular planes 

through it, and the six points in each singular plane are the 

poles of the |)lane (or tliese six complexes; hence the singular 

points and singular planes of the congruence ( 2 , 2 ), being the 

double points and singular tangent planes of a Kunimer surface, 

form such a system. In each singular plane there is one pencil 

of rays wdiioh therefore belongs to the linear complex C\ of the 

coiigiuenco, and thus is ouc of the above si.x linear coinpie.xes 
in involution. 

Moreover the double tangents which belong to C', belong also 
to a <iuadratic complex, (Art. 83); hence, any conyrueuce (2. 2) 
is the complete intersection of a linear with a quadratic complete. 

^o\\ it wfis seen that the double tangents of a Ivummer surface 

form six congruences (2, 2). (Art. 83), hence, as we have already 

seen, (Art. 12(i), associated with any congruence (2. 2) there are 

live others having the Siime focal surface as the oiven comrruence 

( 2 , 2 ), ^ ^ 
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Certain properties of the singular points and planes of a 
congruence (2, 2) will now be investigated, taking as starting point 
the fact that any congruence (2, 2) is contained in a linear complex 
(7], and that its singular points and planes form a system described 
in Art. 20 for six linear complexes in mutual involution, of which 
Cj is one. 

266. Distribution of the Singular Points. Any two 

singular points and S.. are conjugate in two of the six 
fundamental linear complexes associated with the focal surface; 
for S.2 must be contained in one of the six singular planes tt 
through Si'y let Si be the pole for €{ of this plane tt and S2 
for Cj, then from the involution of C,- and (Jj there is one plane tt' 
through SiS., for which Si is the pole for Cj and S.. tlie pole for Ci; 
thus S1S2 belongs to each of the complexes Ci and C), and it is seen 
that through the join of any two singular points there pass two 
singular planes. 

Any three singular 'points Si, S.,, S.^, which are non-conjngate 
to each oilier in any particular complej: Ci, niust lie in a singular 
plane \ for let S^ and S2 be conjugate in Cj and 6*, S^ and S-^ in Ci 
and C,ay S3 and Si in Cn and Cr, then all these six complexes cannot 
be different from Ci unless at least two of them are the same, e.g. 
Cj = C,i, here SiS^ and S1S3 belong to Cj, i.e. Si is the pole of S1S..S3 
for Cj, hence the plane S^S^S-i, or tt, is a singular plane. Moi-eover 
in this case 83 is the pole of tt for C^ and S3 the pole of tt for CV, 
i.e. S2 and S3 are conjugate ir) Ck and C^. It follows that there is 
a plane tt' through S2S3 for which S.. is the pole for C\. and S3 the 
pole for Cfc, and Si, S^, S3 form a system described in Art. 26, in 
which the three singular planes through SA, S..S3, S3S1 respectively, 
distinct from tt, meet in a singular point S^, which is the pole of 
these respective planes for Cr, Cj, Ck. Hence the four points 
S3, S4 are mutually non-conjugate for 6'/. 

There is no point outside tt, except S4, which is non-conjugate 
to >Sii, S-i, S3 for Ci\ for if were such a point then the plane 
SS1S2 would be a singular plane, i.e. S must lie in the second 
singular plane through similarly it must lie in the other 

singular planes through S.2S3, S3S1, i.e. it must coincide with S4. 

The number of tetrahedra whose vertices are non-conjugate to 
each other for Ci is 40; for in any singular plane three points of 
the system non-conjugate in C',- may be selected in 10 ways, and 
each selection determines a fourth point outside the plane non- 
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coiiiusratc to them in C,-; thus the number of such tetrahedra is 

% * O 

10xlG = 160, but in tliis process each tetraliedron occurs four 
times, hence the number of the required tetrahedra is 4-0. 

267. Every (2, 2) is included in 40 tetrahedral com- 
plexes*. Let tiie poitits *S,, S., Si be non-conjugate in C,, and 
denote by (T the singular plane 
S^S-tSi having S as its pole in 
(\, and by the singular plane 
S..S..Si having S' as its jKile in ( \ ; 
take also any line SiP of the 
pen(‘il (Nj, o-): then of the two 
rays from any point of S^P one 
bohnigs to (*S’, a) and the other 
to a regulus p. The line S'P 
belongs to p, hence a' is a tangent 
plarie of p\ also since A', and S., 
are non-conjugate, the null-plane 
of S.. will meet S^P in a point 
dirtereiit fi^nn Nj, so that p passes 
thr<»ugh S.j, and the trace of p on 
(t' is S'P and a line through hence the regidi p make the pencils 
{Si, <t), {S... a') projective, these regnli therefore belong to a tetra- 
hedral complej'. 

The other two vertices of the fundamental tetrahedron must 
be S,i and »S\, since when P coincides with one of them, the regulus 
{SiP) must break up into two pencils of which one has P for centre, 
i.e. these vortices must be iS '3 and (SV 

Each set of four points mutually non-conjugate in C, gives rise 
to a tetrahedral complex to which the given system ( 2 , 2 ) belongs, 
hence any (2, 2) is contained in 40 tetrahedral complexes. 

268. The Kummer Configuration, The closed system of 
16 points and planes determined by six complexes mutually in 
invidution has been already investigated, (Art. 14); a table showing 
the configuration of the system can now be constructed. The 
fullowing notation is due to Weberf; denote by ( 1 ) any singular 
plane and let its poles in ... be denoted respectively by 0 , 12 , 
18, 14, 15, 16; let also the null-plane of 0 in be (2), then, from 
the involution of Cj and C., 12 will be the pole of ( 2 ) in 

* See Arts. 123, 146. t CrelU't Journal, Bd. lxxxiv. S. 349. 
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^milarly for the planes (3), (4), (5), ( 6 ) the null-planes of 0 in 
^ 3 , C 4 , Q respectively. Again denote by 23 the pole of ( 2 ) in 
O 3 , then since 0 is the pole of (2) in C„ and of (3) in C, it follows 
that 23 IS the pole of (3) in C„\ similarly for the points 24, 2.5, 20, 
the poles of (2) in C 4 , C\, C, respectively. By a process identical 
with the preceding, 34, 35, 36, 45. 46, 56 will denote .similar points, 
and the first six columns of the table are completed. All the 
singular points have now been accounted for. To complete the 
table, denote by (123) the plane whose pole in (7, is 23, etc.; the 
singular planes are now all designated and the top row completed 

Again from consideration of the columns beneath ( 3 ) and (123), 
it is clear, from the involution of the complexes, that the second 
place in the latter column must be filled up by 13, and from 
comparing (2) and (123) that the third place i s occupied by 12 ; in 
this way to the points 12, 13, l-t, 15, 16 are assigned their places 
in each of the remaining columns, each of which has now three 
places occupied. Lastly, the plane (123) which contfiiiis 12 , 13, 23 
can contain no other point of which one member is 1 , 2 or 3 , e.rj. if 
it contained 14 it would have three points in common with ( 1 ), if 
it contained 24 it would have three points in common with (2) and 
so on, hence it can only contain 45, 46, 56 whose places are at once 
determined from consideration of the involution of the complexes 
and the arrangement of the first six columns; thus the column below 
(123) is filled up; similarly for each of the other singular planes. 



(1) 

(2) 

(3) 

(4) 

(5) 

! (6) 

i 

1 

(123) 

(124) 

4 

(125) 

> 

(126) 

i(I34) 

(135) 

(136) 

(145) 

(146) 

4 

(156) 

I 


12 

1 

13 

14 

15 

: 16 

1 

23 

1 

1 

24 

25 

26 

34 

t 

35 

36 

45 

! 46 

1 

! 56 

H 

12 

0 

23 

24 

25 

26 

13 

i 14 

% 

15 

1 

16 

1 

l,5G 

1 

46 

45 

36 

35 

34 

1 

III 

13 

23 

0 

34 

35 1 

36 

' 12 

56 

I 

40 

45 , 

9 

14 

15 

16 

2G j 

25 

1 

24 

IV ' 

i 

1 

14 

1 

24 

34 

0 

45 

1 

46 

56 

12 

36 

35 

13 

26 

25 

‘ 15 i 

1 

16 : 

23 

V 
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15 

25 

35 

: 45 

0 1 

56 

46 

36 

12 


26 

13 

24 

14 ; 

23 ' 

16 

VI ! 

16 

26 

1 

36 

46 


0 

45 

35 

i 

34 

12 

4 

25 

1 

24 

13 

23 

14 

15 


269. The Weber groups. It may be shown that if six 
points selected in a certain manner from a Kummer configuration 
be given, the remaining points and planes of the system are 
determined. The following considerations will make this clear. 
If Q» R be any three points of the system, P and Q are 
conjugate in two complexes, say (?„ and (7^, while P and R 
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are also conjugate in two complexes, of which either one complex 
or neither complex is the same as (a or C^. In the first case let 
Cfl ami (\ he the C 4 »m])lexes in which P and R are conjugate, 
then Q. R lie in a jilane of the system, viz., in that for which 
P is the pole for C^. In the second case let P and R be 
conjui^ate in and (V. here P. R do not lie in a plane of the 
system, for if so. P hfdng then the pole of the plane in one 
complex, yv/ PR Would h(jth have to belong to one complex 
ut tiu* system, which is here not the case; it follows that Q 
and R aie Conjugate in tlie two remaining complexes CV 

It should also l)e <)hserved that if upon the line of intei'section 
of two ])lanes <t, a' of the system there are tw’o points which are 
coiijugatf in two comph-xes and then the ])oies of cr and a 

tor any third complex (\ are conjugate in ('a and Cy \ for if S, S' 
are the latter pt»int> and .S', the pole of a for and of a' for Cy, 
then .S', S._. are (‘(mjugate in ami and S', *S’. conjugate in 

and (\. therefore ,S'N' mv conjugate in Cfi and Cy. 

Six points .S', , .S'., .S'.,.,s’^. .S\, N which will be seen to determine 
the rest (d’ the system are now to be chosen as follows: — take any 
]Miint .S', and let its null-plane in (\ be <jj, in o', let S.j, Ss be the 
points whose joins to .S', aie conjugate in C',, f „ and C’,. f', respec- 
tively; the null-plane of ,S^ in C, being a.j, in cr,_, take iS^ so that 
.S'.. ,s', aix* Conjugate in ami C^, ami in 0-3, the null-plane of S 3 
tor f , take .S'j so tliat *S',, are conjugate in f ', ami Cy. 

We shall ex]>ress the fact that any two points SS' of the 
system are conjugate in two cmnpiexes ( f 3 by saying tliat SS' 
is with this notation it is seen that 

S,S, is U, S,S, is S,S, is S,S, is 17. 

It follows that .S’..S', is ae and therefore that S 3 S 3 is y 8 , hence 
*SVS';. must be iS. 

'riiiis the points .S', ....S'j are such that the null-plane of each 
for C\ is that of the lines joining it to the tw’o adjacent points S, 
Again, take the lines in cr, which ^ 

are and 15, and lot S^, S^ be 
the other points of tlie system 
on these lines respectively; then 
through .S'^.S'j pass two planes 
of the system of which one is 
O’, and the other is a plane whicli 
w'ill be rienoted by cr; let the pole 
for C\ of a be S. Then S^S^ 
being ^ 6 , so also is SSi the join Fig jq. 
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of the pol^ of <7 and o-, for C,; therefore S,S, being U, SS, 

must be ye similarly, SS, i, SS, is SS, is thus all 

the points He outside a. 

Agam since S and & are the poles of a aud o-^ for 6',, and 

SS, IS ye, the line of intersection of cr and o-, is so that the 

connexion between o-, aud o- is similar to that between a, and cr, 

and so for all the planes hence all the points <S', ... are 

related in the same manner to <r. 

It will now be shown that having given the points 
Su So, S.J, S^, S, the remaining points and planes of the 
system may be linearly determined; for the planes a,, ... 
belong to the system, and so also does each plane such as SS.,S,, 

for the lines SS.., S.,Sr^, Sr,S being ye, ae, ay, the points SS..Sr^ are 
non-cunjugate in and hence the plane SS.,Sr, is a plane of the 
system ; and so for eacli plane through S and the five diagonals 

of the pentagon /Sf, ... Sr^. Again SS., being ^ and SSr^ being 07, 

the plane SS^S^ will meet <r in a line I7, ie. in the line SS^', 

if^iSi is the pole of <t for Cy\ hence S^S, is Te and S^S^ is Ta, ie. 
Si lies in o-^ and <7^ and is therefore the point (a-, ,0-50-/), if 0-/ 
IS (SS,S^)\ similarly the other points of the system in a are 
determined. Lastly, if the singular point in au not yet referi’ed 

to, be denoted by Si, then SiSi is I7 and hence SoSi is 07, but for 
O’! the point is the pole for and for cr/ the point S is the pole 
for C>, hence the line of intersection of ai and cr/, (which passes 

through *^2), must be ay, ie. this line is ; similarly lies in 
the intersection of cr/ and cr^, therefore Si is the point (o-jcr/cr/). 
The four points ^S'2, S.^, S^, S^ are similarly determined, and the 
positions of the 16 singular points are now known. To determine 

the five remaining planes, we observe that since SjSi is ly and 

^1*5^3 is aS, therefore SiS^ is Se; also S-jS.^ is le, hence S^S-j is TS] 

similarly SjS^ is 1^, thus SlS.^S^ is the null-plane of >5, for C\; 
this plane with the four other similar planes completes the system. 
Observe that the relationship of the pentagon SiS^S^S^Si to cr is 
similar to that of SiS,S,S,S, to cr. 

Each pentagon determines one plane cr; if cr be 

given there are 12 such pentagons, for Si may be taken in 
10 ways, and then S,, S^ in three ways, then S-j, S^ in two ways 
giving Jx 10x3x2 = 12 ways; thus the total number of pentagons 

is 16 X 12 = 192. 
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270. Reguli of the congruence. It has been seen, 
(Art. 2()4), that if / is any line of tlie pencil tr), where 
>S is any singular point in a singular plane tr whose pole for 
is N, the* surface {!) is a reguhis p, and that, if cr' is the 

null-])lane of *S for C\. the trace of p on cr' is a line 1' of the 

pencil {S, a ). Ihis regulus p will pass through the six singular 
jfoints not in <t nr a, and will have their null-planes for as 
tangent planes; on each of these six ]>lanes therefore, part of the 
trace of p is a line wiiich niii.st pass tlirough a singular point 
in the ])lain-; hence the laj’s of the congruence (2, 2), distributed 
in reguli. make eight pencils (S/, <t;) projective to each other. 

iaking the original pencils (N, o-'), {S\ a) and any other 

of tile lemaining six pencils (.S'/, a,); the lines whicli meet 

Corresponding lines of these three pencils form the congruence: 
a congruence (2. 2) may therefore be regarded as the locus of lines 
trinch mei't correspumliiip lines oj three projective pencils, of which 
two pencils have a connnon self-corresponding line. 

Another method of formation of this congruence is the 

follcjwiiig ; — take any two points .V, and *S/. which are take 
uIm) points .S',, .S\ Mich tliat .S’,.Sj is 

{3y and is /3y. tlion is 

*S/N., is 'Xy aiul each pair of 

opposite edges of the tetrahedron 
.S',.SAS',,S'^ are conjugati' for the same 
two complexes, {Art. 2(1). Then, as 

in Art. 2t)0, the regnlus p, wliich is 
tlie surface {S^P), pas^fs through Si 
and the pole S of a (or SlS.,S^) for C\, 
and also through six other singular 

O O 

points of which S-^ and the pole 
*S' for Cl of tlie plane <t (or S-^S^^Sp, 

are two ; hence, since <t contains a line of p, the trace of p on <t is 
a hue through S.,. These reguli p make the pencils {Si, a), {S^, <t) 
projective, and determine on S-^S^ a (1, 1) correspondence of points 
of which and S^ are the united points. 

In the same manner if SiSj be ]i6 and S,Sj be then 
lies in a=, and the surfaces (SP) or p determine on S.,S/ a (1, 1) 
correspondence of which S, and Sj are united points; lastly'if 

SiSj and S-^Sf be Sf lies in ^ and a (1, 1) correspondence 

is established on of which S^ and Sf ai'e united points. 



Fig. 11. 
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Thus It IS clear that the eight siiigular_point,s through which 

the reguli p pass ai'e S„ S„ S/, S," and 8, S, S', S"; the re<^i.li 

make the four pencils (S„ ^), (S,, a), (S,', a'), (S,", a") projective 
to each other. 


Moreover since S„ S,, S,, S,\ S," lie in the same plane, viz. the 
null-plane of for the four projective pencils have the corre- 
sponding lines iS'iiSo, S.jS..y S-Z'S^ concurrent and coplaiiar; 

hence, since three of these pencils are .sufficient to determine thJ 
congruence, a congruence (2, 2) is the locus of the x- lines which 
meet corresponding lines of three projective pencils which have three 
corresponding lines concmi'ent and coplano.r^. 


271. A congruence (2, 2) includes ten sets of x' 
regulif. Taking one of the tetrahedral complexes T'\ in which the 

congruence is contained, as having the equation pi-iP-A^-kpuPi-i^O, 
the equations 

pl2 = hXp^^y Pn — pPwi + (TPu + 7/^42 . 

give CO* reguli which belong to T-, the first two complexes being 
the special ones whose directrices are two lines of the respective 
pencils (A^, Ui), (A^ af If C=1,CiicPii: is the linear complex to 
which the congruence belongs, any of the preceding reguli of T- 
which belong to C must identically satisfy the equation ^Cikpii^ = 0; 
hence substituting in the latter equation we obtain 


c* 

Ci3 + k\Ci2 + pCzi = 0, C,4 + (TC.>3 = 0, Ci-i + + TC:3 = 0. 

A 

These equations show that a is a constant, and determine p 
and T in terms of \ and hence give the x ' reguli of the system 
corresponding to the two pencils (Ai, aj, (A^, a,). In a similar 
manner we obtain five other sets of reguli, each of which passes 
through two vertices of the tetrahedron and touches two faces of 
it : six varieties of x ^ reguli thus arise. 

Again taking as the equation of T- 

A {x{- -H x^) -}- B H- ^ 4 ") + + x^~) = 0, 

the substitution 



* Compare with Art. 260. 
t This has been already shown in Axt. 118. 
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gives as the locus of // a teti-ahedral complex T^- having the same 
fundamental tetrahednm as and whose complex cones and 
complex conics are ‘ images " of reguli of T\ (Art. IIC). 

Since each complex cone of 7/ has a generator through each 
vertex of the tetrahednui, and hence contains the four lines 

!/i= ± (■//.• , /A = ± tt/, , y, = + if/, , 

(wliere the signs are to be taken (til positive or two negative), the 
corresponding regnhis of T- will also contain four lines of this 
desei'iption. i.e. will pass through the vertices of the tetrahedron. 
Similarly the regnlus which corresponds to a comjilex conic of 
will liave a gem-rattu' in each of the four faces of the fundamental 
tetraliedroii ; we thus obtain x * reguli of 7’- through eacli vertex, 
and X ■* reguli touching each face of the fundamental tetrahedron. 

'I'o a regnlus ot 7’- which belongs to the complex whose 
eijuation may be taken as = 0, will correspond a cone or 

complex conic ol 7'^- which belongs t(» the ctJinplex 


c 


+ , ■ .r.. + , ' x, + - 

\ a\ + p \A-^p \^Ji -{- p 


c. 


.r 


VJJ + p 


+p V C + p 

wtiile the latter complex must be special, since it contains a cone 
or the tangents of a conic, hence 

+ £’■ + = 0. 

.^1 + yx li -i- p (J p 

d'he last etpiation gives two values of y., having roots p^ and /a.^; 
thus the cones or ct)nics of whose vertices or planes are 

Hinted to the respective lines ( — , ... ), 

give rise to four sets of reguli of 7'- which belong to C. Thus 
there arc in all ten varieties of oo ’ reguli which belong to the 
congruence. 

272. Focal surface of the intersection of any two 
complexes. The focal surface of the intei-section of any two 
complexes may be determined analytically as follows: let y=0, 
</)=0 be any two complexes, then if x is a ray of the system 
determined by them, all rays consecutive to x satisfy the 
ei|uations 

I ?/\ « / 9<<>\ 
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‘^’'•ectnces of this linear congruence being 2', it is clear 


z.=^L. _LX ^ d<j) 

Oa'i -dd'i 


d(j) 


where X^, X._. are the roots of the equation 


da^i da^i ^ ^ [dxj 

The intersection of a. with ^ and / gives the points of contact, 

. of a; with the focal surface, and the planes (xz), (x/) are its 

tangent planes at P and P'; hence if y is any tangent to the 
local surface 

where X is either Xj or X.., 

Applying to the congruence (2, 2), we have 

/= A («.= + X/) + B (x,^ + «•/) + 0 (x,^ + Xr-), 

^ = 2 C{X;, 

and the equations for the determination of y are 

P-y,=(fi+A)x, + Xc,. p.y, = (ix + B)x, + \c,, p.y,=(/x + C)x,+\c,„ 
P-y.-(fi + A)x, + Xc,, p.y, = {fi + B)x,+\c„ p.y,: = {y. + C)x,+Xc,. 

The elimination between these equations and the equations 

/ — 0, (^ = 0, of the quantities Xj, X, p, leads to the equation of the 
focal surface in line coordinates. 

273. Double rays of special congruences (2, 2 )*. If the 

complex (ca:) = 0 contains an edge of the fundamental tetrahedron 
of the tetrahedral complex, a particular case of the congruence 
(2, 2) arises; e.g. let C contain the edge then we have 

Cl — tC 2 = 0; in this case A^A.^ is a double ray of the congruence, 
since at each point of it there is only one ray, viz. the line A^A.,. 
For those tangents y of the focal surface which meet A^A.. we 
have yi- 2^2 = 0, hence for such tangents /a + A = 0 in the above 
set of equations, substituting for y. and eliminating x^, x^, .r.,, 
and X by aid of the last four of the equations of the last Article, 
we find that y belongs to the quadratic complex 


¥ d<}> 


fa Vs ~ g-i-Vi )' + (Ci i/i - Cji/ i Y (c,y., ~j,yi)- + (c,yB - c^yj)'" _ 

J^-A ' a-~A 


= 0 


and also to the linear complex y, — iy,^ = 0. 

Hence the tangents to the focal surface in any plane through 

The following classification of congraences (2, 2) which have a double rav ih 
due to W. Stahl. 
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.1,.^, envelopo a conic, therulore the focal surface is a Plucker’s 
surface of which AiA., is the double line. 

(ii) II the complex (c.»') = () also pa-^ses through the edge 

AiAj, then C;*— /Cj = (), and the focal surface is a Pliickor surface 
in which is also a double line: the congruence has two 

intersecting double rays. 

(iii) It the coiMi)lex (c./-) = 0 passes through and A-^A^, 
then Ci = Co = 0, and tangents y ol the local suiface which meet 

also meet and are theretore ^c'nemtoys of the focal 

surface, since they tneet it in the point of contact of j- and the 
<Iouble lines i -1 >. ; such lines //also belong to the (piadratic 
ounplex )7+ )?+)?+ r.r = i», where Y, are linear 

lunetioiis ol //:(, // 4 : as is easily seen by eliminating .Tj.j'j, 
■^'s. -^v,. X. p Iroiii the last lour eipiations ol the last Article. Thus 
the-'C lines // are generati/rs ol a ruled ipjartic with two double 
diiertrices, i.e. of the class 1; this surface is here the focal .surface: 
the congruence has two non-intersecting double rays. 

(ly) 11 (c./) = 0 pa-ses through AyA.., the focal 

surface is a ruled (juartic which has A, A,, AjA^ as double 
diieetrices and ^i .A^ Jis double generator, /.e. belongs to class VII: 
the congruence has three double rays. 

(y) If (c./)=: 0 jjasses through AyA.,, A., A,. A^A^, the • 

IocmI surface has four double lines and hence must consist of two 
<|uadrirs which have two generators of each system in common. 
Hence the congruence (+. 4) of the double tangents of two quadrics 
becomes, when the ipiadrics have two generators of eacli system in 
common, two congruences (2, 2). 

l^or the species (iii) the Ibllowing theorem holds: nay regulus 
fhruuifJi AjA.j, *'>td one other rag of the congruence belongs 

entirely to the congruence-, for if A' is the additional ray, such a 
regulus is given by the eipiations 

P . 0 y fl-p/^-f-Aj, p../3=A3, p . ,r_i[ = A 5 , 

P . 0., (ft jS) ^ ^ -2* P • 4 ~ p • “ A g . 

Now since it is given that 

3 “h A 4 ^ A 5 Cfi A 

iB - A) ( A'/ -t- A/ ) -f ( c - A ) ( 4- AV) - 0 ; 

It follows that two equations of the same form as the last are also 
.satisHed by .r, i.e. the regulus of lines x belongs entirely to the 
congruence. 

Thus from the two given double ra^’s f/i and (f and any regulus 

p of the sy.stein not containing r/, and d, tlie whole system can be 

constructed by forming the co * reguli determined by dy, (Li and any 
generator of p. 
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274. AIany of the leading characteristics of the quadratic 

complex are seen to belong also to a complex /(.r) = 0 of any 

degree «. For instance, the lines of this general complex ’through 

any point form a cone whose degree is n, and those in any plane 

envelope a curve whose class is n. Since, a; and y beimr any two 

intersecting lines, the equation f{x + Xy) = 0, when expanded 
becomes 

/(■*) + ^ Ay+ = 0, 

where A = this gives n values for \, i.e. there are n lines of 

the complex in any plane pencil. 

The equation A/=2y,.£^ = 0, in which ir is a given line, is 

said to be a linear polar complex of /=0. If a: belongs to /=0, 

the equation A/=0 is one member of the singly infinite set of 
linear complexes 

V (^f d(a\ 

they are called* the tangent linear complexes of y'(a?) = 0*. 

Each of these complexes contains a- and every line x-\-dx 
which is consecutive to ic in the given complex /(^) = 0; since for 
such consecutive lines we have 




dxi - 0 . 


On apy line x of/=0, a correlation is established between its 
points and their polar planes in a tangent linear complex iorx: 
the same correlation is determined by each of the tangent linear 

* See Art. 74. 
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complexes of the polar plane of any point P of .r being the 
tangent plane thnaigh .c to the complex cone of P. 

275. The Singular Surface. Again, as in the case of the 
quadratic comi»lex, we coiiMder such tangent linear complexes as are 
sjjecu// , and as in Arts. 7(J, l.)7 we find as the iiecessarv condition 


n = 0. 



This bwiines j = 0, if we take &)(j)=0 as being 

= Hence the hues (»f whose tangent linear com- 

plexes are special satisfy the eijuations 


0. :i )' = o. 

Vcuv,/ 


Tlu'.se - lines are called, as before, sitn/t/lar lines of /'(x) = 0. 

If.r be a singulai line, the pencil j consists of directrices 

of specidl tangent linear com])lexes. These directrices therefore 
foim a cotnpiex, whii li consists of x - plane pencils. 

If all the lines of such a pencil intersect any given line a, 
we have 

= /(•'■) = 0, s(0=o. 

These e(piations determine, if n is given, 4/( (« — 1 singular 

lities .r, for each of which the pencil meets (/. This may 

ix'cnr in two ways; either on account of a passing through the 
centre of the pencil, or on account of n lying in the plane of the 
pencil ; from the duality of tlu‘ subject, there will be as many 
solutions of one kind as of the other. Hence the locus of the 
( ?f\ 

points ^ j is a surface of degree 2/i(a — 1)-, and the envelope 
of the planes f./-, J is a surface wliose class is 2a (a - 1)'*. 

These surfaces are identical*; for, denoting by f if P 7^' are 

any two consecutive points of the Hrst locus, let P be the point 
f) and P' the point {a:\ f ). where 

.i' = ar + d.i\ f = f + c/f . 

Then . = 0^ v ^ 

Tins was shown by I*asch; see reference on page 92. 
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SOI) 


“fZ°-T7 ‘7" ” i’«™ 

— 0, therefore = 0 ^ hence 

2.y/f, = 0, 2x,-f,'=0; 

so that the four lines r ^ r f ^ • i. ^ 

the noint P' I- ^ ^ ‘ qiiadniateral, and 

the point P hes m the plane {x, f). if small quantities of the 

second order are neglected. 

\Ve therefore obtain one surface, the Singular Surface of the 
nplex, which i.s both the locus of the singular po^nU {x, f) and 
the envelope ot the singulcu' 2 ^l<^n}es {x, f). 

In the tangent linear complexes of a singular line .r, the plane 
{X, f) the polar plane of each point of .p ; theref.a'e the complex 
cones of / = 0, whose vertices lie on a-, touch {x, f) along 


276. If y IS any line through the singular point, we have 
XytXi = 0, = 0, hence 


X'-* 


f{x + Xy) = - Sy.yi/ft. + + X'* f{y) ■ 

therefore in the pencil (./.•, y) there are only n - 2 lines of/ distinct 

from X, hence the complex cone of / for a singular point has the 
Singular line for double edge, 

_ If y also lies on the cone of the complex 

singular point, the pencil (x, y) contains only n~S lines of f 

distinct from j?, hence the complex cone of = 0 for the 

singular point must split up into two planes; they are the pair of 

tangent planes through the singular line to the complex cone of / 
for the singular point. 

Reciprocally, the complex curves in the planes through any 
singular line x have the singular point as point of contact with x, 
except in the case of the singular plane. Let y lie in the singular 
plane and also satisfy the equation ly/y^t/^ = 0, then, as before, 
the curve of the latter complex in the singular plane must split up 
into a pair of points whose centres lie on the singular line; the 
complex curve f in the singular plane touches the singular line 
in these two points, x.e. has the singular line as a bitangent. 


277. If fj, 'ire the two planc-s into which the complex cone of 
2yiy*yi*=0 breaks up for a singular point P, and a the i>olar plane for P of a 

tangentlinearcomplexfor X of the complex /’s 2 then r. a 

V CVi / ’ If 2f f 


\ / 

and the sijigular plane form a harmonic pencil ; for let v be any line of the 
pencil (/*, a), then 2^* ^^ = 0; also the lines of 2yiy*/it=0 which are contained 
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in the pencil i>) are obtained by substituting ^ + \v for ^ in the last 
e(iuatiou, giving 

2^. /a + 2X2 t'i 0^ + X' 2 i\ Ct/i- ^ 0, 

wliich. since 2<-, . =0, reduces to 

c.r, 

whence the result follows as stated above. 

Reciprocally if A’j. are tlio points int<t which the coniple.'i conic of 
= bleaks up for the .singular plane, and .1 the vertex of the cone of 
/ upon .r f*»r which the singular plane is the tangent jilane, the points 
Z-j, Av, -I and the singular point are four harnninic points. 

278. The Principal Surfaces. 7'he si^niiticance of the 
Principal Siirlaccs, as bcin^^ the analu^oics of the lines of curvatnre 
of a hypersuriace, has already been noticed (Art. 228). In relation 
to them a result may be g-iveii hmv which is the extension 
<»f a theorem shown in connexion with the linear complex 
(Art. 41). On each line ./■ of any I'uled snrlace of the complex 
/(./;) = (), a (P I) corre.spondence exists hetween the point of 
contact with the snrlace of any plane tt throngh ./■ and the point 
of Contact of .r with the complex curve in tt ; the latter point 
bein^^ the pule of tt in the tangent linear complexes of x. There 
arc, therefore, twt) planes tt for (‘ach t>f which the point of contact 
of TT witii the .surface coincides with the pole of tt in these tangent 
complexes. The locus of such points, of which there are thus (wo 
Q, (/ on each (jeneraior, is a enrve If now the given surface is 
a prineijjal surface, the C(tmplex /(.r) = 0 is ‘touched’ bya tangent 
linear complex along x aiifi also along a generator consecutive to x 
(Art. 132), so that this tangent complex Cimtains three consecutive 
generators of the surface; hence, by Art. 41, since two consecutive 
tangents of k at Q belong to the same linear complex, the 
osculating plane of k at Q is the tangent plane of the surface at Q, 
the curve k is a principol tamjent curve of the surface. 

That the (1, 1) correspondence of points upon x just noticed is 
on involution may be shown as follows: — the coordinates of a: are 

functions of one variable 6, and the complex ^ ^ 

has at each point P of ,r the tangent plane tt as its polar 
plane; for the lines of this complex through P intersect both a*, 

the generator through P, and the consecutive generatai* 

do 
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Also this complex is 
complex of a: : for 

v / , ( V 


in involution with any tangent linear 


= «/(ai) + /4 (x'O + i (T^ + crV 


dx 


d 0 dxi 


dO 


- 0 , since + = 0 . 


Hence the (1, 1) correspondence of points is an involution 
a pair of corresponding points being, as stated, the point of 
contact of -jr with the surface and the pole of tt in any tangent 

inear complex of the double points of the involution are the 
two points Q, Q' of k which lie upon x. 

279. Independent constants of the complex. A homo- 
geneous equation/(.r) = 0 of the nth degree in six variables contains 

(n -H)(n 4- 2 )(n + .3) (n -p 4 ) fn -|- 5) 

5 ! 

terms ; but the complex repre.sented by / (a) = 0, is also represented 
by -ilr (a’) =/(•»-') + « (a). <^(,«) = 0, where ^ is any expression of 
degree (« - 2) in the variable.s. and c«(.r) = 0 is the fundamental 
lelabion. So that the complex contains 

( n-~l)ni 7i^ 1 )(/i + 2) (/i + 8) 

.5 ■ 

arbitrary constants, viz. the coefficients of 0. 

The expression i-s a covariant of ^jr (n being 

supposed greater than two), where the A;^ ai*e the fii'st minors of 
A the discriminant of co (./;). Hence if we assume ^ ^ = 0 

dxidxf. ’ 

we have as many linear e(iuations between the coefficients of 
jf and (f> as there are coefficients of <f). The indeterminateness of 
the equation of the complex is now removed. The equation of the 
complex ^jr = 0, under these conditions, is said to be in its normal 
form. When (o{x) = 'lxi^, this condition becomes lif'.v 0 (see 

Art. 87). 

280. The Special Complex. Any pencil of lines defines 
a surface element. The condition for united position of two 
consecutive pencils will now be investigated. Let 

(Gi-, hi), (ai-\-dai, hi + dbi) 

be two consecutive pencils ; if the plane of the first pencil passes 
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through the centre of the second pencil, there is one line of the 
second pencil which meets all the lines of the Hrst. Now since 

(ti + (/(/,, hi + (Ibi 

are two intersecting linos wc see that 

'^{iii(lb, -^b,dai) 

are each small (piantities of the second order; also for some value 
of the ratio p a- and lor all values of \ 

- {(i, + \bi) (p . (/, H- f/a, + cr . 6; + dbi) = 0, 
hence pluidu, + al(i,db, = 0, 

p1h,d(i, + albidbi = 0 ; 

thondore, igmtring small quantities of the second order, the 
required condition is seen to he that either of the following 
equivalent etpiations should hold, viz. 

= 0 , 1bidfii = 0. 

If the condition is satisfied we have in the most general case 
X ■ pencils whose centres lie on a surface which is touched by 
their |)lanes ; a more special case is that of the x ’ pencils of 
planes through the tangents of a curve, or the tangent planes of a 
developable and their points of contact. 

Consider a^ line complex <f> = i) for each of whose lines the 

condition =0 is satisfied either identically, or, as a 

conse(pience of ^ = 0, = 0 ; the condition expresses that ^ 

is a line; and considering the pencil since for all lines 

of the complex consecutive to .r,- we have 1 1- r/a*,- = 0 this pencil 

satisfies the above condition ; hence in general all the lines are 
taiigiuits to one surface; the complex consists therefore of the x* 
tangents to this surface. Such a complex is said to be special. 

281. Congruences and their Focal Surfaces*. The 

lines common to two complexes /= 0, ^ = 0 of degrees m and n 
H'spectivcly, form a doubly infinite set of lines or a congruencef. 
Through any ptiint there pass mn lines of the congruence, viz. 


II 


On the subject of this Article, see Voss, “ Ueber Coinplexe und Congruenzen, 
Math. Ann. ix. 

+ The chief properties of a line-congruence have been already discussed in 
Chapter xiv. The congruences here considered are those wliich consist of the 
cofiipU'U intersection of two complexes. 
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the iutersections of the complex cones of / and ; in any plane 

theie lie mn lines of the congruence, viz. the common tangents 
of the complex curves of / and (f>. 

On any line a: of the congruence there are two sets of points 
in (1, 1) correspondence, for any plane tt through x has two points 
P and P as its poles in the tangent linear complexes of x for 
/ and 0 respectively ; hence there are two united points F and F' 
at which these tangent complexes have a common polar plane. 
Analytically, these points are obtained as follows if (F, tt) is a 
pencil common to the tangent complexes and y the line of the 
pencil which meets any line a, we have 

I = Sy, I = = 0 ; 

hence F and F' are determined. 

All the lines of the congruence consecutive to x satisfy the 
equations 


Sy.- 1^=0 

OX; 




the directrices of this linear congruence are z and z, where 

^ ^ J ^ h X2 r— ; 

oXi dXi dxi dxi ' 


Xi, X 2 being the roots of 


¥ H 


2(1^1 + 2X2 = 0. 

^dxiJ dxi dxi \dXi/ 

The points F, F' are called * focal points ’ and the corresponding 
planes ‘ focal planes ’ of the congruence, / 

hence for F the plane {x, z) is the 
focal plane and for F' the plane {x, z'). 

The locus of focal points and the 
envelope of focal planes give the same 
surface'^] for consider a consecutive 
line x' = X + dx' of the congruence, 
then 



txidxi = S rfxi = 2 dxi = 0 ; 

OXi dx; 


Tiif. 12. 


to x' will correspond as directrices f, f', where 

V df dS ,df - j 

OXi OXi Oxi dx{ OXi 

+ X, + d + x,d d\. 




r/= 


dxi ' ''^'^dxi 

See Art. 272. 


OXi " dXi dxi 

t See Art. 236. 
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Hence = I.//?, = l.r/ Zj =0; 

Vr,f,' = S--/ = Sv'r/ = Sr/./ = 0. 

Therefore the linos ,r. 2 form a twisted (jnadrilateral and 

the focal point (,/, f) lies in the focal plane (.r, 2 ), ne^dectiiig 
tliroiighont small rpiantities of the secoml order. A similar result 
holds for the focal plane z). Hence the focal planes (.r, z)^ 
(.c, z) envelope the surface which is the locu-s of the focal points, 
blit the focal plane of F is the tangent ]iIano at F’ and vice versa; 
i.e.. the lines of the confjnience (tre donhle tfniffents of the focal 
si:rfic(\ the focol plones of F (naf F' beitaj the tangent plattes of 
this surface at F' and F respective! g. 

If // is any tangent (»f the focal surface we have 

?f , ?<f> 

P • d* — + X « 

c'.c,- c'a-,- 

the e(piation of the focal surface in line-coordinates is obtained by 
eliminating X. fi, p from the last set of e(juations and /=0, 
</) = U, I./'," = 0, and 

= Q. 

\a.r,/ ('.Cj (Kt i / 

282. Any liin* .r ot tiu* (Miir^'rui'ucc touclics tlio complex curves of f and <i> 
ill any plane tt tlinmch ./• in two points P and V, hence tlicrc arc two 
C'unplex cones of f ami fj) respectively, having their vortices on .r, for which 
TT is a tangent plane. 

T/o.ir fioiitt.i /* itiul /nnw icidt the farot points F upon x a definite 
dituhli- rofio ind> pi'iidt n( <>f the pltno' tt . 

Fi>r draw through F ami F' resjieetively two lines r and s in rr, then 
We have 

2 r, .r; = 0. 2 = 0, 2 5^ + X v =0 v 5^ + x.. 5 5, ^ = 0 ; 

c.»i Cj\ ■ di’i 

also the linos joining the point (c, s) to P and Q being 
they respectively belong to the tangent linear coinplexe.s 


S'/. - 0, 2 - 1 - 0 


we have 


vf 


ct 


C0 


?</) 




But the double ratio of the lines r, r+u.„« l>eing — , 

P’l 

cf of 

(/’/'/" r^) =^‘J ^ ^ ^ = h . 

2, Si 


2n 


CA'i 


c).l\ 
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283. Degree and class of the Focal Surface. The 

focal surface being the locus of points whose complex cones in 
/ and ^ touch, and also the envelope of planes whose complex 
curves touch, it follows that the degree and class of the focal 
surface are equal. If a line c/,- meets two consecutive and 
mteisecting lines of the congruence, then Sa,-.zv = 0, 

'^aidxi = 0, also we have 

^ a(. ^ Z 

Hence the dxi are proportional to the coordinates of a line 
which belongs to the regulus 

^Uiyi = 0 , yi = 0 , )j. = 0: 

dXi '' oxi 

moreover because x belongs to this regulus and since = 0 

the regulus must consist of two pencils, hence (Art. 59), 


0 


Sa,- 


2«; 


a/ 

ZXi 

dcj> 

dx: 


2c, 



dx; 

2 

?f d<p 

\dxi/ 

dXi ‘ dXi 

^df ^ 

V 

“ dxi * dxi 

" Wj 


= 0 . 


On account of this equation and the equations 

laiXi=/=(j) = 0, 

we obtain 4mn (m + n — 2) 

lines X such that a meets x and a line of the congruence con- 
secutive to a; ; so that a either pa.sses through the intersection 
of X and x-^dx or lies in their plane, therefore 

degree of focal surhice = class of focal surface = 2mn — 2). 

Since the order and chiss of the congruence are each equal to 
mn, if r is the rank of the congruence, we see from Art. 237 

2m« (m -I- » — 2) = 2mn {inn - 1) - 2r, 

hence r = mn(ni~ l){n — \)*. 

The focal surface ma}' split up into two surfaces ; this will 

occur if 


'_a/y 

,dxj * \dxi/ xdxi’dxj 


* See Art. 248. 
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is a perfect srpiare, the two focal points beiiifr then given rationally, 
ior instance in the case of the congruence of the .singular line.s 


/■=0, li'/-Y = F = 


rij\ 


0 , 


tlu* (letenniriHiit of the last article becomes 


r’./V rj’i Vc.r,7 

The focal siirthco breaks up into two surfaces, of which one is 

the snufnhir surface o/ /= 0 ; >ince. if the point lies on the 

sin^^Mihii surface, two (tf the singuiai' lines tlirougli it coincide; 

similarly for each tangent ]>lane of the singular surface; so that 
the equations 

/=/’=:> o,. a, .^ho 

r^.r, 

lelate to the points and ])lanes of the singular surface whicli are 

united to a: tints the tietjrce and class of the shaftdav surface 
are seen in he 'In {n — I)-*. 

'Fhe solutions of 


J 


V^rd a.,y 


lelate to the other portion ot the focal surface, which is therefore 
of d.'gree and class 2n{n - !)(:)» - 7)t. 

The lines which satisfy the equations 

/=<), 0=0. :£(fy.s W-v7;/7_o 

form a ruled surface ; for each of them the focal points coincide. 

If, hy virtue of the form of /= 0, 0 = 0, we have 


V 7'/ Y V y _ V ?/■ 

v'>r,/ \dxj “ OJ'i ‘ C.r,- 


the congi lienee consists of the tangents to one set of principal 
tangent curves of a surface. 


284. The ruled surface common to three complexes^. 

If / = 0, ^ = 0, i/r = 0 be three complexes of degrees w, n and p 

* See Art. 275. 

t Tins Riirfiu e lias lieen ternied tlie Accessory Surface, Voss, Math. Ann. ix. 
The Itauk of the focal surface 1ms been found by Voss to be 

his investijrntion is too long for lusertinn hero; .see Art. 2-lS. 

t See Vo.ss, "Zur Theorie der wiudschiefen Fliichen,” Math. Ann. viii. 
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respectively, the ruled surface which is their intersection is of 

degree and class 2ranp, since this is the number of lines whose 
cooidinates satisfy the equations 

f~ ^ = 2./V" = = 0, 

where a,* is any line. 

We may take 1 as an equation connecting the variables, 

and, for purposes of symmetry, assume 2a,.x, = <, where the «• 

are arbitrary constants and t a new variable. The coordinates 

of the generator x + dx consecutive to x are then given by the 
equations ^ 

^ dXi ^ dXi ^ 0 i 


whence 


dxi 

laiclxi = (It ; 

' dcti‘ir 


where 


n = 


X 


ki, ai 


d(f> d'\jr 
dxi ’ i}Xi ’ T^Xi ’ 

If two consecutive generators intersect, we have 'Zdxc^O 
and expressing that the five complexes 

iy;xi=o 

have a common line, we obtain 


^ \dxj 

2 0/00 

dxi dxi 

^d£d± 

dxi dxi 

0 / 

^ dxi 


dxi dxi 
^ \dxi) 

y 00 00' 

dxi dxi 


V ¥_ 

dx{ dxi 

y 00 01^ 

dXi dxi 


dxiJ ^ dxi 


t^lk- sjf-x. 
dx, dxi ‘ 

y 00 , ^d<f> 

ll±x, 


h 1 


def) 


dx: 


dxi 
V 

dxi 


X. 


1 h 

dx, * 

dxf 


S/i(^ 


I/(.-Xi 


Ixr- 


= 0 : 


or, since 


dxi 


(IkiX,y 


II 

M 

> CD 

II 

■ '^x- - ■ 

Sa:," = 0, t 

axi 

0a:,* 


s V 

2 5/ dj> 

5- 

[dxiJ 

dxi dxi 

"" dxi dxi 



y 00 00- 

0.Tj- 0a:j- 

[dxj 

0a:,* 0a:,* 

v^/ 

“ 0a:,- 0^:^ 

2 00 dyfr 
dxi 0a:,- 

' 0a7,*/ 


= 0 . 
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SIS 


This determinant is of degree 2(m + «+;)-3); hence there 
are 4 (//i + a + yj — 3) generators which are intersected by 
consccntive generators*. Such a generator is said to be 


singular.’ 


285. Rank of the surface. The Rank of a surhtce. beingr 
the degree of its tangent cone or the cIusn of its plane section, is 
the degree of the sitrfaee in line coordinates: i.e. the degree of the 
complex lormed by the tangents of tlie surface. To find the 
ei|uatitm of the surface in line coordinate's, we have, if // is any 
tangent, !£//,./•, = 0, = 0, hence eliminating the differentials 

between the e<|\iations 

s ''Z </.-■, = :i <1. , = :> = i.r,dx, = 2 : »,(/.<•,= 0, 

r'./-,- C.i'i At'i v/‘ • 


wo obtain 


(\ri 


('(f> c^yp' 

^ , h\, av, y. ! =0, and squaring, 

C 1 CJ I 


(iAv.-vr 



V ?/' 

\a/v' 

" dxi (Ki'i 

?f ?<j> 


r./-, d.Ci 

\CX{I 

?/ i’f 

y ?(t> ?y}r 

(\r{ ?.r, 

(I./*, 

^ . * 

1 i ^ 

V ,, 

//• 

c./v 

dj'i 

that 

d'i divides 


^ a 

V 

^ ?(}> dyp- 
” f'.r, ?.r,- 

V Zfy 

“ l?.ri 

V 

-Vi - — 

‘ cUv 


a-v 

a-v 


0 


= 0 . 


leaving an e«|uation of degree m + «4-/)-3 in x and unity in y. 
Kliniinating the .r,- from this ecpiation and 

/ = 0, (/) = 0. yp- = (». = 0, Xr,'- = 0, 

the e([uation of the surface in line coordinates is seen to be of 
degree 'lamp {ni n + p — 3). 

If for any generator the equations wliich give the consecutive 
generator are not linearly independent, we take as an additional 
emulation S Atr/./.Y/a'i = 0, thus obtaining /ii'o sets of values for the 
f/./', ; in this case a double generator exists, for each such double 
generator the rank is diminished by two, since the chiss of any 
plane section is diminished by two for each double point. 

286. Clifford’s Theorem, Investigations into the general 
ruled surface are outside the scope of the present treatise, but on 

* Klein, Malta .-Inn. v. 
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account of their interest we add a sketch of some ideas contained 
in the memoir on Classification of Loci due to Prof. Clifford*. 

He denotes by a curve a continuous one-dimensional ao-m'e^ate 
of any sort of elements, which includes not merely a curve in the 
ordinary sense (an aggregate of points), but also a ruled surface, or 
indeed a singly infinite system of curves, surfaces, comple.xes, &c. 
such that o/ie condition is sufficient to determine a finite nmnber 
of the elements. " The elements may be regarded as determined 
by k coordinates; and then if these be connected by k-\ 
equations of any order, the curve is either the whole aggregate of 
common solutions of these equations, or, when this breaks up into 
algebraically distinct parts, the curve is one of these parts. It is 
thus convenient to employ still farther the language of geometiy, 
and to speak of such a curve as the complete or partial inter- 
section oi k—\ loci in fiat spacef of k dimen.sions.’' “ If a certain 
number, say h, of the equations are linear, it is evidently possible 
by a linear transformation to make these e*] nations equate h of 
the coordinates to zero; it is then convenient to leave these 
coordinates out of consideration altogether, and to regard only the 
remaining k-h-\ equations between k - h coordinates. In this 
case the curve will, therefore, be regarded as a curve in flat space 
of k — h dimensions. And, in general, when we .speak f)f a curve 
as in flat space of k dimensions, we mean that it cannot exist in 
flat space of k — I dimensions.” 

The whole aggregate of linear complexes may be regarded as 
constituting a space of five dimensions, in which straufht lines 
constitute a quadric ]ocus|. 

A ruled surface is a ‘curve* lying in a quadric locus in five 
dimensions. If, however, the generators of the ruled surface 
belong to the same linear comple.x, the ruled surface is a ‘curve’ 
in a quadric locus in four dimensions. If the ruled suiface has 
two linear directrices, it is a ‘curve’ on an ordinary quadric surface 
in three dimensions. Ho that the theory of ruled surfaces which 
have two directrices is identical with that of curves on a fjmdric. 
Hence, such ruled quartic surfaces correspond either to quadri- 
quadric curves of deficiency unity {elliptic curves whose coordinates 
are expressible as elliptic functions of one variable), or to the 

• See Collected Works, p. 305. 

t By a Jlat space is meant one which is intersected by a line wliich does not 
belong to it in one point only. 

t See Art. 229. 
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curves of deficiency zero ^vhich are the partial intersections of a 
(jiiadric and a cubic surface. 


Similar considerations applv to surfaces. By a surface we 
shall mean, in general, a continuous two-dimensional aggregate 
(which may also be called a two-spread or fwo-watf locus) of any 
elements whatever.’’ 

Theorem. A curve of order u in fat space of k' dimensions 
{find no less) mat/ he represented, point for point, on a curve of 
order n — /• -f 2 in a plane. 

I ho proposition is obvious when /r = 3. The cone standing 
(HI a curve of order n (in ordinary spnee of three dimensions), and 
having its vertex ;it a ptatit of the curve, is of order n — 1 ; if then 
ue cut this Cone by a pl.atie, we have the tortuous curve represented, 
point tor point, on a plane curve of order /( - 1. Now this proce.ss 
is ajipliealile in goni*ral. Starting with an arbitrary point P of a 
curve in any number of dimensions. let us join this point to all 
the other p(»ints of the curve; we shall thus get a cone of order 
n — \. For. any Hat locus of k' — 1 dimensions drawn throiu'^h the 
point I , mu^t meet the curve in n points of which P is one; and 
tlierelon* it must meet the cone in » — 1 lines. Hence, if we cut 
this coiie by such a Hat {k — l)-way locus not passing through P, 
we shall get a curve of order n-l in Hat space of /r-l dimensions, 
which is a point for point representation of the original curve. 
I>\ continuing this process we may go on diminishing the order of 
the curve and the number of dimensions by ecpial tpiantities, until 
we have .subtracted /■ - 2 from each; when we are left with a 
curve of order n-k+2 in a plane.” 

It fiillows, by taking k = n, that a curve of order n in flat space 

of n dimensions is nnicursal, since it has ^1. 1) correspondence 

with a conic. Ky taking /c = n-l. we obtain the result that 

everp curve of order n in flat space of n - I dimensions is either 

untcursal or elliptic, for it has (1, 1) correspondence with a plane 
cubic. 

1 wo a[)plication.s of these hist results will now be made: since 

a luled (puntic surface which does not lie in a linear complex, 

corresponds to a curve of order five in Hat space of five dimensions 

such a surface is unicursal : similarly, a ruled sextic which does not 

lie in a linear complex is by the second result seen to be either 
nnicui-sal or elliptic. 
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287. Symbolic form of the equation of the complex* 

Ine complex 

fiP^- ' • ‘ Pih Pkl . . . 0 

ical representation. For the 
coefficient ■ ■ ■ has the property that if two pairs of suffixes are 
interchanged the coefficient is not altered in value, hence the sum 
of all the terms arising from such interchanges effected upon a 
given term i.s e.iual to that term multiplied by the number of 

such arrangements of its pairs of suffixes, hence we may write 
symbolically 

••• =«i7i.«w 

and thus /(P)s(lai, 

It should be noticed, however, that if in ... two suffixes 

of the same pair are interchanged the coefficient is altered in simi, 

hence this must also be true of the .symbolic quantities a,/,, cTc. 

Hence the complex is represented symbolically by the result of 

equatiny to zero the nth iwwer of a linear expression in the line- 
coordinates. 

Moreover in the equation of the complex, which is generally 
of the form /+(^.&) = 0, where 0 = 0 is any complex of degree 
m- 2, 0 may be so chosen as to make this .symbolic form a”i.se 
from a. special linear complex; i.e. to make' the six .symbolic 
quantities ani satisfy the equation 

u,o . f/34 + ay^ + = 0 (i). 

This involves that (piantities t/,, a,, ,,,; 6,, b,, b,, h, can be 

found such that = r/,-. 6/, — a/, . bi, and hence that 

~ (f^ibf, ~ (i/tbi)(af.b( — afbk) (ii^. 

The last equation is seen to satisfy the condition that if in 

••• two suffixes of the same pair are interchanged the sign of 
the coefficient is changed. 

For, in order that the substitution (ii) mav hold, on miiltijih’ing 
the left side of (i) by ... to « — 2 factors it must follow that 

••• ... = 0 (iii). 

The number of equations of the form (iii) is that of the possible 
combinations of n — 2 pairs of indices, i.e. the number of coefficients 
of a complex (f> of degree fi-2; hence if in (iii) we suppo.se the 
quantities to be the coefficients of we obtain a system of 

* The developments which follow were given hy Clebsch, “ Ueber die Coiiiplex- 
flachen und die Singularitatenflachen der Complexe,” Math. Ami. v. 
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linear equations with the coefficients of </, as the quantities to be 
(h'tennined, the number of the equations being that of the co- 
efficients of Hence the coefficients ot <f> are thus uniquely 
found so as to satisfy (in), and hence to make 

1 his form of the equation of the complex, t.e. that for which <j> 
is thus determined, is the Xormai Form (Art. 279); for 


>««: 


becomes in Pliicker coordinates 


(•e 


c- 


I hat such a form can be determined, and only in one way, may 
also be seen as follows: denote by A the operator 




+ 


() 


C’ 

+ ■- 


^'P\3^Pj4 ^ 7 ^ 1 : 1 ^ 7^43 * 

and a[)})ly it and its successive jiowers to each side of the equation 

/+ (^. 0 )= ['^(Oih~af,hi)pihY\ 

the Operators A, A-... reduce the right side of this equation 
to Y.vYi) on account of the identity 

o.j/ij) {(i^b^ — tf ^b;t) ... + . . . = 0, 

hence <f) has to be so determined that 

A(/+ </). w)=0, A=(/+<^.a)) = 0, etc.; 

but wo have 

A ( 4^ . ,4, ) = a,A0 + ^ f . 1“ + . . . 

<^Pi2 dp^ cpis 


= (oS(j> + ‘^ + p,, . , 


i.e. 


Similarly 


A ((j ) . &)) _ f()A(^ -f- ^ /i -l_ 2 ^ * 

A (wA(^) = wA'(^ + (n — 1) A^, 

A (wA-c^) = wA"'.^ + (« - :3) A-(^, etc. 

To determine A^+>(^w), operate on the fii-st k of these 
e(|uations respectively with A^ A*->....A and form their sum 
with the {k 4* l)th; we then obtain 

A (<f)(o) — coA(j) -I- (a + 1) 

A^* {(pay) = o)A-<f) 4- 2nA0, 

A’(0&j) = (aA’</) 4- 3 (?i — 1) A^</>, 

A* = (oA*<f> 4- 4 (a - 2) etc. 
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The equations A (/+ 0^.) = 0. etc. thus become 

A/ + + (?;. -{- 1) 0 ^ 

A'-^/+ a)A‘-^ + 2}iA(f) = 0, 


A^/+ ojA-'^ + 3 (« ^ 1 ) A‘(/) = 0, 

A\/'+ wA^<^ + 4 Oi - 2) A^^ := 0, etc. 

In the last of these equations the middle term is zero, hence 

eginning with the last, the succe.ssive A^ are determined and 
hence, from the first equation, 0 itself. 


Finally if to these equations we join /"+ (j) 
is the required normal form of the comple.'c, 
second, etc. of them by 


^=fi, where /i = 0 
multiply the first. 


CO 


co- 


co 




l.(n + l)’ 1.2(n + l)«’ 1' 2.3(/,^-l)„^_^r)^^^''• 

and add them all together, we obtain 


/ /■ ty A CO’ 


.1 


1 .2.3(ii + ■ 

Tlie right side of this equation when put equal to zero gives 
the normal form of equation of the given complex. 


288. Symbolic forms for the Complex surface and 
Singular surface. As in Art. 87 the e.xpre.ssion 

^ i^i^h ~ p,h 

may be written in either of the forms uA,-a„K, (a, /3, y); 

hence the symbolic form of the normal equation of the complex is 
(a, /3, X, y)’‘ = 0, or {aJ^-a^b^Y = 0. If we write 

P:2=7r._^ = -U-jV^ — u^V-^, etc., 
the symbolic form of equation becomes 

(®«/3w ~ o£i,/3u)” = 0, or (a, b, u, v)" = 0. 

If in either of the first two forms we consider the Xc as constant, 
we obtain the symbolic form of equation of the complex cone of 
the point x; if *in either of the second the w,- be taken as constant, 
we obtain the complex curve of the plane n in plane coordinates. ' 

The Complex surface of a line a is the locus of intersection of 
consecutive complex cones whose vertices lie on a. If y + Xz is 

any point of the line (y, z), the equation of its complex cone is, by 
the foregoing, 

(a, 6, a:, y + Xz)^ = 0, or, {(a, 6, a:, y) + \ (a, 6, x, z)]^ = 0. 

2]— 2 
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The locus of iiitei'section of consecutive complex cones is 
therefore obtained by tormiiig the discriminant of this equation 
for Now the discriminant of the expression + is 

equal to : rejdaciug {pp ) by jhjPz — jhPii y and 

p,f by (a, h, >•'> //) etc., we obtain as the equation of the complex 
surface of the line (//. z) 

!£Cn ((o. h, .r, h\ j\ *) — (u, h, c) {(i\ b\ x, y)j = 0, 


The number of the symbolic pairs ah, (ib\ ... is e(jual to the 
degree ol tlie discriminant of a binary form of the ath degree, i.e. 
2(e — 1), while each j)air enters /? times into each term of the 
sum hmice tin* last etjuatiou is of degree ' 2 n(n — l) in x, or, 
the Complex surface of a complex of the nth degree is of degree 

'In (» — ]). 

We may take as a deHnition of the singular surface, either that 
it is the locus of points whose complex coim has a double edge, or 
tliat it is the enveIoj)e of ]>lanes whose complex curve has a double 
tangent. The symbolic form of equation (►f the .singular surface 
may be obtained as ^►llows: — denoting symbolically a curve of the 
»th degree by 

7 / = 7 /" = 

its di.scriniinant A (whose vanishing is the condition for a double 
point) may be written symbolically in the form 

A = sen (777"). 

4 

The ilegrec of A is 3 (h — 1)- in the coefficients of the curve, 
hence this must be the number of the sets of symbols 7 which 
a{)pear ; each 7 must enter tt) ihe power n in each term of A, hence 
each such term must contajn n{n — iy determiitant factoi*s. Thus 
the condition that the section by the plane u of the surface of the 
»th degree 

/ = 7.'* = 7.'"= =0, 

should have a double point, is 

F IE Sf Tl (7. 7 , 7 u) = 0. 

The hist equation represents, in general, the equation of the 
surface in plane coordinates. If /‘is a cone, this equation becomes 

M. '“-"’ = 0, 

where x is the vertex of the cone, and M involves x but not u. 


See Clebscb, VorUsungen iiher Geonuttriey Bd. i. 
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the 1 °. •k-'t ‘te .f 

(a^&„-ay6^)« = 0, 

wljere the iji are current coordinates, we have, writing 

•yi^a^hi — h^^ai, 

and noticing that 7:c=^0, 

( 7 > 7 j 7 I — 7", 7” ii) 

= {h, 7 , 7", u) - 5 ^ (a, 7', 7", u) 

or, by a known theorem (Art. 91), 

= ^x (a. h, i, u) - 7^' (a, 5, 7 ", m) _ {a, b, y', y") 

= -(a, b, 7, 7 ") w:r, 


since ^ ^ 0. 

Thus for the complex cone 

F= . M, where M = ICU (b, a, y', y"). 

Now if a plane not passing through the vertex cut a cone in 

a curve having a double point the cone must have a double 

edge, the condition for a double edge is therefore il/=:0; each 

symbolic determinant factor is of the second degree in ^Jience 

M is of degree 2n(n — 1)- in a;, i.e. the singular surface is of deqree 
2n(n-l)\ ^ J J 
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CHAPTER XVIII, 


DIFKKIJKXTIAL EgFATIOXS f'OXXECTEO WITH 

THE LIXE COMPLEX. 


289. Lie* has shown that with the line coinjilex there is 
associateil a partial ilirterential iMpiatioii of the tirst order, whose 
characteristie curves are principal tangent curves on Integral 
surfaces: and has also investigated certain types of partial 
<Iitier(*ntial eipiations of the second order by aid of conceptions 
diawn from both line- and sphere-geoinetiT. The present chapter 
consists of a sketch of his researches. 

In the partial difierential ctpiatioii of the first order 
^ may consider .r, y, z to be the Cartesian 

coordinates of a p<iint and p, y, — 1 to be proportional to the 
direction cosines of the normal to a surface element (Art. 218) 
of the ])oint: then the given differential eipiation selects 00 * 
surface elements, and the problem of integration is to determine 
surfaces whose surface elements shall satisfy the eijuation 0. 
Through every point there pass x ‘ surface elements which satisfy 
the given condition ; these elements envelope a cone and if m, n 
are proportional to the direction cosines of any genenitor of this 
cone, since this generator is the intersection of the planes of two 
consecutive surface elements, we have 


hence 


lp-\-7,tq-n = 0, l(lp + md(j = 0, . rfn + ^ = 0 . 

op ^ d([ ^ 

I 






Fp F, 


Eliminating p and q from these equations and the equation 
F={), we obtain an equation of the form 

/(/, m, », a-, y, z) = 0, 


• See the memoir quoted on p. 233. 
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which is homogeneous in the quantities I, m, n, and hence 
represents the cone connected with any point {x, y, z). 

Conversely, if the last equation be given, we obtain the 

corresponding equation by eliminating I, „ from the 

equations 




and / = 0. 


A differential equation of the form f{x, y, z, dx, dy, dz) = 0, 
which IS homogeneous in dx, dy, dz, is usually termed a Mon^e 
equation. It assigns to each point of space a cone of directions, 
and hence leads, by the foregoing process, to a partial differential 
equation of the first order. A curve, such that the direction 
cosines of the tangents at all its points satisfy this Monge 
equation, is called an Integ^ral curv'e. 


290. The characteristic curves of a partial differential 

equation. It will be convenient to recall for reference .some well- 

known results in the theory of partial differential equations of the 
first and second orders. 

An equation of the form F {x, y, z, q) = o has three types of 
solutions : — 


(i) A complete solution, viz. a solution of the form 

where a and h are arbitrary constants. 

(ii) A general solution, obtained by making b a function of a 
. and eliminating a from the equations 

z=^f{x,y,a,<j>{a)), ^ f (a) = 0. 

These two equations represent, for any given value of a, a 
curve called a charactei'istic along which the surface z — f is 
touched by its envelope, the general solution. 

(iii) A singular solution, obtained by eliminating a and h from 
the equations 

z=f{x,y,a,h), g = 0, 1=0. 

There are jo* characteristics of any given non-linear equation 
^ Vf p, ?) = 0. Through any point there pass « ‘ character- 
istics whose tangents. at the point are the generators for the point 
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of the Monge equation connected with F= 0. At any point of an 
Inteyral surface of F=0. it is touched by the cone for the point of 
this Monge equation in tJte direction of a characteristic. On each 
Integral surface there are cc ‘ chaiacteristics, and tlirough each 
chai actenstic there j^ass an unlimited number of integral surfaces : 
this is the distinguisliing preperty of a characteristic, from it the 
CMjnations determining the characteristics are seen to be 

dc _ dp _ dq 

F, pF,, + qF, ~-F,- F,p ^ 1 F, -Ffi * 

If two Integral surhu’es touch along a curve, the curve is 
necessarily a characteristic, and an infinite number of Integral 
surfaces touch along a given characteristic*. 

A linear equation Pj) + Qq — 7^ = () lias oidy x - characteristics, 
wliich are the curves u~a, v = b, the integrals of the equations 

d.r _dif _ dz 

p - ()-p' 

Ihrough any point there passes o/ie characteristic ; the surface 
elements deterinineil at the point by the differential equation all 
contain the tangent to this characteristic. 

1 he characteristics of the differential equation of the second 
order 

Pr + Ss 'Tt U {rt -*■=)= r 

have the same special property as those of the equation 

7 >' 7 ) = ; 

on each Integral surface there is an infinite number of chai*acter- 
istics, whose differential equation is 

U (dpdx H- dqdy) + Rdif + - 8da:dy = 0 ; 

this is an equation of the second degree, showing that through * 

each point of the surface there pass in general two characteristics, 
which however coincide if = 4 -f- UV). If 

P y, z, iJ, (?) = 0 

is a first integral of the equation, each of its characteristics is a 
characteristic of the equation of the second order. 

291. The Blonge equation of a line complex. The 
eijuation 

f{ydz - zdy, zdx ~ xdz, xdy - ydx, dx, dy, dz) = 0 . . .(A), 
homogeneous in these six quantities, is knowm to give a line 

* A discussion of tlie above results will be found in Lie and Scheffers’ 
BtrVthrHugtlransformatioMn, S. 49S-511. 
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complex. It is easy to see that if the cones of a Monge equation 
LT™ “fo r '« »»’* be” 

IJ ■ { U T pc‘»ts whose 

cones include the direction 

dx du dz 

// ~ A- “ T ^ 

but if the cones are those of a line complex, this locus must be a 
cylinder whose axis has the given direction ; and the equation of 
all cylinders whose axes are in this given direction is of the form 






or, generally, F {ly - kz, hz ~ L, kx - hy) = (), 

Hence, a Monge equation which represents a line complex 
must be ol the form (A). Such an equation has among its intetrral 
curves the oc ■“ lines of the complex. 

' The equations which enable us to pass from a Jlonge equation 
to the corresponding partial differential equation /’=(), apply, of 
course, also in this case. The characteristics of the latter equation 
through any point have as tangents at the point the lines of the 
complex. The complex cone of any point touches at that point 
any Integral surface of F through it; continuing along one such 
surface in the direction thus indicated at each point, we obtain a 

characteristic c on this Integral surface; there are cc ’ such curves 
c on the surface. 


292. The characteristics on an Integral surface are 
principal tangent curves. Taking f{x,y,z,x\y\z') = 0 as 
the equation of a line complex, where dx : dy : dz = x’ : y' : z, it 
was seen that, corresponding to any given values of ?/, /,\ve 
obtain a complex cylinder the direction cosines of whose axis are 
proportional to x, y^ z \ the direction cosines of the normal 
at any point {xyz) of this cylinder are proportional to fxy fy, fz' 

+ yjy = 

Again taking the point {x, y, z) of any complex curve, its 
coordinates are functions of one parameter t, hence dx — xdt, etc,, 

and ^=0, therefore 

+fyy’ +fzZ' +fj/y" ^rftz' = 0 , 

hence x'% + yj^ + zj^ = o. 

* Salmon, Geom. of Three Dimeneione, p. 375. 
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SO that 


Moreover, since f is homogeneous in y, z we have 

+ ifh + </V = 0. 

t n • f tf tf / >9$ 99 9 

if Z — Z // _z.r — z .V _ X // — X (f 


Jv 


Ji 


Now these nuineratfirs arc proportional to the direction cosines 
of the osculating plane of the given cotiH)lex curve at the point 
{x\jz). hcnc(‘ (til complex ciirves ii'/nch touch ot the some point have 
the some usculotmrf plone at that point* : this plone touches the 
complex C(me of the point. 

Considering any Integral surface *S of /’=(), at any point P 
of S tli(' tangent plane, coiunum to •S and the complex cone of Py 
thus oscniatos the characteristic c on N which pa'^sos through P, 
hence c ts o principal tonpent curee on S. On any Integral surface, 
therefore, the characteri''tics of P = 0 form one set of principal 
tangen t curves. 

Conversely, if in a Mimge e(|uation tlic osculating plane at 
(*ach point of <>very Integral curve t<»uches the C(Uie assigned to 
tim* poiiit l)y tin* Monge <M|uation, the latter CMjuation is that of a 
liiu‘ coinplox; for \i f{x, p. z, x , if\ z) = 0 is the given Monge 
e([uation, hy tlie given condition we have 

• 9' • 9 99 99 9 9 99 if 9 

// z -- }f z z X — z sp u j! — ,/• if 

4 

y- y./ y*" 

I.ence + zj, = 0. 

Hut tlie points of the Integral curve, being functions of one 
parameter t, .siti^fy tlie condition = 0, hence 

■>\0 + n't,, + rr + y.fjc- + ii"fv + O'i = 0 . 

i.e. the e(juation -c/'^ + ///,, + -[/^ = 0 is satisfied by each line 
element of the Monge equation: this shows that the locus of 
[mints, which have a line element of the Monge ecpiation in a 
given direction, is a cylimler, and therefore, by the foregoing, the 
Monge e([uatioii is seen to be that of a line complex. 

293. Form of the partial differential equation corre- 
sponding to a line complexf. The differential equation of the 
[irineipal tangents on any Integral surface of P=0 

is d;K/.c 4- f/r/dy = 0 ; 

* Comimru with the ix-sult obtained for a linear complex (Art. 41). These 
curves liavc also the same torgiou, see L. and S. IWrilhr. S. 309. 
t See L. and S. lieriiUr. S. CIO. 
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expressing that this equation is satisfied by a characteristic of 
-p = 0 we obtain 

FxFp + F„ Fg + (pFp + qFg) = 0 

an equation which is identically satisfied by any partial 
differential equation F^{) thus derived from a line complex. 

Conversely it may be shown that the Monge equation of every 
non-linear equation F=0, which satisfies the above identity, 
IS that of a line complex. For coirsider the points at which 
a generator of the cone of the Monge equation has a given 
direction I, ni, n ; then we have by Art. 289 

/ _ wfc _ n 

Fp~Fg~ pF^^^Fg 

the points in question form a surface which is obtained by 
eliminating p and q from these equations and F=0. 

Now the condition 

Fx Fz {pFp + qF^) = 0 

becomes IF^ + ^F^ + nF,^Q (II) ; 

and since Ip + mq-n^O, 

where p and q have values determined by (I) for each point 
of the surface considered, we have 


l^J^ + ra^- = 0, 


dx ■ dx 

over the surface, i.e. 


- +m^ = 0, 
du 


dp 


I . ^ '7 A 

cz c<z 


dp 


F,. + Fg g = 0, etc 


dx 


(III) 






But we may regard F(x, y, p, q) = 0 as the equation of this 
surface, provided p and q have the values assigned to them 

from (I); the direction cosines of its normal at any point are 
proportional to 

. IP ^9 p P M p 
^ OX ^ ^ oy ^ oy 

thus the conditions (II) and (III) show that the normal at each 
point is perpendicular to the given direction /, m, n; ix, the 
surface is a cylinder \ hence, as before, the Monge equation is that 
of a line complex. 

Hence^ if a non-linear partial differential equation ^^=0 has 
the property that on every Integral surface the x ^ characteristics 
are principal tangent curves, its Monge equation is that of a line 
complex. 
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294. If the differential equation is linear, it has x - character- 
istics (Art. 290). v:}nch must in the present case be straight lines \ 
for the planes of the surface elements of each point form a pencil 
whose axis is that of the tangent to the one characteristic through 
the poirU : and if each plane of the pencil is to be the osculating 
plane of the characteristic at the point and this is to occur for 
each point of the characteristic, the latter must be a straight line. 
The Integial surtaccs are therefore in this case ruled surfaces of 
the complex. 

295. Contact transformations of space*. If we adopt a 
dirtercnt notation in the eijuation.s (vi) of Art. 217, viz. by writing 
A", - Z for a, /3, 7 respectively, and ~z, g, a: for \j and z 
res[)ectively, the>e e<juatir)ns assume the form 

X + iy-\-aZ^z = 0, ] 

.r(X - iV) = 

'I'he linear complex corresponding to the points (A' Tif) of S 
is then 

.rc/g — gd^v + c/z = 0 . 

Proceeding as in Ait. 219 we tind that the surface element 
(AT, y, Z: 1\ Q, — 1 ) of ^ corresponding to the surface element 
(.r, y, z ; p, 7 , — 1 ) of A is determined by the equations (i) together 
with the e(juations 

z=- p = -'’V ^ 

7 + .r ' q~ X * - q — X 

By differentiation of the etiuations (i) we find that 
dz — pdx — qdg = — {dX + id Y + xdZ + Zdx) 


(i)- 




— pdx — q |a’ , dX - id Y ~ dZ X — iY . dx] 


= (</ - 

since the coefficient of dx is 


dZ - dX + i 


q — X 


q — X 




-Z-p-q(X- iV) = q - X - iv) 

l^ + y 




Hence dz — pdx - qdg -{q — x) \dZ — PdX — QdY], 

If dz — pdx — qdg is zero, the two consecutive surface elements 
y. z. p, 7 ), (x + dx, g-\- dg, r -I- dz, p + rfp, 7 + dq) 

* See L. and S. lieriihr, S. 52*2. 

t This form of the etiuntions is used in L. and S. Deriihr, S. -463. 
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are in a united position, i.,. the point of the second surface 
element lies in the plane of the first, and we therefore conclude 
that if two consecutive surface elements of A are in a united 
position, so are their corresponding surface elements in ^ • hence 
to the surface elements of anrj surface of A correspond 
=0 surface elements of 1 which also belong to a surface. 

By the transformation considered, the equation F=Q oives 

rise to a new partial differential equation Fj(X, Y Z P Q) = 0- 

each surface element which satisfies F=0 leads’ to a surface 

element which satisfies F, = 0. Any two of the Integral surfaces 

of F which touch along a characteristic give rise to two Integral 

surfaces of F^ which touch along a curve which is therefore a 
characteristic of F,. 

Thus to the characteristics of /"there correspond characteristics 

of Fp, if therefore the characteristics of /’are principal tangent 

curves, those of F^ are lines of curvature (Art. 220): to the^line 

complex of principal tangents corresponds a sphere complex of 
principal spheres. '' 

296. The trajectory circle. In the correspondence of 
Art. 215 between the spaces A and S, the two lines which 
correspond to a sphere of centre {XYZ) and radius H are given 
by the equations 

X + iY = s, i: ^ = r, 

X~iY=p, ±h~Z=<7. 

Any equation H~F{XYZ) may therefore be taken to 
represent either a line-complex or a sphere-complex. The tano-ont ‘ 
linear complex * ' 

{X — A" ) 4- 17- ^ 


H-H,==x;/(X-XX^^{Y~Y,^^^-^(Z~Z, 


■ dX, 


) 


contains the sphere (X„ Y„ Z„ IQ and also every consecutive 
sphere of the complex. It is easy to see that this complex 
is formed by spheres which cut the plane 

- - 8X ( r - r.) + f • (Z - , ,i, 

at a constant angle ; hence the points of contact of the sphere 
(XffYt^ZoHo) with every consecutive sphere of the complex which 
touches it, lie on the circle which is the intersection of (i) with 
the sphere 

{X - X.y ^-{Y- Y,f + {Z-/Q^^H-^ (ii), 

where in equations (i) and (ii), the X, Y, Z are current Cartesian 

coordinates. 
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This circle is called the Trajectory Circle of the given sphere, 
and has iinpnrtant bearings on Lie’s theory. 'I’he surface elements 
of the sphere at the points nf this circle belong to diti’erent 
Integral surfaces of the dirt'erential e(piation Fj = 0 which coire- 
sponds to the given sphere complex. The y: ^ surface elements 
ot the complex thus consist of x ' surface elements on each of the 
X ^ spheres of the complex. 

If two consecutive spheres {XJ^ZJO and (A^ + rCV, ...) 
touch each other, we have as the condition 

,/A-’ + </)-•■ + dZ^ = dip = ( ,/A' + f/r + dZ 

'/'A. 

This is a .Monge etpiation whose cone for the point (A’’oro^.)) is 

{X - A,)- + ( ]' - + (Z - Zj- 

" A' ’ ' + d }-,i’ 0" - r.) + pj’ (z - z,) 

1 his cone is scon to be one of revolution and to contain the 
traji'Ctory circle of tlie sphere ( A „ Lf, Zo //« ). It is termed by Lie 
the eUmeuturt/ coniph\r cone of the sphere complex and gives the 
direction of those points consecutive to {X„]\Z,,) whose complex 
spheres touch the given sphere. We observe that if of the family 
of surfaces // = constant, the one be taken which passes through 
{X„y„Z„). the normal to this surface at this point, which has 
direction cosines proportional to 

?//.. ?//.. dll„ 

?xy dVF dZF 

is clearly the of the eleinentorp complex cone of (A'o YoZ(,). 

297. Partial differential equations whose character- 
istics are geodesics. If we consider any point 7-*, or 

which lies upon a surface H=C, and take a point Q, or 

(Ao+r/A, lo + f/], Zi,-]-(lZ), 

in which the elementary complex cone of P meets a consecutive 
surface H = C-\-dC, then since the latter surface passes through 
Q, we have 

dC = dX + rfF + dZ 

c* A 0 d / 0 vZ(y 

= PQ. 

The surface H=C-\- dC, therefore, cuts off from each generator 
of this cone the same length dC, 
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w S-”,"’.' pl“S S*“°p 1 “'“ “'"1’'“ »«« 

shortlv hi ^ u differential e., nation, which will 
} gi\en, whose surface elements tniif*}i 
cones along characteristics, (Art. 290). 

Consider a surfoce element of this differential euna 

tion which touches the cone of its point aloncr pn i 

meets the surface J/=0 alon? FP' ■ th w ■ ^ f 
th‘it P/) n 1 7j 7i/ ^ ^ 1^5 clear 

g,v,,.g ,1 

o.... ,I 7 <2 = ^ , etc., the curves PP' 0(/ 

z: p!“. 

^‘ferential equation 

'oil . dll dH 


04) 90 

0 ^ 3" ’ 07a ’ 0a ’ 


= 0 , 


and is therefore easily found to be 

+ QHy - - (H^‘ + (P^ + Q^+i)^q 

298. We .shall now show that the characteristic of the 
surface element at any point P of the 

trajectory circle of any sphere of a sijliere- 

cornplex, is perpendicular to the trajectory 
circle. 

Foi since is a point on each of the 

00 ; complex spheres which are 

principal spheres at the point P, or (XFZ), 

these spheres are determined by the equa- 
tions 

(Z-z.)»+(F- y.)> + (z - z.)’ - = 0 , 



Fig. 14. 
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//„ + (X - x„) + ( }' - ];> + (z- z„) = 0, 

The line ef iiitersectittn ot two consecutive surface elements 
at F gives the direction of the characteristic: now this line is 
clearly perpendicular to the line joining the centres of the two 
corresponding principal spheres, i.e. to the line whose direction 
ecsines are proportional t<> dXa, dV,,'. dZ„. Hence, if I, m, n are 
the direction cosines of the re(piired characteristic, we have 

IdX^ 4 - /ltd + iidZ„ = 0 . 

I {X — Xj + III ( V- }V) + u {Z— Zy,) = 0. 

But since the consecutive prineijjal sphere passes through 
{XYZ) we have 

( X - A',) dXy, + ( }' - ]'.) d + {Z- Z,y) dZ, + IF dIF = 0, 
i.e. 


X - X„ + //„ j ,/X, + ( 1' - l'„ + //. d Fo 


dll; 


+ {Z-Z, + H„ dZ„ = 0 . 


Hence the line whose direction cosines are proportional to 
V— V 4- If V— r -L 7-F 7 7 I JJ ^-^^0 

satisfies the conditions which determine the characteristic. • 


Hence the tnngetd of the characteristic at P is perpendicular to 
the tangent plane (f the eleinentarg complex cone of C along (7P, i.e. 

IS perpendicular to the trajectory circle. 

The trajectory circle derives its name from this property. 

It follows that the tangent of the trajectory circle at P touches 
at that point a line of curvature of an integral surface of the 
j)artial differential cjpiation connected with the sphere-complex; 
hence the tangent plane of the elementary complex cone of C 
along (7^ touches at C the locus of centres of curvature of an 
Integnd surface of this differential equation. 

Now the dillerential equation whose characteristics are geodesics 
on Integral surliices was derived from the Monge equation of the 

complex cones of H = F{XYZ)\ if P, = 0 be the ' 
partial differential equation which corresponds to this sphere- 
complex, it follows that each Integral surface of P, has as its 
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of three existence 

>vhose solutions are mutually depTndltTthtnrr^ 

on b; Erris;:: 

(n) those whose characteristics are linpq nf 
Integral surfaces, or ^ curvature on 

(ni) those whose characteristics are geodesics nn T f i 
surfaces, or gcouesics on Integral 

-.“liar:;'”"” z "r:i 'i?' ‘77^ 

...fa,., „w , p J™ “ 

be 7''“'' *■ ‘'J. *)-0 

.0 bf^epeiZSt' r‘ 7 “r •>' 

dx ; t/y ' dz P ‘n • ^ \ 

hence the differential equation is 

f^-y-z<h zp+x, xq-yp, p y _i) = o 

or, since - 7 /n - ^ ^ ' 

yP — zp) ~ j. 2 n\ 

•he d.ir.r.n,i.| e, ,k, 

t 0j + zq, X + zp, p, q) = 0. 

coitef^tt ur™d'7 d’"*""' 

fliof fk ] ■ sphere-complexes. Lie his shnu n 

i^urves belongs to a given line-complex. 

Let 

f iydz - zdy, zdx - _ ydjc, dx, dy, dz) = 0 

be the given complex, and 

z=^i^{x, y) 


J. 


22 
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a surface which siitisfies the given condition ; its principal tangents 
are given by the eipiation 

rd.r- + '2ii(b (hj -f- tdif = 0 (i) ; 

to express that a complex curve is a principal tangent curve of 
this surface, we substitute in /= 0 

dz = pd.r 4 - qd>j. 

and tlience determine one or more values of in the form 

dx 

dij 

^ (j;. y, p, q). 

Substituting this value (i) obtain 

r + 2iV.v + = 0 (ii) 

as the differential ecpiation whose Integral surfaces satisfy the 
given condition. 

Of this e(juation we know already two types of solutions: 

('/) ruled surfaces of the complex, 

(6) surfaces which at each point are touched by tiie complex 
cone of tfic point, i.e. solutions of tl»e jDj, connected with the given 
line-com])lex. 

iMoreover there are no other solutions than these; for if an 
Integral surface contains x' straight principal tangent lines, 
i.e. generators, which belong to the complex, it is a r»iled surface 
of the complex; if it contains x' complex curves as principal 
tangent curves, the osculating plane of such a curve at any point 
touches the surface, and we have seen that it also touches the 
complex cone of the point (Art. 2J)2), so that the surface is touched 
at each point by the complex cone of the point, i.€. the surface is a 
solution of the corresponding This diHerential e(|uation of the 
second order is one whose two characteristics through each point 
of an Integral surface coiHcidB\ the characteristics are therefore 
identical with one set of principal tangent curves on each Integral 

surface. 

The symbol A/ is employed by Lie to denote this class of 
difterential equations. 

302. The consideration of a sphere-complex leads to the 
problem to determine all surfaces whose principal spheres belong 
to a given sphere-complex. 
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snrfV f'e second order defining such 
sui faces ]s similarly found to be ^ 

{rt - 5=) a- - [(] -f. t - 2pqs 

+ (1 + r/) r] + (1 + + q^-y = q ; 

wherein ^ is a function of ir. y, and q. The symbol bJ is 
introduced to denote such equations. 

303. Partial differential equations of the second order 
on whose Integral surfaces both sets of characteristics are 
principal tangent curves or lines of curvature. We now 

consider two types of partial differential equation.s of the second 
Older, the first type is such that on each Integral surface the 
two sets of characteristics are the principal tangent curves: the 
second type is .such that the two sets of characteristics are 
e lines of curvature. They are denoted respectively by Dj," 

Since the differential equation of the characteristics of 

rt — + Ar + 2Bs Ct — F {x, y, 

+ 2 (6* — B) dxdy +{C + 7‘) dx^ = 0, 

if the characteristics coincide with the principal tangent curves, 
whose equation is 

rdx^ + 2sdxdy + tdy- = 0, 
we must have A = B = C — 0 

and the equation of a is 

rt-s- = F{x, y. z,p, q). 

It has been shown by Du Bois-Reymond* that the equation of 

T\ ^ 

a JJ.gi IS 

r . s + ( ---I F=0, 

pq \ pq J 

where F is any function of x, y, z, p>, q- 

It is easy to see that this equation is equivalent to the 
following : 

- ( 1 + 3'“) «]/“ + [( 1 - (1 + 9“) r]f+ [( 1 + p'^) s - pqr] = 0, 

where the functions y*and .Pare connected by the equation 

^ {(J + ?')/+ P'/l - [ppq +/(l +p-)] = 0. 

304 The curves s and o- of a Z),/. If in the equation 
last given for a D^' , ~ be substituted for f, we obtain the 

* See Partial Differential Equation$t p* 130. 


22—2 
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(lirtenMitial ecjiiatioii of the lines of curvature of anv Integral 
surface ; it follows that a given DJ' assigns to any surface element 
of space two definite orthogonal directions; on any surface we 
thus obtain two sets of curves .y ami a which are orthocfonal. 

O 

A DJ' is thus an analytical expression of the problem to 
determine the most generol surface ndtose directions of principal 
curvature dejtend hg a given law on the position of the corre- 
sponding surface element. 

'rh(‘ characteristics of any particular integral of a D.f' of the 
form J \.nizp>i) = 0 will he also characteristics of the and 

therefore lines of curvature of the Integral surlaces on which 
they lie; hence, such a jiarticular integral must be a Dy,*, If 
a }>J’ has a first integral wliicli is a to the latter will 

correspond a sphere-complex, ami considering any sphere of 
this complex it is ch*ar that its trajectory circle belongs to one of 
the 'two sets of curves s and a on this sphere. 

If we consider a singly infinite number of integrals of this 
kind, ami therefore ' s])hero-complexes. all spheres of space 
are thereby included. Hence for every spliere it follows that 
among its curves .y, <t there is included one or several trajectory 
circles. If finally a general first integral exists of the form 

?/ = /'(/'), wher(‘ u and v are each functions \r, y, z, p, <p there 

% 

are two conceivable cases, viz. among the curves s, <t of any 
sphere. th(*re is one or a finite number of ti-ajectory circles, or 
there is an infinite number. We shall see that the first case is 
imposs 

For if it were possible, let 

If^FiXVZ) 

be a sphere-complex whose Di^ is a first integral of the given D.^, ; 
then thi; trajectory circle of a sphere (Ao I nZallf) of this complex 
lies on the plane 


( .Y - .Y„) + ( Y - r.) + + ih = o. 

0 ^ 0 




But thi.s trajectory circle being assumed to be one of a finite 
number of such circles on the given sphere must be determined 
by the i.e. the coefficients 

dHo ^Jio 

0A ' 01V 


It is to be noticed, that as in the case of a D,i. there are two types of 


solutions of a 
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= F„ 


’ CS ^ 3 ) 


aF„ 0z„ 

these equations give an integral involving arbitrary constants and 
not arbitrary functions ; therefore the assumed complex 

H = F{XYZ) 

cannot relate to a fjeneral first integral By, of the DJ\ 

Hence if a has a general first integral, on any sphere 
one set of the curves s, <t consists of circles and the other of a 
set of orthogonal curves. If a D.f' has tivo general first integrals 
the curves s, ij form two sets of orthogonal circles, and hence each 
member of one set passes through two fixed points, and each member 
of the other set through two other fixed points. 


305. To determine when a Df' or a D.f' has a general 
first integral. The equation F{X, Y, Z, H, K) = 0 . where V is a 
parameter, represents x ' line- or sphere-complexes C, which we 
take to be linear; if we form in the usual way the envelope 
complex, VIZ. eliminate \ from tliis equation and the equation 

0 ^ ~ 0, we obtain a complex A.. Then, considering ^i/ie-complexes, 

it is seen that for any point, the x ^ planes of the complexes C 
touch the complex cone of the point for the complex A ; for two 
consecutive linear complexes intersect in a linear congruence and 
the complex A may thus be regarded as composed of x' linear 
congruences of which tw'o consecutive congruences belong to the 
same linear complex ; considering therefore the lines of A which 
pass through any point, w^e see that two such consecutive lines 


always belong to the plane of one linear complex C. 

If a Df' has a general first integial of the form u=f{v), it 
must be a to the latter a line-complex corresponds, which is 
termed an Integral Complex. Each of the e(juations a = constant, 
V ~ constant gives x ^ Integral complexes; they may be united in 
ways in pairs such as u — Ua, v = t%; such a pair assigns to 
each point P of space one or several surface elements, viz. those of 
the common tangent planes of the complex cones of P in the two 
corresponding Integral complexes. 

If we choo.se from the x ^ pairs a set of x ^ by any definite 
law Ua~f{yii), we thereby assign to each point P x* surface 
elements ; they are the tangent planes of the complex cone of P 
in the Int^ral complex corresponding to u=f{v). 
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Two consecutive pairs i'f, + Ar^) assign to 

each point one or several directions which belong to an unlimited 
number ot Internal complexes*: such directions therefore are 
common to all these complexes ami hence belong to a line*con- 

gruence; l)y giving ^ ail values and keeping and vi constant 

we obtain r. * such congruences forming a line-complex C\ this 
complex is linear, or consists of several linear com])lexes ; since its 
lines for each point lie in the plane (or planes) assigned to the 
point by u = n„, v=r,,. 

Now making n„ = /((V,), whi*re /* is some doHnite lunction, we 
obtain x ' linear complexes C. whose planes foi‘ any point P are 
the tang<‘nt planes (»f the cone of P in the Integral complex 
corresponding to n = /(c). 

* 

Hence, ?/’ a D-i" /o/.s’ a (jeuerdl first inte(]ral of the form 
u = f {v), there correspand to it x- hnenr completes C such that 
antf x‘ coi/iple.res C have an envelope complej' whose 
particular first infet/ral. 

Conversely it can be shown that x ^ linear complexes determine 
a llfi (or a DJ'), witli a general first integral. We notice in the 
first place that a linear line-complex determines x surface 
elements, whose planes arc its polar planes for the x points of 
space; similarlv a linear spliere-complex determines x^ surface 
elements, for the spheres of such a complex cut a fixed sphere S 
at a constant angle, and therefore tlie x surface elements along 
their traji'ctory circles have their points on iS and inteisect S 
at a citnstant angle; through each point ot *5 there pass x* of 

these surface elements. 

If tlR'iefoix' we consider x - linear sphere-complexes C, we 
ohtain ac " surface elements; each surface element ot space belongs 

to one 

the intersection , 

mental " sphere .b' of the complex C to which it belongs, we assign 

to each surface element two orthogonal directions which thus 

depend merely on the pusitiim of the surface element; this process 

therefore deteriuines the A-/' "I'idi performs the same definite 

assignment. The envelope of any set of x ' linear complexes 

gives a complex which has a corresponding D,.,; the surface 

elements of this U,, for any point are such that each is intersected 

* Since there is an infinite number of functions/ satisfying the conditions 


lin X " .surfico elements; each surmce eiemem ui 

me e<un])lex C (or a finite number of complexes C), and taking 

intersection of eaeli surface element of space with the fnnda- 
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along- the direction assigned to it by the D.,:\ by the consecutive 
surface element; hence this Z),., is a particular integral of the 

306. and DJ' with two general first integrals. It 

has been seen that a DJ' determines on every sphere *S' two sets 
of ciicles which are mutually orthogonal ; hence all circles of one 
set pass through two p.^ints P, and and all of the other set 
through two points and Q». The Integral complexes which 
contain S consist of two systems, viz. those whose trajectory circles 
pass through and P.^, and those whose trajectory circles pass 
through Qi and Q.,, It is obvious that all Integral complexes of 
the first system which contain tS’ will also contain the two con- 
secutive spheres S' and whicli touch S respectively at 7*, and 
P., ; now the DJ' determines on >S" two points P/ and 7V, «nd 
since P, lies on the trajectoi-}^ circle of *S'' for all the Integral 
complexes considered, it is clear that P^' coincides with P^. Thus 
there are x * spheres touching at 7^,, all of which belong to these 
complexes. Continuing this argument it is clear that all these 
Integral complexes have at least x - spheres in common which 
divide themselves into :c * “pencils” of x ' spheres (there cannot 
be Gc spheres in common, for then the complexes would be 
identical). 


Hence we have, for every sphere S, two sphere-congruences, 
one, which may be denoted by K, corresponding to the points 
Pj and P.,; and another, denoted by Z, corresponding to the 
points Qi and Q., : every sphere of K behmgs to each of two pencils 
of X ’ spheres in contact at the same point ; similarly for Z. 

• We h ave in correspondence in the space A, two line-con- 
gruences TT, and Z, which are disposed in x ‘ plane pencils and so 
that each line of ZZ, belongs to two of these pencils; but this is 
peculiar to lined?' congruences, therefore 7Z, and Z, are both linear 
congruences, and hence also K and L. 

4 

Now every sphere S gives rise to such a pair of linear 
congruences K and Z, and since it is seen that the spheres of 
a congruence, e.g. K, form a closed system, i.e. the same C(jn- 
gruence is obtained with whichever sphere of K we begin ; it 
follows that there are, corresponding to the x * spheres of space, 
Qo* such congruences K and L. 

Moreover, any pair of line-coi}grnences Ki and Z, are such that 
their directrices form a Uuisted quadrilateral. For, a sphere S, 
common to K and Z, touches the two fixed spheres and S.^ of 
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tlio cotiffruence K to whicli S belongs, at the points and P.^, 
and touches the two fixed spheres and of the other con- 
gruence L, at the points Qy and ; and it has been seen that P,, 
Pj and Qi, Q.. are such that the circles through the one pair cut 
orthogonally the circles through the other pair. Hence, if we 
invert 8 from any point upon it, we obtain a plane tt which 
touches the inverse spheres *SV. '"'V; 8,' at points having the 

same property for circles of the plane tt. It can be shown that Sy 
and iSV touch *sV 81 For, taking tt as the plane 2 = 0, and 
the lines joining the two pairs of j)oints as the axes of coordinates 
in TT, it is seen that if P,7V = 2u, the eiiuations of 8y\ 8.!, 8.j and 
8/ are respectively 

- af -h f ^{z- RyY = RY, 

(.r + o)- + //= + (-- = 

a- + (y - aif + (2 - Rj- = 7f3-, 

+ (y + aiY + (2 - Rj- = Rl 

Hence, since 

a- - a- + {Ri - RbY = (Ri - Ry)-, &c., 
the result just stated follows at once. 


(Jonse(iuently, in the corresponding line-congruences A’'i and 
Ly, it is seen that the directrices of Ky meet those of Ly. 

Hence, each of the directrices of the oo^ congruences Ky meets 
all directrices of the x • congruences Ly ; and neither set of direc- 
trices can be x in number. Hence the directrices of the con- 
gruences Ky form a regulus p of which the directrices of Ly form 
the complementary regulus p. 

Hence, every DJ' with two general first integrals gives rise to 
two sets of X - linear sphere-congruences K and L ; since the first 
integral corresponding to the congruences K contains an arbitrary 
function, the corresponding Integral complex can be determined 
so as to contain any x * spheres (belonging to different congruences 
7v), so that any x' congruences K determine an Integral complex 
of the JXf. Thus any correspondence established between pairs 
of lines of a given regulus p gives rise to a line-complex, wltose 
corresponding Pyy is a first integral of a ' \ w'hile any cor- 
respondence between the lines of the conjugate p' gives a first 
integral of a second species : and generally, two conjugate systems 
of three terms of linear complexes define the most general i)^," or 
nj' with two general fii-st integrals. 
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307. Application to the quadratic complex'^. By intro- 
duction, of the “elliptic” coordinates of a line (Art. 130), the 

condition Sda',-" = 0 for intersection of two consecutive lines 
assumes the form 


where 


du ^ (Mi ~ M 4) _ ^ 

r i \ ^ 1 

/(Ml) 


/(m) = (X-i + m) (Aj + fj.) {X 3 -h fi) (X^ + ya) (As 4- fi) (X,; -h /x). 

The partial differential equation 1 (|^) = 0 of a special 
complex (Art. 280) becomes in terms of the variables 

/(Mi) 

idfij (Mi-M2)(Mi-Ma)(Mi-M4) 

But of this partial difierential equation a complete solution is 
known f, viz. 

= -J) + I 

J \J f I n . ^ ./ k/ \ 


= 0 . 




f dh' 




+ c, 


in which a, and (7 are arbitrary constants. 

Attributing to a, h and G any definite values, we obtain a 
surface wJiose two sets of principal tangents belong respectively to 
the cosingular quadratic complexes p = a, p = b\ to prove this we 
have merely to show (Art. 283) that the congruence ^ = 0, = 0 

is special, i.e. that the directrices of the linear congruence 

22/,?^ =0, 

'^'dxi -^'cxi 

coincide, which occurs if 

\dxi/ \dxij V oxi OXiJ 

where is the special complex considered, and -^jr is either of the 
complexes ^a, = b. 


Now 2 


that 


is zero by hypothesis, hence we have to show 


^ dxi • dxi " 


* See Klein, Math. Ann. v. 
f See Jacobi’s VorUnunyen iiher Dynamik. 
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Tlie last conditioii becomes in terms of the coordinates fii 
r<i> rxfr /( a ^ i ) 

r'^i ■ fV, ■ (/xi - (/^i - /i;t) (Ml - 

which is satisfied, since 

(lyjr r’-v//- _ _ 

Cm I r^. (■>, 


, ('(f) \ — (f — ff) 

and ^— = 

which vanislies for =• o oi* for /!< = 

The value of the constant C ha^ not come into consideration, 
lienee ///('/t is it simfhf intiuite tittmher nf surfaces <f> for each of 
which one .set of jn uirijxil fanifents helotafs to one, and the other set 
of pruicifutl tanfjent.s belongs to the other of two cosint/idar (jaadratic 
complexes. 

To tile two (juadratic complexes tluu'e correspond two partial 
did’enuitial eipiations ; tliese x‘ surfaces 0 are common 
Integral surfaces of these two ditlerential e(|uations. 




MISCELLANEOUS RESULTS AND EXERCISES. 


1. If {xyz)y {x'yz) are the Cartesian coordinates for rectangular 
axes of two points on a line, tlie Pliicker coordinates of the line are 

a:' - .v:, = y - y, -Zy 

v-n = Vm = -•'’ - Pvi = ^-y - 

Tlie first three coordinates are proportional to the direction cosines 
ly rriy n of the line ; and since 

V-n = y - 2:) - 2 {y - y), = 2 (x - j') - x {z - z), 

Pvi ^ (y ~y)-y (■'■' - 

it is clear that the Pliicker coordinates are proportional to the quan- 
tities /, niy n ; m', n where ly niy n are the direction cosines of the 

line and 

i =z yn — zniy 
m' —zl — xuy 
71 = xm — yl. 

The relations satisfied by the coordinates are 

I' + 7tP + 'iP = 1, 

W - 5 - mni + nit ~ 0. 

The form of the last two equations suggests that /', m'y ii may be 
regarded as the derivatives of /, //i, n with regard to a new variable t of 
which ly m, and n are such functions that 

P + rn’ + iP = 1 . 


So that 


<11 


dm 


dn 


m ^ -z - y w = -IT • 

dt ^ dt 


“Thus instead of taking six coordinates to represent a line we may 
take three variables and their three derivatives, and giving this a 
kinematical interpretation, we may represent a line hy a point moving 
on a sphere of unit radius ; the radius through the point is parallel to 
the line, and the three components of velocity of the point are the 
second set of three coordinates of the line*.” 


* Hudson, “A new method in line geometry,” Measenger of Mathematict, 1902. 
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2. Denotin^^ by tlie “mutual nioinciit” of two lines (/, ?«, n] 
/', /«', n) and (A, /x. v; A', /x', i'), the mouient of unit force in one 
line about the other; show that if {■•'f/z) is any point on the fii'st line 
and (•»■'>/ 'c') any point on the oth(‘r line, 



— /A* 4- f/ifx + in'' 


+ /'A + m'/x + nv. 


3. *The shortest distance of two lines (hnnitiiii), (A/xeA'/xV) is 

where 


r . T * ^ ^ ' ' ' ' 1 . 

L = im — »/x, ete. \ L ~ + in\ + m v — ii/i - u /x, etc., 


where 

j} =z /A + jUfA + /O', uT = /A' + /'A 4- mfx' + m'fi nr' + n'r, q~ = + JP + 


4. In rectanffular Cartesian coordinates 
the line (- I, n, - /a', - a') is the reflexion of (/, m, a, at', a') 


in X - 0, 

the line (- /, m, n, - l\ m\ n) is the reflexion of (I, ;a, a, ui\ a') 

in // = 0, 3 = 0, 

the line (/, ///, a, -m\ - a ) is the reflexion of (/, m, a, //t', a') 

in the origin. 


5. The line (/, /a. a, m\ a'; touches 

a.r- 4- by^ + cz' 4- »■/«’■ = 0 

if 4- bur 4- ca") d 4- bcl ' 4- otni ‘ 4- a^»a ^ = 0. 

It touches 

'luxw 4 - fty" 4 - c=' = (», if a (al- - ibmu .+ 2ca»i') - bcl'- 


= 0. 



are 

wliere 


The tangent planes drawn from the line to 

iu^ 4- Ay 4- cr 4- dip = 0 

7«/>, + ^yyi4-yr7C + 67 'e/= 0 , 

\P E:ity- mz - I'w, Q^lz- nx - m'w, 

A* = i/tx -hj- n'w, S = I'x 4- my 4- a'c. 

[Math. Trip. 1896.J 


To 

they are 


2/uae 4- bif 4- = 0, 

^PSja 4- Q'jb 4- li-jc = 0. 


• Questions 3— C, 11—13 lire due to Prof. Bromwich. 

t P-0, Q = 0, P = 0, .S’ = 0 are planes throuf^h the line and the vertices of the 
tetraiiedrou of reference. The plane through the line and the point {•rot/o^oieol 1® 

i^Xo4-Qtf«4-Rzo+^‘«'o = 0- 
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To {ahcfifijh ab’c\xyzv:)'^ - 0. 

they care \ a h (j a P 

h h f y Q 

g f c c E =0. 

a y c d S 

! P Q E S 0 

7. The line is a generator of the genercal central quadx’ic 

(abcf(jh\xyzf + c/ = 0, 
if al + hjit + gn = /' 

Id + hm + fn = vi (A,W)^, 
gl + fm + cn = n ( A/r/)^, 

where A - abc + 2/gh - ap - bg- - cJr. 

[Bromwich, Mess. Math. 1900.] 

8 . The line is normal to au? + by- + C 2 ^ = 1, if 

W mm nyi 


H - + — 

abc 


= 0 , 


(6 - c) Im'n + (c — a) Vmn' + (a — h) Inin = (6 - c) (c - a) (a — h) Imyilahc. 
It is normal to '2ax + by- + cz- = 0. if 


a o. pr n~ 

c 71 b ^ m 2 /- \ 6 c 


9. If aW + bmrri C7in' = 0, 

there is one and only one of the confocals 




a + g b + p c + /> 
to which the line is normal ; this is given by 
(6 — c) (a + p) Im'n + (c — «) {b + p) I'nin! + {« — i) (c + p) I'ni n 

= (b — c)(c~ a) (a — h) Imn. 

10. Tangent planes are drawn to the confocals 

//- z^ _ 

+ + = 1 

a ■¥ p 0 + p c + p 

through the line (/, m, n, m\ n), prove that the locus of their points 
of contact is the twisted cubic given by 

^[1 +(a- 6 )r=-(c-«)?"] = ^[l +(6-c)»-"-(a-4)p=] 

Tr /f V oT t~ + 1- + m- + 71^ 

= [\ + (c-a)p^-(b-c) r] - -7... + ,„-i + ; 


where pj 7 , r are linear functions of t such as 

, I't + mn — m'71 

P = 


[H.F. Baker.] 


m 
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]f ijorinals aro {Irawn at the |)oint.s of contact of these tangent 
plaiK's tliey gcjierate the hypcrlMilic paraboloid 
(/.c + inij + - '•) m nx + (0 - ^0 nl ;f + {n - h) I'm'z] 

■f {h — c) (c — a) (a — 5) //fin 

_ /.,• [^(c - (i)iui + {</ — h) //o/j'j + (r — a) my\(^<i — /j)/l' ’^{b-c)nn^ 

■f (« - /»)ac[(//-c)m;a' + (c— a)//']. 
Tf a/}' + b/nf/i + cnn' - 0, the paraboloid bec<iiiies 

{/x + nnf -r nz — hun 6)~ = 0, 


whei(5 


, 1/ irtin nn ri-. -it 

0 - 1 ■ Bromwich. 

b — c c — a rt - 6 ^ 


11. The intercept on the line (/, »i, ni\ n) by the quadric 

{n/>rjiihlxijzf -- 1 

i s'/- m- - n- [{nhrfyhilnuif - (J ISC I 'd H V mn)- ]^ 

{^nhi'j'yli^hnii )- 

12. Tlie p<ilar line with respect to {nbrj]fh\x.t/z)- - 1 is given by the 
e(iuations 

X -X' 


IS 


A! -r Ilm -r Gn (if + hifi +yn 

13. Show that the polar of (/, m, n, l\ m\ n) with regard to 

*t *1 •> 

ar v* c" , 

_ 4- 7 + - = 1 

ft h C 

is given l)y 

(X, ft, e, X', }x\ v) = {n/\ btn\ cn\ - /W, - atm, - aim). 

If e/r + /i/am + (’»»' = 0, show that the polar lines with regard to 
rpiadrics confocal with the given quadric lie in tlio plane 

lx + mif + n; = - {b-c)- two siniilar expressions. 

14. Tf a line touches tlie quadric 

ftijz + bzx + cry + abc = 0, 

sliow that 

a-T"' + Irm'- + cnt'- - '2bcm n - 2r««V' - 2(Mm' = \abc (amu + W + c/m). 

15. Tf the line {fmn/'m'n') receives an intinitesimal rotation dB on 
a screw of pitch xs whose axis is the line (abcab'c), it becomes 

l + dl, ..., l' + dl\ ..., where, if X- = o'* + A- + ir, 

dl , dm , j dn . , 

k = bn - cm, k =c/- an, k = am - hi ; 

ill* 

k = Im + b'n - c/n - cm + w {bn - cm ) ; 
du 

k = cl' + cl - ati - an + cr (c/ - an) ; 
du 

k = am + am — hi — 67 + 37 {am — bl). 
du 
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Hence show that if a line (/j, w?,, ?«/, «/) is rotated through 

an angle 6 about the line (/, »i, m', >/), where 0 is to be reckoned 

positive when given by a left-handed screw in the sense then if 

(^ 2 ) ^ 2 ) ^2 j ^^* 2 ) ^^ 2 ) ^*’6 tlie coordinates of the line in its displaced 

position 

^2 = - m^n) sin 6 + {fk — /,) cos 0, etc. ; 

1.2 - - «/m + m'n, - m;n\ sin 6 4- {I'k - // + ( 1 - cos ^), etc. ; 

where 

■zn = 4 - mmi + -f Z7j -f 7/i'7«i -e 

and {lm7i\ are tlie actual direction cosines of the lines* 


16. If the line {hmd'ni n) receive a small displacement given by 
{da, db, dc) parallel to the axes and (dt^u d<f>.>, dt^-^) about them, tind 
the consequent change in the coordinates of the line. Hence show 
that a line of tlie linear complex 

A'l + B’m + C'n + AV + Bm +Cn=0 

will be changed into a line of the same complex if 

da{BC‘-B'a) + db{CA' - CA) 4- dc(AB' -A'B) = 0, 

d<f>i : d<f>j : d^.^ — A : B : (J, 

{BC — B'C) d^bi = A {Cdh ~ Bdc), etc. 


17. With the same notation and coordinate system sliow that the 
equation of the axis of tlje complex 

a’l + U m T c^Ti -f (W + bui + cn = 0 
cy — bz->r a az — cx->r h' hx - ay + c 

' "" I " c * 

The coordinates of the axis are given by tlie equations 
p .l — a, p .m = b, p . 71 — c, p . Z' = — a' + Ba, p . 7n = — b' + JCb, 

p .71 —~c + Ec ; E = (aa -f bh' + cc')/(«“ + b- -t- c^). 


IS 


18. There is only one quadric of the type 

a:ir + by' -f cz~ + did- = 0 
of which a given line is generator. [Lie.] 

It is I'lanj? + hany^ + Imn'z- + Vni n'id~ = 0. [Bromwich.] 

19. If two quadrics S, S' do not touch, tliere are four generators of 
each system of S whicli touch S' ; taking S as 

+ y- -t- z^ + = 0, 

and S' as oji^ + by- + cz' + dur — 0, 


• Bromwich, “The displacement of a given line by a motion on a given screw,” 
MetM. Math. (19CM)). 
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the eiiiht ;'eiiorators are cletennined by tlic equations 


/' m u' 

7=- = -±h 

f HI It 


/■ 


iir 


H 


{h-r){tt-(I) {i' — a) {/i - (i) (#7 — />)((• 

20. the line is a t^erierator of tlie {)arabi>loi(l 


-<n 


prove that 


fr r 

rill hm' 
Un rn' 


_ o 


.r 


a 


hr! 

ar 


= — ; — + 1 


_ -S' > 


21 . Tin* I'eneral (piadric lias (fmnl'm'n') as a j^^enerator if 

1 rti, ] r(^ 1 1 r<^ I r<ji 1 

/ r/' m rill' II rii' /’ m' cm n' cn 

where A is the disei iiniiiaiit of tlie (piadi ie, aiul <^==0 is its complex 

(Mpiatioii. ir. tlie condition tliat tlie line should touch the quadric, the 
eoellieients of 0 hein;^ therefore the second minors of A. Show also 
that if o is on// line, /' its polar line f<u- the quadric, and // any generator, 

nuitnal moment of {h. //) 


mutual inonn-nt of (n, tj) 


[Orace.] 


22. The reg'dus determined by three linear complexes being 
givmi by the equations 

/' = 7/,/ + a.,ni + n,n, 

HI h.jJii + hill, 

n' -■ cj '■ r.,m + r.^n ; 

tlie quadric to which the regulus belongs is 

{af>r/i//i i // ' - - r»‘)'’ + = **» 

where I> - 

77 = n j , f> ~ f> ) , C = 7’jj , 

2/’=c.. + = + 2/7 = 6, +77.J, 

’2a = C.. - 6 ;„ 2 /? = 773 - r, , 2 y - 6 , - a.^. 

23. Show that any four points and their polar planes for a linear 
complex form two tetralu-dra, of which each is inscribed and circum- 

scrilied to the other. 

24. There is one pair of lines winch are polar for a given linear 
complex and also for a given quadric. 

25. The polars of a line / with reference to a pencil of linear 
complexes form a regulus, to which / itself and the directrices of the 
two special complexes of the pencil belong. 

* guestions 19, 20 and 22 arc due to Prof. Bromwich. 
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26. The polars of the lines of a linear complex C with reference 
to another C form a third linear complex C” which belongs to the 
pencil determined by C and C. 


27. If and k.^ are the chief parameters of two complexes A and 
B, d the shortest distance, and the inclination of their axes, 


k^ k/t 


n (a I 5) 


— = cos sin *. 


./n(a)n(i) 

• 28. Show that a linear complex may contain two lines of one regulu.s 
belonging to a given quadric and only one of the other. If the quadric is 
— 0, and the complex = 0, show that in the case considered 

4C1C2C3C4 (rti.aa 4 + « 13«42 + + ...)2. 

[Math. Tripos^ 1898.] 

29. If six linear complexes are in mutual involution, three of 
them are right-handed and three left-handed. 

30. Tliree linear complexes which are not all right-handed or 
left-handed intersect in a real regulus. 

31. The two common intersectors of any line and its polars for 
three linear complexes belong to tlie regulus common to these complexes. 


32. In the .system of five terms determined by the cotuplexes 
A, /y, (7, Dy Ey the directrices of the special complexes form the linear 
complex 

I «/» Ciy di, e,-, .r,- I = 0. 

33. The linear equation satisfied by the six coordinates of a line 
PQ whicli belongs to a linear complex being /, (PQ) - 0, ajid similarly 
y *2 (EQ) = 0 , {EQ) — 0 , y'j (EQ) = O being analogous equations for three 
other linear complexes, show that the conditions that a plane ABC 
may contain one of the two lines common to the four complexes are 


/. a^c) 

A (BC) 

/ABC) 

A (BC) 

1 

1 

MCA) 

JACA) 

A {CA ) 

AACA) 

-0, 

MAB) 

JAAB) 

A {AB) 

AAAB) 



34. The CO ^ complexes XC^ + + vCa = 0 being designated a 

net of complexes, where 6’j = 0, C 2 = 0, Ca = 0 are three given linear 
complexes, show that there is one complex of the net which contains 
any given pencil, and that every point of a given plane determines one 
complex of the net for which the given point is the pole of the plane. 

35. The polars of a line I with reference to the complexes of a net 
form a linear congruence whose directrices are the two generators 
of the regulus common to the complexes of the net which meet 1. 

The axes of the complexes of a net form a congruence (2, 3). 


* See Segre, CreUCy Bd. 99. 


J. 


23 
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36. The complex C\ is .«aid to be orthorfonal to C when (7, is in 
involution with C\ where is the locus of lines polar to those of C 
with regaid to a given f|uadric. [cl'Oviclio.] 

Pi'ove tliat for each complex of a pencil of complexes tliere is one 
orthogonal complex belonging to tlie pencil. 

37. If four tangents of a twisted cubic have their two intcrsectors 
coincident with ojk' line p, then p belong.s to the linear complex 
determined by the tangents of tlie cubic. 


38. If two tetrahedra are in.scribed in a twisted cubic their eight 
planes osculate another twisted cubic; and tliere are x‘ tetrahedra 
which arc inscribed to one and circumscribed to the other tetrahedron, 

[Hurwitz.] 

39. If P is tlie pole of the sphere-circle for the ray of a linear 
congruence in the plane at infinity, and p the ray through /\ the ra^'s 
which have a given inclination to p foiin a ruled (juartic which has the 
directrices of the congiaience as ilouble directrices. 


40. Two lines are .said to be ro7iju'faf>’ with respect to a quadric 
when each inter>ect.s the jxilar of the other. [Schur.] 

If five lines meet a given line and are sucli that all but one of the 
ten jiairs forimal from tliein are conjugate with respect to a quadne, 
the quadric is uniipiely deteriuimal and the remaining pair are also 
conjugate. 


Let now //,. be the first line and h^, b.,y tbe meeting lines, 

then O 3 the other intersector of />,, A,, 63 , is the polar of So each 
of the liiM's is the polar of the corresponding />. But 

the five lin(*s b all meet n,;, hence the lines ... all meet the polar of 
Ofi which may be called /.»<.. The lines a and b thus form the double 
sixer 


b^b.,b^lubsbti 


of Schlafli. 


[Grace.] 


It follows that opposite lines of a double sixer are polar lines with 
respect to a certain quadric. [Schur.] 


41. Show that through any point three osculating planes can be 
drawn to the twi.sted cubic y* = c.r, = and that the three points 
of o.sculation arc coplanar with the given point. Also show that each 
such point and plane are pole and polar i)lane for a linear complex 
which contains the four lines 

- = 0, 7< = 0 ; y = 0, ?( = 0 ; .r = 0, ;: = 0 ; .y = 0, y = 0. 
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42. On eveiy ruled surface whose generators belong to a given 
linear complex the family of principal tangent curves is found by a 
quadrature. [Lie.] 


Denote by k the principal tangent curve of the surface whose tangents belong to 
the linear complex; any generator meets k in two points x and y, and any point 
z on this generator is x + yy-, the coordinates x^ and y^ are functions of one 
parameter X. 

The differential equation of the principal tangent curves is 

PdX"- + 2Q(I\fIy^- = 

where 


P = 


Cl ^ ^ 

dZi CZ: C-Zi 


rr. r- 


cX’ cy.' cX^ 






rzi cr- 


cX ’ 0/4 ’ CXCfX 

Hence, since i? = 0, the equation of tlic principal tangent curves is 

PdX + Qdy = 0 ; 

where -P= \ a-,, y^, x^' + yy/, x^ + yy'' [ , -Q=\ x,. y-, a-,', y/ | , 

the differentiations being with regard to X. Hence the required differential 

equation is 


P = 


02 ,- 02 ,- C-Zf 

* ’ oX ’ C/4 ’ 0/4^ 


where the Xi are functions of X. Since fjL = 0 and /x=a> are solutions of this 
equation, we have Xi = X.^ = 0, and the equation reduces to 


(ly 

dX 


+ A'2/t = 0. 


43. The projection of every unicursal curve of degree whose 
tangents belong to a linear complex, on a plane perpendicular to the 
axis of the complex, has yn points of inflexion at infinity. [Picard.] 

44. A linear complex being given, any curve such that the polar 
plane of each of its points is normal to the curve at the point is a 
helix. [Picard.] 

45. The lines of a quadratic complex C- determine upon any two 
lines I and 1' a (2, 2) correspondence, the douljle ratio of the branch 
points on I being equal to the double ratio of the branch points on I'. 
Taking I to be any line and /' its polar line for C-, show thereby that 
the locus of singular points is identical with the envelope of singular 
planes. 

46. Each of the two lines common to any four of tlie fundamental 
complexes of 6'^ is the polar of the other with regard to C' ; and there 
are no other pairs of lines so related except the 15 pairs of lines thus 
obtained. [Klein.] 

47. Every quadratic complex through IG given lines contains 
16 other fixed lines. 

For let /i (x) = 0, /2(x) = 0, /3(x) = 0, /, (x) = 0 

be any four complexes through the IG given lines, then any complex through 
these lines has an equation of the form 

fi (^) + + f^/a (^) + »'/4 W = 
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since the constants \, /x. v can be determined so as to make it pass through any 
other tljree lines. lint this complex contains all the lines of intersection of the 
four given complexes, winch are 82 in number. 

48. A Kuininer surface is identical with its polar surface for a 
fundamental complex. The polars for C‘ of the lines of one of its 
fundamental complexes C, belong to C,-. 

49. Tlirough two pencils of C* which liave no common line one 
linear congruenc(‘ passes; this congruence intersects C‘ in two other 
pencils each of which contains a line of the former two pencils; thus 
for any two skew pencils of C* there are two other skew pencils of 
havim' a common line with each of them. 

50. If a line p is sucli that the i)oints of intersection of p with the 
complex curve of C- in any jdane whatever lie upon a second complex 
curve, the locus of /> is a complex of the sixth degree. [Sturm.] 

If C‘ is replaced by a tetrahedral complex p{A/iCI>) = \y the 
complex of the sixth degree is replaced by the tliree complexes ^ 

J> (A nCD) - V, ;> (.1 nCD) = ( I - A)S p {A BCD) = (^1 - . 

[W. Stahl.] 

61. liy taking diflerent values for tlie constants A, p, v in the 
projective transformations 

.r, -A.r, = 

we obtain a set of x ^ transformations, connecting the point (xijz) with 
each point of space. If the line-element (.r, y, ilx \ dy dz) is 
given, a detlnite line-element is assigned to each point {pOxy^z^) of 
space, viz. that given by the equations 

d.c d.i'i dy dtjx 


X X, y y, 


“^1 


These line-elements all belong to the same tetrahedral complex. 

[Lie.] 

52 Evei-y tetrahedral complex is invariant for reciprocation with 
regard to a quadric which has the tetrahedron of the given complex as 
a self-conjugate tetrahedron. [Lie.] 

53. The normals of the quadric (abc/ghlxyzf = 1 belong to the 
complex 

Ad' + IJmm' + Cnn -V F(m7i + /»'n) + G («/' + 7t7) -I- II(l)n + I’m) = 0. 

54. Any line of the complex 

all' + hmm' + cnn’ = 0 


meets the quadric 


a b c 
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in points P and Q the normals at which intersect each other. The 
coordinates of this point of intersection are given by the equations 


myi cn"- + bm"- - bel'^ 

X- — . . r. . , etc. 


where 


6 » = 


B * bcl^ + cam- + abn- 
W mm' nti 


b ~c c — a a — h 

The line is a principal axis of the section of the (juadric by the 
plane 

ft/' . P + bm' . Q + cn' . P - 0, 

where P = ny — mz — Q — Iz — nx — m\ ll mx — ly — 'a . 

The coordinates of the other principal axis are 


where 


j, , . . h mt Hi 

ast , bsm , csn , — , , , , 

a b c 

fp m- n-\ 

/( — ^ ~r + — ■ + bm - + cn — 0 . 

\a b c ) 


The lines of the complex which are in the plane 

yx + <iy + rz + .ns — 0 

touch a parabola whose directrix is in the plajie 


(b - c) - + (c - a) - + (a — b)- = 0. 

V p 7 •' 

As < 7 , r and 8 vary, the directrix moves in the complex 



c) j, + (c - a) , + (a 
'L m 



The projection of the parabola on the plane x- 0 is 

^{a-h)qy-\- ■■J{a~c)rz- J{b — c)8. [Bromwich.] 

55. The lines of the complex 

all' + bmm' + cnw' 

which meet the line Po=0, Qi, = 0y 0, touch the surfaci? 

sl(b - c) xPt, + s/{c- a) yQ» -l- \l(a - b) - 0, 
where Po = etc. 

This may be, put in three other forms such as 

\{b - cq ■¥ sl{c- a) zR^ + J{a~ b) y(p - 0 ; 

(\ =/oa:-!-7fto// + ?/„::). [H. F. Baker.] 

56. If a rigid body is turning about Ozy on a screw of jjitch y/, tlu^ 
lines of motion of its points belong to tin; complex 

mi =p(l- m-). 

This complex belongs to the species [(22)(n)]. It cuts any j>lane 
in the lines of a parabola, and if the plane is 

ax-^by + cz + — 0, 

the directrix lies in the plane 

bcx + cay + p {a^ + + 2c'") = 0. [Bromwich. j 

23—3 
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57. If / is any line of a complex O’, then through I and its polar 
line for a fundamental complex there pass x ^ reguli of C* (not 
merely two). 

58. Every regulus of a (juadratic coniplex touches the singular 
surface four times. 


59. Every regulus of 6'^ which contains a given line / of C' 
belongs to a tangent linear complex of 1. 

60. There are x * (ju.adratic complexes which contain a con- 
gruence (C'% d) and liave A as a fundamental complex ; they have the 
same fundamental comj)lexes. 


61. If two (2, 2) congruences A', and IC are such that a complex 
for which is focal contains A'^,, then a complex for which IC, is focal 
will contain A'j. [drace.] 


62. A Pbickers ctimplex surface is its own polar surface for each 
of ftjur linear complexes which are mutually in involution. [Klein.] 


63. 

reference 


If a line / ilescribos a congruence (»i> a), its polar with 
to any given (juadratic complex, will descrilje a congruence 

{2in + 3a, .3m + 2n). 


64. 'I'lio doubh' tang<‘nts of a general complex surface form four 
cfmgriHMices (2, 2) ; if tb(‘ double line of the surface belongs to the 
<'omplex tlie double tangents form three congruences (2, 2) ; if it is a 
singular line they f<»rm two congruences (2, 2). [Sturm.] 


65. 'riie singular lines of a harmonic complex //• are the iuU*r- 
sectioiis of //■ witli the tetrahedral coin])lex formed b)’ the line.s who.se 
polars with reference to /’, and intei*sect eacli other; where y] and 
are a ])air of <|nadrics wlii«'h give rise to IP. 

66. If a (juadratic complex contains a regulus and also its com- 
plementary regulus it is harmonic. [Schur.] 

67. If a (juadratic complex contains a plane system it has three 
double lines in the plane. 

68. The axes of the complexes of a system of four tn'ins form a 
(juadratic complex. 

69. EvtM-y congruence (m, n, r) possesses a ruled surface, of degree 
1 {inn - r)- 2 (m + ii), formed by rays with coincident f(»cal points. 


70. The six singular points of the congruence (2, n) which lie in 
a singular plane are situated on a conic. 


71. The tetraliodra of the 40 tetrahedral complexes which (rontain 
a given congruence (2, 2) can be arranged in 20 pairs so that the 
tetrahedra of a pair are inscribed and circumscribed to each otluu*. 
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72. If a line moves with two of its points yl, ^ in two fixed planes, 
it describes a complex of tlie fourth degree. If it has tliree of its points 
yl, C in three fixed planes it describes a congruence (6, 2). Taking 
the two planes in the first case as .r — 0, y = 0 the complex is 

n’^ {t^ + ^ ^ or 

where k -■ AB ) if the three planes in tlie second case are the coordinate 
planes, the congruence is contained in the tetrahedral complex 

kmm + k'lin ~ 0, 

where // ^ 


73. If f— 0, <^ = 0 are two quadrics, the complex of harmonic 
section determined l)y tiiem is in general of the species [111 111 ], 
having a tetrahedroid as its singular surface. When f and have 
certain projectiv'c relations to each other the complex is modified 
in form. By considering the elementary divisors of the discriminant 
of y+z/c/) we arrive at tlie following canonical fonns to which f and 0 
can be reduced. 

4 4 

[nil], tlie general case; 0 = 2^^^ Sa/.Xj*. The ecjuation to 

1 1 

determine the coefficients of //'^ is 

— a (a — a)) {A’^ — 5 (a — ^<)} ]A- — c (a — c)\ = 0, 
where a = 2a,, a = a, i- a.^, h — a^-\- a.j, c = + a^. 

[11(11)] the quadilcs touch in two points and intersect in 

two conics. If- is [(1 1)(1 1)1 1]. 

[(11)(11)] a, = a.,, a., -a^; the quadrics have four common generators 
forming a quadrilateral. II- is [(1 1)(1 1)1 1], 

[(111)1] — — the quadrics touch along a conic. 11’ is 

[(1 1 1)(1 1 1)], i.e. consists of tlie tangents of a quadric. 

If in [1111] we have a., + «4 = 0, an edge of tlie tetrahedron of 
reference belongs to IP which is [211 11]. If a, + a.> - n■^ + e, . 0, two 
edges of the tetrahedron of reference belong to II’ whicli is then 
[(11)1111]. In the case [(11)11] if either b or c is zero, ij\ if f and 0 
are harmonic with their pair of planes of intersection aiifl eithei- cone 
of the pencil y*+ z^0, II- is [(22)11]. 

[112] 0 = + rr/ + 2x..x^j f = a,,.'/-*,- + -*■ ^ 

quadrics touch each other and //‘^ is [1122], 

[(11)2] a,i = a.^ ; the qujulrics intersect in a conic and two generators. 

IP is [(ll)(ll)ll]. 

1 1(12)] a 22 = quadrics intersect in two conics which touch. 

IP is [(12)(12)]. 

[(112)] ®ii=rt 22 — ^bo rjuadrics touch along two generators. 

/e iB [(iii)(iii)]. 
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If in [II 2] ^v^* have either n,, + = 0, or a.^ + = 0, i.e. when two 

cones of tfie pcncily*+/i^ art‘ harmonic to/aiul <^, 11'^ is [111]. 

[13] <f) B + jy + /*£! (.cy + ; the 

(juadrics luivo stotiouary contact. 11' is [33], 

[(13)] </,, - ; the <jiia(Irics intersect in a conic and two generators 

wliicli intersect on the conic. //■ is [(1 n)(l II)]. 

If in [13] we have ^ if./ and are harmonic with 

regard to the two cones of tla* pencil /’+/<</> - 0, //" is [6]. 

[22] H f = 'l(iy,.i.\.r. + 2e.^,./v,.r^ + xy + xy ; the <piadrics 

have a coininon generator. //* is [(1 1)21 1]. 

[(22)] ity. (he <juadrics t<Jiich along a genei’ator. IP is 

[(111)(12)1, ■ 

If in [22] w<‘ have -}- a.^ 0, II- is [(13)1 I]. 

[4] ^ y*= 2r(,, (.r, .r..!;:) + 2.r,,rj + ay ; the (juadrics 

[jave a common generator whicli touclies their residual cubic of 
intersection. //■ is [(12)3]. [8egre and Ix)ria.] 

74. 4'lie harmonic comple.x for tlie (piadric 2a!,.xV' - 0 and the two 
planes aj = 0. x., - 0 is 

= 0 , 

which is a tetrahedral complex. 

75. Tlie lines whose distances from two fixed lines / and V liave a 
constant ratio, form a complex of the fourth degree. 

If / ami /' have as their ei|uations 

js = rt, = 

|y = a:tana, [// = -.rtana; 

and if k is the ratio of the distances of a line /> of the complex from 
/ and I rcspectivei}^ the equation of the complex is 

(i (/sin a — m cos a) — (/' cos a ! /// sin a) 

Ju^ + (/ sin a - m cos a)- 

a (/ sin a + ill cos a) — (/' cos a — iii sin a) ^ 

Jn- + (/sin a + ut cos a)^ 


= /.• 


76. Let there be two recij)rocal systems 5 and of points and 
lines in a plane y, and also two pencils (d, a), (7/, p) having a common 
line : then if I is any line of it determine.s a point // of 2' ; through 
IJ draw tlie line p whicli meets the same lines of the pencils (d, a), 
(7/, p) as /; then the lines p form a congruence (3, 2). [W. Stahl.] 


See Schoutc, Atm. de I'^cole poli/tecimique de Delft, T. iii. (1887). 
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77. Show that any point of the surface 

^{b~c)x {I' + 7nz — ny) + J{c — a) y (m + nx — h) 

-f- J(a -b)z(n' + ly — mx) ~ 0 

can be represented in terms of tlie parameters t and u as follows ; 

pyx - (^ + a)'l{Vu—p)^ yay = (t + b)-j(jnu - q), a^z = {t + c)-l{nu — r), 

where a = 6 - c, etc. ; p - {mn - + «'■), etc. 

(Compare Question 55.) 


78. If the congruence Xi=fi(u^ v) is such that a linear complex 
can be found which contains a line x of the congruence and all lines 
consecutive to it neglecting terms of the third order, the coordinates a;,- 
satisf)'' an equation of the form 



[Koenigs.] 


79. If m, n, l\ m\ n are functions of a parameter t 
represent the coordinates of a generator of a developable, then 

dl dl' dm dm' dn dn ^ 

dt dl ^ dl di ^ dt dt 
The tangent plane through the generator is 

^ ^ ^ 0 (j-ee No. 6); 

dt ^ dt dt ^ 

and the generator cuts the cuspidal edge in the point given by 


and 




dm , dn 

1 ”^"17 

dt dt 


dl dm dyi 
I -r +m . -^ru —r) , etc. 
dt dt dt' 


If the surface is skew instead of developable, the first condition 
does not hold, and the generator cuts the line of striction in the point 
given by 

X — mn + m'n y — nV + nl z — Im + I'm 


I 


m 


n 


1 

m 

n 

dl 

dm 

dn 

dt 

dt 

dt 

dl' 

dm 

dn 

dt 

dt 

dt 


* m 


(//\^ ^ /dn\- 


dl 


dt 




where 


+ 71 ® = 1 . 

The direction cosines of the normal to the surface at this point are 
proportional to 

dl dm dn^ 

dV ~di^ dt ■ 


• See also Larmor's method, Quarterly Journal, vol, xix. 
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The line being a genemtor of 


rtor + by’ + c;:- + (/ = 0 

we have 6.1 = 6.m=am, 0.n=an, 6- = abcld; 

and this g('nerator cuts the line of striction in the point given by 


6. x = ~ 


{b — c) mu 


{b - c)(c - a) (a — b) 


jjiH [(i - c)’/l- + (c — aflm- + {a — by/ri^] ' 

The cone joining the line of striction to the origin is 

«y- (rt - i)- p 

■ o + I .. + = 0. Hromwich.I 

a.i" by- cz’ *■ •* 

80. The general reciprocity Iteing detined by the ei;|uations 

(A - Aj) //, = .1 ^ , (A — A^) i/,_. = ./■/, (A + Aj) u.j = x./y (A + Aj) 7i^ = .r,', 

if a line joining two points .r,', y/, intei-sects tlie line joining the 
corresponding planes n,, v^, then p^j. belongs to the harmonic complex 

^ (Pn P.rT + “Pi ‘Pm ~~ '^Pl 3 Pi>) = ('^ 3/^14 + 

[Lindemann.] 


81. 8 I 10 W that tlie line-complexes which are unaltered by 

iiiBnitesiinal rotation about tlie axis of are those of the form 

+ s-y p- + (T-y tip — ro-) = 0. [Lie.] 


an 
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